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Abstract— This paper builds on the theoretical foundations
for dynamic mode decomposition (DMD) of control-affine
dynamical systems by leveraging the theory of vector-valued
reproducing kernel Hilbert spaces (RKHSs). Specifically, con-
trol Liouville operators and control occupation kernels are
used to separate the drift dynamics from the input dynamics.
A provably convergent finite-rank estimation of a compact
control Liouville operator is obtained, provided sufficiently rich
data are available. A matrix representation of the finite-rank
operator is used to construct a data-driven representation of
its singular values, left singular functions, and right singular
functions. The singular value decomposition is used to generate
a data-driven model of the control-affine nonlinear system. The
developed method generates a model that can be used to predict
the trajectories of the system in response to any admissible
control input.

I. INTRODUCTION

Dynamic mode decomposition (DMD) is a data analysis
method that aims to generate a finite-rank representation of
a transfer operator corresponding to a nonlinear dynamical
system using time series measurements [1]-[3]. The time
series is expressed as a linear combination of the dynamic
modes. The coefficients in the linear combination are given
by exponential functions of time. The dynamic modes and
the growth rates of the exponential functions are derived from
the spectrum of a finite-rank representation of the Koopman
operator (or, in the continuous-time case, Koopman gener-
ator). In [3], it was established that the finite rank repre-
sentation of the Koopman operator converges, in the strong
operator topology (SOT), to the true Koopman operator as
the amount of data increases. However, convergence of the
spectrum doesn’t necessarily follow from convergence in the
SOT [4]. Since the DMD procedure relies on the spectrum to
construct a model, the constructed model is not guaranteed
to converge to the true dynamical system model that is being
identified.

Kernel methods developed by the machine learning com-
munity have been adopted for system identification purposes
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by the control community [5]-[7]. The complexity of kernel
methods is further investigated in the system identification
context in [8], where it shows that tuning of the hyperpa-
rameters is a problem that still persists today.

In [9], Liouville operators (or Koopman generators) were
used instead of the Koopman operator, where examples
of RKHSs and dynamical systems for which the Liouville
operators are compact are provided. Furthermore, a finite-
rank estimation of the compact Liouville operator is shown
to converge in norm to the true Liouville operator. However,
[9] does not consider controlled systems, which is the focus
of this paper.

In [10] a DMD routine to represent a general nonlinear
system with control as a control-affine linear system is
developed. This idea is generalized in [11] with extended
DMD (eDMD), which provides good predictions but with no
spectral convergence guarantees. Additionally, for a general
discrete-time, nonlinear dynamical system with control, [11]
utilizes the shift operator to describe the time evolution
of the control signal. Also, in discrete-time, separation of
the control input from the state can be achieved via first
order approximations [12]. For continuous-time dynamical
systems, the Koopman canonical transform (see [13]) is
used in [14] to lift the nonlinear dynamical system and
approximate it as a control-affine, bilinear system, called the
Koopman bilinear form (KBF), which depends on the usage
of a dictionary of functions, and the convergence analysis
relies on a non-recurrence assumption.

More recently, in [15] a lifted bilinear representation of
the nonlinear system is identified and is used to develop a
feedback controller that is guaranteed to stabilize the system
given sufficiently rich data and an appropriate region of
attraction. In [16] probabilistic bounds for the approximation
error and the prediction error as a function of the number
of training data points is obtained, using either ergodic
trajectories or i.i.d. samples. Both [15] and [16] rely on a user
defined library of functions to be used as observables, which
have to be rich enough to approximate the system, and [15]
assumes that the library is invariant under the infinitesimal
generator.

In this paper, we present a method to identify a control-
affine nonlinear system via a finite-rank operator, which
converges (in norm) to the true compact control Liouville
operator provided sufficiently rich data are available. This
work uses control occupation kernels, which were introduced
in [17] as augmentations of occupation kernels, that incorpo-
rate control signal information by leveraging vector valued
reproducing kernel Hilbert spaces (vvRKHS). Occupation
kernels themselves were introduced in [18], where system



identification problems are addressed not through numerical
differentiation, but rather through integration. Using numer-
ical integration is less sensitive to noise [19] as opposed to
numerical differentiation used in popular system identifica-
tion methods such as SINDYc¢ [20].

The main contribution of this paper is the development
of a DMD routine for nonlinear control-affine dynamical
systems using a compact control Liouville operator. The
finite-rank approximation is provably convergent, in norm, to
the true control Liouville operator on Bargmann-Fock spaces
restricted to the set of real numbers.

II. PRELIMINARIES

Given a Hilbert space ) and a set X, a vector valued
RKHS (vwRKHS), H, is a Hilbert space of functions from
X to )Y, such that for each v € )Y and z € X, the
functional f — (f(z),v)y is bounded. Hence for each
z € X and v € ), there is a function K, , € H such
that (f(x),v)y = (f, Ky ). The mapping v — K, , is
linear over ); hence, K, , may be expressed as an operator
over Y as K,v := K, ,. The operator K (x,y) := K, K, is
called the reproducing kernel operator corresponding to H.

In the present context, we define ) = R™*! (viewed
as row vectors), X = R", and H consists of continuously
differentiable functions. Since ) is the space of row-vectors,
the operation on v € R™T! by the kernel operator K,
will be expressed as vK,. Given two continuous signals,
6 : [0,7] - R™ and u : [0,7] — R™, the control
occupation kernel corresponding to this pair of signals is
the unique function, I'y ,, € H, that represents the bounded

functional h +— fOT h(0(t)) (u(lt)> dt as (h,Tgu)g =

fOT h(0(t)) <u(1t) dt via the following proposition.

Proposition 1:  [19] If H is a vwRKHS consisting of
R™*1 (row) valued continuous functions over R”, ~, :
[0,7] — R™ is a controlled trajectory with continuous
controller u : [0,7] — R™ satisfying, for all t € [0,77,
G (t) = f(u(®) + g(ru(t)u(t), and ((f); (9);) € H
for each j = 1,...,n, then (((f); (9);) ,Fé?ﬂ)H =
(D) = i B e 0)

Proof: See the proof of] Proposition 1 in [19]. [ ]

While Proposition 1 follows from a simple application of
the fundamental theorem of calculus, it sets the stage for a
powerful approximation routine leveraging higher order con-
trol occupation kernels. These kernels can be implemented
directly using a direct interpolation approach, or they can
arise naturally in a regularized regression problem.

Proposition 2: [19] Fix s € N, let H be a vwvRKHS with
the kernel operator K. If # and w are continuous signals
from [0,7] to R™ and R™ respectively. Then the control
occupation kernel Féfi(x) can be obtained by

T
M) = gy [ -0 T ) Kot

(1)
Proof: See the proof of Proposition 2 in [19]. [ ]

If variable length trajectories are admitted, then it can be
shown that the span of the occupation kernels corresponding
to trajectories 6, that result from the application of the
control u to the system in (3) is dense in H.

Proposition 3: For any order s, the span of the set

A — F(g) Yu,vo € C([OvTuLRn)a’yO € an

. Yoo Ty e O([0,T,;R™), T, € [0,
is dense in H, where vy, ,, is a solution of (3), under the
control u and starting from .

Proof:  Select ~y such that h(y9) # 0. Continu-
ity of h and ., can then be invoked to conclude
that for any constant control signal u(¢) = b such that
h(yo) (2) # 0, there exists a T, > 0 for which
1

i 1w @) ()

T, = min{T,inft{h(%,%(t)) (2 —0

forward extension of the above argument to the higher

order case allows us to conclude that for any order s

and any nonzero h, there exist 7y, u, and 7, such that

<h,F£,i)m7u> # 0. That is, H N AL = {0}, and as a
’ H

result, (AX)* = H. Since (A})* = span A, we conclude
that H = span A;. [ |
Proposition 3 motivates the use of control occupation kernels
for system identification. If H is universal, then any con-
tinuous function can be approximated, uniformly over any
compact set, by a function in H, and any function in H can
be approximated using a linear combination of sufficiently
many control occupation kernels.

Definition 1: [21] The control Liouville operator with
symbol f,g denoted by A;, : D(A;,) — H is de-
fined Ay gh(x) := Vyh(z) (f(z) g(x)) where the domain
D(Ay,4) is defined canonically as

dt # 0. For example, one can select

. A straight-

D(Af,g) = {h € H: Afﬂh € H} 2)
There is a relation between the adjoint of the control
Liouville operator and the control occupation kernel, which
is presented in the following proposition
Proposition 4: ( [21, Proposition 3]) Suppose that f and g
correspond to a control Liouville operator, A g : D(Ay,4) —
H, and let u be an admissible control signal for the
control-affine dynamical system in (3) with a correspond-
ing controlled trajectory, 7,. Then, I'y, , € D(A} ) and
A5 T = K 7u(T)) = K (7 (0)).
Proof: See the proof of Proposition 3 in [21] [ ]
Consider the exponential dot product kernel with param-
eter f, defined as Kj(z,y) = exp <I;y)

. In the single
variable case, the RKHS of this kernel is the restriction
of the Bargmann-Fock space to real numbers, denoted by
FZ (R). This space consists of the set of functions of the
form h(z) = Yo, arz®, where the coefficients satisfy
S22 o la]? 7¥k! < oo, and the norm is given by ||h||§ =
Yoreo |lag|® *k!. Note that the set of polynomials in z is a



subset of Fp~2 (R). Extension of this definition to the multi-

variable case yields the space 73 2 (R™) where the collection

~lal
of monomials, m“’\’ﬁ, with multi-indices a € N" forms

an orthonormal basis. In this setting, provided p» < p1,
differential operators from FZ (R™) to F3 (R™) can be
shown to be compact [17, see Proposition 8].

III. PROBLEM STATEMENT

The objective in this manuscript is to learn an unknown
control affine system from observed control signals and
controlled trajectories of different lengths, {u; : [0,7};] —

R™}M, and {v,, : [0,T;] — R™}},, respectively, satisfy-
ing
:U:F(ac,u) :f(x)+g(x)uv 3

where f : R® — R"™ is the drift function and g : R" —
R™*™ is the control effectiveness matrix.

Systems of the form (3) encompass linear systems and
Euler-Lagrange models with invertible inertia matrices, and
hence, represent a wide class of physical plants, including but
not limited to robotic manipulators and autonomous ground,
aerial, and underwater vehicles.

In order to facilitate the description of the controlled
dynamical system in terms of operators, the vwvRKHS frame-
work from section II is utilized in this paper.

Definition 2: Given a compact control Liouville operator

Apy ¢ Hy — H, where H, is a scaler valued RKHS.
The tuples {(o;, @i, %)}2,, with o; € R™, ¢; € Hy,
and ; € H, are singular values, left singular vectors, and
right singular vectors of Ay g, respectively, if VA € spand,
Apgh =327 ot (h, Di) i1,
Let hijg : R™ — R™ be the identity function. Given singular
values, left singular vectors, and right singular vectors of
Ay 4 and a control signal u, the dynamics of the system can
be expressed as

Ay g(hia) <1>
Afuq('hid)n ‘
Do 0t ((hia)1, ¢i) g7,
_ : (i) 4
Yooy oithi ((hia) s 60 i,

The objective of this work is to generate a provably conver-
gent finite truncation of the above model. To that end, we
derive a finite rank representation of the control Liouville
operator.

IV. FINITE-RANK REPRESENTATION OF THE CONTROL
LIOUVILLE OPERATOR

To facilitate computation, an explicit finite-rank represen-
tation of Ay, is needed to determine the dynamic modes
of the resultant system. In the following, finite collections
of linearly independent vectors, d™ and SM are selected
to establish the needed finite-rank representation. Since the
adjoint of Ay, maps control occupation kernels to kernel

differences ( [21, Proposition 3]), the span of the collection
of kernel differences

dM = (K7, (1)) = Kal 7, (0)} 2
is selected to be the domain of Ay ,. The corresponding

M

Gram matrix is denoted by Gyu = ((dz, d;) Hd) . The
=1

output of Ay, is projected onto the span of the control

occupation kernels

BM =T, W CH. (6)

The correspondlng Gram matrix is denoted by Ggm =

((Bis i) ) o

A rank- I\/f] (or less) representation of the operator Ay,
is then given by Pgm Ay (Pyv @ Hg — span BM . where
Py and Pgar denote projection operators onto span dM and
span M| respectively.

Under the compactness assumptions and given rich enough
data so that the spans of {d;}?°, and {$,;}2, are dense in
H, and H, respectively, the sequence of ﬁmte rank operators
{Pgar Ag g Py }35_, can be shown to converge, in norm, to
Ay 4. To facilitate the proof of convergence, we recall the
following result from [22].

Lemma 1: Let H and G be RKHSs defined on X C R”
and let Ay : H — G be a finite-rank operator with rank N.
If the spans of {d;}$2; and {3,}?2, are dense in H and G,
respectively, then for all € > 0, there exists M (N) € N such
that for all ¢ > M(N) and h € H, ||[Axh — AN Pyih|lo <
e||h||; and HANh — PBiANhHG < €|l -

Proof: See the proof of [22, Theorem 2]. |
The convergence result for Liouville operators on Bargmann-
Fock spaces restricted to the set of real numbers, which will
be used for H and fId, follows from the following more
general result.

Proposition 5: If A : Hy; — H is a compact operator
and the spans of {d;}5°, and {8;}$°, are dense in Hd and
H, respectively, then limp;_, oo HA PﬂJVIAPdMH a2, = 0.

\CHa (5

where || ||H denotes the operator norm of operators from
Hd to H.

Proof: Let {An}%%_, be a sequence of rank-NN opera-
tors converging, in norm, to A. For an arbitrary h € fId,

|Ah — Pgar APjuh|,
< [[Ah — Anhlly + [Anh — AN Pah]|
+ ||AnPyrrh — Py Ay Pyuhl|
=+ HPBMANPth — PﬂJVIAPdJWhHH .
Using the fact that Ay and Pgm AnPyv are finite-rank

operators, Lemma 1, can be used to conclude that for all
e > 0, there exists M (N) € N such that for all ¢ > M(N)

|Ah — Pgi APyih||,, < |[Ah — Anhlly
+ 2¢ ”hHHd + ||ANPd1h - APdJl”H .

Since Ap converges to A in norm, given ¢ > 0, thqre
exists N € N such that for all j > N, and g € Hy



lAg — Ajgll; < €llgllz,- Thus, for all j > N and ¢
M(j), ||Ah — Py APghl|,, < de bz,
The convergence result can then be stated as follows.
Theorem 1: Let pg € R, po € R, and p =
[pl pmH]T € R™*! be parameters such that p; <
04, and g4 < pg for ¢ = 1,...,m + 1. Let H; =
F2 (R"), Gg = F2,(R"), and H = F2(R"). If f and
g are component-wise polynomial, and if the spans of the
collections {d;}$°, and {j3;}5°, are dense in Hy and H,
respectively, then limps ;oo ||Af,g — Pau Ajg g Py Hgd =0.
Proof: [21, Propositions 7, 8, and 9] imply that Ay,
is compact and hence, the theorem follows from Proposition
S. ]

v

V. MATRIX REPRESENTATION OF THE FINITE-RANK
OPERATOR

To formulate a matrix representation of the finite-rank
operator Pgm Ay g Pyn, the operator is restricted to span aM
to yield the operator P A g|qn : spand™ — span .
For brevity of exposition, the superscript M is suppressed
hereafter and d and [ are interpreted as M —dimensional
vectors.

Proposition 6: If h = §'d € spand is a function with
coefficients § € RM and if g = P3Ay 4h, then g = a' 3,
where a = G;Gd(S and (-)T denotes the Moore-Penrose
pseudoinverse.

Proof: [21, Propositions 3 and 6] imply that that for all
j=1,--- M, A?gﬂj = d;. Note that since g is a projection
of Ay 4h onto span 3, g=a ' for any a that solves

(Afohs B1) 5 (n. A7,951>gd
Gga = . = . (7)

(Afgh, Br) gy <h,A} ﬁM> _
g Hy
Using the adjoint relationship,

(hydi) g, (67d,dr)g.
Gga = : = : =Ggq0 (8)
(hydnr) g, (67d.dnr) g

Selecting the solution
a= ngGdd )

of (8), a matrix representation [PgA;,]5 of the operator
Pg Ay gla is obtained as G§ G . ]
Note that matrix representations are generally not unique.
Different representations may be obtained by selecting dif-
ferent solutions of (7) and (9). In the case where the Gram
matrix G g is nonsingular, equation (7) has a unique solution,
resulting in the unique matrix representation GglGd.

In the following section, the matrix representation
[P3Ay, g]g is used to construct a data-driven representation of
the singular values and the left and right singular functions
of P[g A .9 |d-

VI. PSEUDO-SINGULAR FUNCTIONS OF THE
FINITE-RANK OPERATOR

The following proposition states that an SVD-like de-
composition of PgAy 4|4 can be computed using the matrix
representation [PgA M]g derived in the previous section.

Proposition 7: 1If (W,%,V) is the SVD of G with

W = |wy, ..., wM,V:[vl, e UM],andE:
diag ([[01, e JM]%, then for all ¢ = 1,..., M, o; are
pseudo-singular values of PgAy 4|4 with left pseudo-singular
functions ¢; := v;'d and right pseudo-singular functions
Yi = w] B.

Proof: Let ¢; = v;'d and v; = w3 and h = §'d.
Then,

M
PyAsgh =Y o (h,éi) g,

i=1

M
= PgApgdTd =Y o] B(5Td,v]d)y

i=1

Using the finite-rank representation, the collection
{(os, i, i) M, is an SVD of PgAy,la, if for all
§eRM,

T M
(Gngé) B= (Z o (674, vjd>Hd wj> B. (10

i=1
Simple matrix manipulations yield the chain of implications

(10) <= V5 € RM, GFGab = i i (67 d, vl d) g w;
v
= VS eRM, G5Gad =) oi (wiv] Ga) 6
M =
= GfGy=> i (wiv]) Gy
u i=1
= Gf =) owp] =WV,

i=1

which proves the proposition. [ ]

Remark 1: The standard usage of the term SVD refers
to a decomposition using orthonormal left and right singu-
lar vectors. The left singular functions {¢;}}, and right
singular functions {t;}*, are not necessarily orthonormal.
Therefore, the decomposition in the previous proposition is
not an SVD of the finite-rank operator PgA¢ 4.

In the following section, an orthonormalization process is
applied to the domain and range of the finite-rank repre-
sentation. The orthonormalization process will allow us to
compute the SVD of PgAy 4|a.

VII. ORTHONORMALIZATION AND SVD

N .

Let {\g.i,vg.i )0y and {Ag,vai} % be nonzero eigen-
values and eigenvectors of Gz and Gy, respectively. These
eigenvectors can be used to construct orthonormal basis



B = Opp and d’ = Oyd. Where the range orthogonalization
matrix is given by

Vg1

1
\/’U%,Nﬁ Gpup,Ng )

. 1
Oﬁ = dlag (\/UE,IGB'U[,J
UB,Ng

and the domain orthogonalization matrix is given by

Vd,1

04 = di : :
d = AAg | | fvr Gava, Vi, Gavan,

Vd,N,

The following proposition is used to formulate the matrix
representation of the finite-rank representation using the
orthonormal basis 3’ and d’.

Proposition 8: If h = 6'd' € spand is a function with
coefficients § € RV¢ and if g = P3Ay 4h, then g = a' 3,
where a = G5! 03G40, 6.

Proof: Note that since g is a projection of Ay ,h onto
spanf3, g = a' 3’ for any a that solves

« ar
<Af,gh361>H <h’Af’961>ﬁId

Gya= : -
<Af,gh7 6;\/1>H

: (1n)
(b Ar o).,

. / Ng
Using 85, = > ;4 Gﬁvﬁ
ship, and h = §"d' = 5T0dd

(vg,k)iBi. the adjoint relation-

o OdeW%
Gga= : = 03G40, 6.
6T 046G g——~rt——
dd 15N/3G[”)/’ Ng VBNs
(12)
Solving for a
a=Gg'03Ga0,; 6. (13)

The matrix representation [PgA f7g]g// of the operator
PgAy 4|q is thus obtained as G_lO[ngO [ |
The following proposition states that the SVD of PgAy, g|d
can be computed using the matrix representation [Pz Ay, g] 0

Proposition 9: If  (W,X,V) is the SVD of
G5l05Ga0 Gyt with W = [wi, ..., wy,]
V = [vl, B vNB},andE:diag([ol, O’N]),
where N = min{Npg, Ng}, then for all i = 1,..., N, o;

are singular values of PgAy ,|q with left singular functions
¢; == v, d' and right singular functions 1; := w, 3’

Proof: Let ¢; = v;'d and v; = w/ B’ and h = §"d'.
Then,

PsAsgh = (G5l 05Ga06)" B
N
= Z ow; B’ <5Td’, Ude,>Hd
=1

N
<~ GgllOngO;(S = Zdin‘U:Gdlé
i=1

N
= G5'05G40, Gyl = gww]
i=1

which proves the proposition. [ ]

For ease of exposition, in the following section, the
pseudo-singular values, the pseudo-left singular vectors, and
pseudo-right singular vectors are used, along with a finite
truncation of (2) to generate a data-driven model. A similar
procedure can be carried out using the SVD, resulting in an
equivalent model.

VIII. THE SCLDMD ALGORITHM

Motivated by (2), assuming that hiq; € H, for j =
1,--- ,n, the system dynamics are approximated using the
finite-rank representation, with rank at most M, as

i~ Fuo) = [PoAr Patial(@) ()

where P3Ay 4Pyhiq denotes row-wise operation of the op-
erator Pg Ay 4 on the function Pghiq. Using the definition of
singular values and singular functions of PgA¢ g |4,

mZoz& T (3) =emw o) (). aw

where §; = (Pyhia, ¢i) g, and § := (&1, ..., &m]
The modes ¢ can be computed using ¢; = v, d as

(Pahia,n, ”1Td>Hd . ooy (Pahian, U;Lr1d>1f1d

£= : . .
(Pihiag,vi dyg o -y (Pahian vid) g
OTddy)y  ooes (8 didar) g,
= : . : V=6"GaV,
(OTdidi)y s oes (07d,dur)p
where ¢ = [51, Co (5n]. Using the reproducing property

of the reproducing kernel of H,, the coefficients ; in the
projection of hiq; onto d satisfy

<(hid)i7d1>l:ld (’7u1 (Tl))i_(’yul (0))1
Gadi= : = :
<(hid)ivd1w>]f1d (’YUJVI (TJW))'i(’yuM (0))1
Leting D = ((7,(T})) — (7,(0)):);2, it can be

concluded that "Gy = D. Finally, the modes ¢ are given
by & = DV and the estimated open-loop model is given by

i~ Ey(z,u) = DVEWT B(z) (i) = DG A(x) (i) .
) (15)
The approximation fps(x), an approximation of the drift
dynamics, f(z), is given by the first column of DGEB (x)
and gps(z), an approximation of the control-effectiveness
matrix, g(x), is given by the last m columns of DGEﬁ(w).
Since PgAy 4Py converges to Ay, in norm as M — oo,
and since the space F/;Qd (R™) contains hiq j forj=1,--- ,n,
the following result is immediate.



Corollary 1: Under the hypothesis of Theorem 1, for all
u € U, where for all t € [0,7], (1 u"(t)]| < U,

limps—s 00 (Sul%ex HFM(:U, u) — F(x,u) ) =0.

Proof: The proof is similar to thze proof of [21,
Corollary 1]. It is omitted from this paper for the sake of
brevity.

|
The SCLDMD technique is summarized in Algorithm 1. The
characterization I, = fOTj K (*,74, (t)) dt of occupation
kernels is used on line 6. The inner product of two control

occupation kernels is given in [21] as

<F'Yui7“i’ F’YUj -,uj>H

T, T,
_ 0/ 0/ 0 o] (P] K (u,(8), 7 (7)) {u‘l(t)] drdt.

J

(16)

Algorithm 1 The SCLDMD algorithm

Input: Trajectories {7,, }}£,, a control signal u, a numerical
integration procedure, and reproducing kernels Ky and
K of Hy and H, respectively.

Output: {5,095, 95, ¢;}5L,
M

I Gy (<F%wui,Fv,uwuj>H)i7j:1 (see (16))
D= (3, (1), = (0, (00),)72
3 (W,%,V) = SVD of G
4: £ DV
5065 Yoy (V)iog (Ka( v, (T3) = Kal:, 7, (0)))
e DLW [ wi®)T) K ] ()t
7: return {&;, 05,05, 0},

[\

[=))

IX. CONCLUSION

This paper introduces a novel approach towards the con-
struction of a finite-rank representation of the control Li-
ouville operator. New results on the construction of singu-
lar values and functions of the finite rank operator using
singular values and vectors of a matrix representation are
also obtained. Once the singular values and functions are at
hand, the drift dynamics and the control effectiveness can be
approximated, which facilitates the prediction of the states
of the dynamical system in response to an open-loop control
signal. Moreover, the finite-rank representation of the control
Liouville operator is shown to be convergent (in norm) to the
true control Liouville operator, provided sufficiently rich data
are available.
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