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Abstract:

With the current abundance of data, methods for effective use of data for system analysis
and control are needed. System identification (SysID) is a numerical method that uses a set
of trajectories of a dynamical system and produces a model that represents the unknown
system. In this dissertation, we study data-driven, equation-free identification of dynamical
systems. the objectives of the study are twofold. The first objective is data-driven prediction,
i.e., utilization of a set of recorded trajectories to generate new trajectories or to extend
the recorded trajectories into the future. The second objective is modeling for data-driven
control, i.e., obtaining a model capable of anticipating the response of a system to new
control inputs. For nonlinear systems and systems that are described by PDEs, the structure
of the model is often too complex to be developed using first principles. To overcome the
difficulty posed by the unknown structure of the system, equation-free SysID approaches
such as neural networks, autoregressive moving averages, proper orthogonal decomposition
have been developed over the past decade. In this dissertation we focus on lifting techniques.
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CHAPTER I

INTRODUCTION

1.1 Motivation

The increasing availability of high-resolution trajectory, sensor, and input-output data has

made data-driven modeling an essential tool for the analysis and control of dynamical sys-

tems. System identification (SysID) seeks to construct a mathematical model from observed

data so that the resulting model can reproduce, predict, or control the behavior of the un-

derlying system. For linear time-invariant (LTI) systems, this problem is comparatively well

understood: mature frequency-domain, prediction-error, subspace, state-space, and behav-

ioral methods are available, and the main modeling questions often reduce to selecting an

appropriate model order and estimating a finite number of parameters [1–5].

The nonlinear setting is fundamentally more difficult. Nonlinear systems do not possess

a universal finite-dimensional structure analogous to the LTI state-space form, and systems

governed by partial differential equations, such as fluid flows, deformable solids, transport

processes, and thermal systems, may have very high-dimensional or infinite-dimensional state

descriptions. When the equations of motion are known up to unknown parameters, nonlinear

system identification can sometimes be reduced to parameter estimation, and adaptive or

prediction-error methods can be applied. However, in many applications the functional

structure of the model is not known a priori. In that case, the objective is not merely to

estimate unknown coefficients, but to infer a useful representation of the dynamics from

data.

The objectives of this dissertation are twofold. The first objective is data-driven pre-
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diction: given a set of recorded trajectories, construct a model capable of extending those

trajectories into the future or predicting new trajectories from new initial conditions. The

second objective is modeling for data-driven control: given state and input data, construct

a model capable of anticipating the response of a system to new control signals. A model

with this property can be used for controller design, motion planning, stability analysis, pa-

rameter identification, and the discovery of approximately optimal trajectories with respect

to a prescribed cost. The difficulty is that the identified model must be expressive enough

to represent nonlinear behavior while remaining structured enough to support analysis and

computation.

A common strategy is to replace the search for a nonlinear model in the original state

space with the search for a linear or bilinear representation in a lifted space. A lifting map

embeds the state, the trajectory, or the observable functions of a system into a higher-

dimensional space where the evolution of the lifted variables has a simpler structure. In the

most favorable case, a nonlinear finite-dimensional system can be represented as a infinite-

dimensional linear system. Finite-dimensional approximations of that infinite-dimensional

representation then lead to algorithms that resemble linear system identification, spectral

decomposition, regression, or model reduction. In this sense, lifting is not merely a change

of coordinates; it is a modeling principle that trades nonlinear complexity in the original

variables for linear structure in a larger function space.

The lifting viewpoint has two classical origins. Carleman linearization lifts the state of

a nonlinear system to the collection of monomials in the state and represents the nonlinear

dynamics by an infinite-dimensional linear system [6]. Koopman operator theory instead lifts

the problem from states to observables: the Koopman operator acts linearly on functions

evaluated along trajectories of a nonlinear system [7]. These two constructions are comple-

mentary. Carleman lifting gives an explicit algebraic hierarchy for analytic or polynomial

systems, while Koopman-based methods provide an operator-theoretic framework in which

nonlinear dynamics are represented through linear action on observables.
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The dissertation focuses on lifting techniques for data-driven identification of nonlinear

systems, with particular emphasis on occupation kernels, Liouville operators, control Liou-

ville operators, and Carleman lifting. The framework used throughout the dissertation may

be organized according to the type of system and the lifted object. Figure 1 gives a schematic

summary. Koopman-type approaches lift observables for discrete-time systems, Liouville-

type approaches lift the infinitesimal evolution of observables for continuous-time systems,

occupation-kernel methods lift trajectories to elements of reproducing kernel Hilbert spaces

(RKHSs), and Carleman methods lift the state through monomials. Controlled systems

require additional structure: control occupation kernels and vector-valued RKHSs incorpo-

rate the input signal, while control Liouville operators represent the infinitesimal action of

control-affine dynamics.

Lifting techniques for

nonlinear system identification

Koopman
Carleman

state lifting

Open-loop Closed-loop Open-loop Closed-loop

Discrete-timeContinuous-time (generator) Discrete-time Continuous-time (generator)

Figure 1: A taxonomy of the lifting techniques considered in this dissertation. The diagram

organizes the methods by lifting framework, distinguishing Koopman/operator-theoretic lift-

ing from Carleman state lifting, and then by whether the resulting formulation is open-loop

or closed-loop. The figure also indicates whether the lifted model is formulated in discrete

time or through a continuous-time generator.

The methods developed in the dissertation are motivated by several limitations of ex-

isting approaches. Classical numerical differentiation is sensitive to measurement noise.

Dictionary-based lifting methods can be effective, but their success depends strongly on the

3



choice of dictionary. Koopman-based DMD methods are computationally attractive, but

spectral convergence is subtle because convergence in the strong operator topology does not

generally imply spectral convergence. Carleman linearization provides powerful error bounds

when the model is known, but its classical use is not fully data-driven. Parameter identi-

fication methods are mature when the way parameters enter the dynamics is known, but

many practical systems contain parameters whose coupling to the dynamics is difficult to

write down explicitly. The goal of the dissertation is to address these limitations by develop-

ing lifting-based identification methods that retain the advantages of linear representations

while providing stronger theoretical or numerical guarantees in settings relevant to nonlinear

prediction, control, and parameter identification.

1.2 Literature Review

1.2.1 Classical system identification and nonlinear model learning

Classical system identification provides a deep foundation for data-driven modeling. For

LTI systems, frequency-domain and time-domain approaches can identify transfer func-

tions, impulse responses, state-space realizations, and input-output models from experimen-

tal data [1]. These methods are powerful because the model class is fixed, the role of inputs

and outputs is clear, and the resulting models are directly compatible with linear control

design. Behavioral methods further show that trajectories themselves contain enough infor-

mation to represent the behavior of an LTI system under suitable richness conditions [2, 3].

The principal advantage of these approaches is that they are mature, computationally effi-

cient, and accompanied by extensive statistical and control-theoretic analysis. Their main

disadvantage, for the purposes of this dissertation, is that they are not designed to identify

general nonlinear systems without imposing additional structure.

For nonlinear systems, the identification problem depends strongly on what is known in

advance. When a parametric structure is available, the problem can be reduced to estimat-

4



ing unknown constants. Adaptive control and Lyapunov-based estimation methods provide

strong tools in this setting, particularly when the uncertain dynamics admit a known regres-

sor form [8–10]. The advantage of these methods is that they can be integrated with stability

and control objectives. The disadvantage is that they usually require detailed knowledge of

how the unknown parameters enter the dynamics. When that structural information is

unavailable, one must use a more flexible model class.

Several equation-free nonlinear modeling techniques have been developed for this pur-

pose, including neural networks, autoregressive moving-average models, proper orthogonal

decomposition, and support vector machines [11–14]. These approaches can fit complicated

input-output relationships and are useful in many applications. However, flexible model

classes often introduce new difficulties: interpretability may be reduced, stability and error

guarantees may be difficult to obtain, and the resulting model may not have an opera-

tor structure suitable for spectral analysis or controller synthesis. Sparse identification of

nonlinear dynamics (SINDy) addresses interpretability by selecting a sparse model from a

prescribed library of candidate functions [15, 16]. Its main strength is that it can produce

explicit governing equations. Its main weakness is the dependence on the chosen library

and the need to estimate time derivatives from data, a step that can be highly sensitive to

noise. This motivates methods that avoid numerical differentiation and instead use integral

information from trajectories.

1.2.2 Koopman operators, DMD, and EDMD

Dynamic mode decomposition (DMD) is one of the most influential lifting-based methods

for data-driven analysis of nonlinear systems. DMD seeks a finite-rank representation of a

transfer operator associated with a dynamical system using time-series measurements [17–

20]. In its classical form, DMD constructs a best-fit linear map between snapshot matrices

and decomposes the observed data into modes with associated growth rates or frequencies.

The method is attractive because it is computationally simple, interpretable, and closely
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related to spectral analysis.

The operator-theoretic interpretation of DMD is based on the Koopman operator. For a

discrete-time system xk+1 = F (xk), the Koopman operator KF acts on an observable g by

(KFg)(x) = g(F (x)). (1.2.1)

Although the state dynamics may be nonlinear, KF is linear on a space of observables. This

linearity is the central advantage of Koopman theory: nonlinear dynamics can be studied

using spectral objects such as eigenvalues, eigenfunctions, and modes. Koopman-based DMD

has been successful because it connects data-driven computation with a linear operator whose

spectrum encodes temporal behavior [17, 21].

The classical Koopman-DMD framework also has limitations. First, a discrete-time

Koopman operator requires a flow map or a fixed sampling interval. This is restrictive

for continuous-time systems with finite escape times, irregularly sampled data, or multiple

sensors with unequal sampling rates. Second, convergence of finite-rank Koopman approxi-

mations is delicate. Results such as [20] establish convergence in the strong operator topology

under appropriate assumptions, but convergence in the strong operator topology does not

imply spectral convergence [22]. Since DMD relies precisely on spectral information, conver-

gence of the finite-rank operators alone is not sufficient to guarantee convergence of the DMD

spectrum. Third, compactness of the Koopman operator is often needed for strong spectral

approximation results, yet Koopman operators associated with nonlinear dynamics are typ-

ically noncompact in many natural settings [23, 24]. These issues motivate continuous-time

and compact-operator alternatives.

Extended dynamic mode decomposition (EDMD) improves on classical DMD by choos-

ing a dictionary of observables and constructing a finite-dimensional approximation of the

Koopman operator on the span of that dictionary [21]. The advantage of EDMD is flexibility:

nonlinear observables can be included directly, and the resulting method can approximate

nonlinear systems more accurately than a linear fit in the original state coordinates. The

main disadvantage is dictionary dependence. If the dictionary does not contain functions that
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represent the relevant Koopman-invariant subspace, the approximation may require many

observables or may produce spurious spectral information. Data-driven dictionary learning

partially addresses this weakness. For example, machine-learning-based EDMD can select

observables that reduce prediction error using fewer functions than a fixed library [25]. The

trade-off is increased computational cost and the need for training and validation. Eigen-

function validation methods, such as those used in Koopman Reduced Order Nonlinear

Identification and Control (KRONIC), can reduce spurious modes and improve reliability

when the Gram matrix is rank deficient [26]; nevertheless, validation does not eliminate

the more basic question of whether the selected finite-dimensional space yields a convergent

spectral approximation.

Several controlled extensions of Koopman and DMD methods have also been proposed.

Dynamic mode decomposition with control represents controlled nonlinear systems using

input-output data and is computationally attractive for prediction and control [27]. EDMD

with control generalizes this idea by incorporating dictionaries of observables and control-

dependent terms [28]. These methods can provide good predictions and useful lifted models,

but the spectral convergence and control-separation issues remain subtle. For discrete-time

nonlinear control systems, one must represent both state evolution and input evolution;

in some formulations this introduces a shift operator for the control signal [28]. Other

approaches separate state and control using approximations or derive bilinear lifted forms.

The Koopman canonical transform and the Koopman bilinear form provide continuous-time

lifted models that are useful for feedback design [29, 30]. More recent bilinear Koopman

formulations can produce stabilizing controllers under sufficiently rich data and suitable

region-of-attraction assumptions [31]. Their advantage is direct relevance to control; their

limitation is that the richness requirements may be difficult to satisfy for unstable systems

or systems that cannot be safely excited in all input directions.
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1.2.3 Liouville operators and continuous-time DMD

Continuous-time DMD replaces the discrete-time Koopman operator with an infinitesimal

generator. For a continuous-time system ẋ = f(x) and an observable g, the Liouville operator

is formally given by

Afg = ∇g · f. (1.2.2)

In Koopman terminology, this operator is the generator of the Koopman semigroup when

the semigroup is well defined. The Liouville formulation is natural for continuous-time

data because it models infinitesimal evolution rather than a fixed-time flow map. It is

therefore better suited for systems sampled irregularly, systems with finite escape times, and

trajectories with different time horizons.

A major advantage of Liouville-operator DMD is that compactness can be recovered by

choosing the domain and range appropriately. Some attempts to obtain compact opera-

tors for DMD multiply Koopman or Liouville operators by auxiliary compactifying oper-

ators [32, 33]. These methods are useful because compact operators have better spectral

approximation properties, but the resulting compact operators only approximately repre-

sent the original dynamics. In contrast, compact Liouville operators can be constructed

so that the operator truly corresponds to the continuous-time dynamics on appropriate

RKHSs [34,35]. This provides a direct path toward norm-convergent finite-rank approxima-

tions, which are stronger than strong-operator-topology convergence and more relevant for

spectral methods.

The Liouville framework also connects naturally with occupation kernels. Rather than

approximating derivatives from data, one can pair the dynamics with trajectory-dependent

functions that represent integration along trajectories. This connection is central to the

dissertation. It provides a way to construct finite-rank approximations of Liouville operators

from trajectory data while reducing sensitivity to measurement noise. For controlled systems,

the analogous object is the control Liouville operator, which acts on vector-valued observables
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and incorporates the control input. The resulting framework links continuous-time DMD,

RKHS methods, control occupation kernels, and finite-rank operator approximation.

1.2.4 Kernel methods, RKHSs, and occupation kernels

Kernel methods offer a complementary approach to lifting. Instead of explicitly selecting a

finite dictionary of features, a positive definite kernel implicitly defines a possibly infinite-

dimensional feature space, namely a reproducing kernel Hilbert space. Kernel methods have

been widely adopted in system identification because they provide flexible nonparametric

models, regularization, and a natural way to encode smoothness or prior information [36–38].

The advantage of kernel methods is that they combine expressive modeling with convex

optimization in many settings. Their disadvantage is the need to choose kernels and tune

hyperparameters, which can have a large effect on performance and remains a persistent

difficulty [39].

Occupation kernels adapt RKHS ideas to trajectory data. Given a trajectory γ : [0, T ]→

Rn and an RKHS H of functions, the occupation kernel Γγ ∈ H represents the integral

functional

⟨h,Γγ⟩H =

∫ T

0

h(γ(t)) dt. (1.2.3)

If the unknown vector field f = (f1, . . . , fn)
⊤ has components in H and γ satisfies γ̇ = f(γ),

then

⟨fi,Γγ⟩H =

∫ T

0

fi(γ(t)) dt =

∫ T

0

γ̇i(t) dt = γi(T )− γi(0). (1.2.4)

Thus, trajectory endpoint differences provide linear measurements of the unknown dynamics

in the RKHS without requiring numerical differentiation [40]. This is the key advantage of

occupation-kernel methods: they transform derivative-based identification into integration-

based identification, which is substantially less sensitive to high-frequency measurement

noise.

Occupation kernels generalize occupation measures in a function-theoretic way, analo-

gous to the way in which kernel functions can be viewed as regularized point evaluations
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or function-theoretic analogs of delta distributions. Occupation measures have been used

extensively in optimal control and reachability [41–43]. Occupation kernels inherit the in-

tegral representation of occupation measures while living inside an RKHS, making them

directly usable as basis functions for approximation. They have been used for motion to-

mography [44,45], fractional-order nonlinear system identification [46], and the construction

of finite-rank representations of Liouville operators [47]. Their limitations are those typical

of RKHS methods: performance depends on the chosen kernel, the method may scale poorly

with the number of trajectories, and theoretical guarantees generally require the unknown

dynamics to have sufficient regularity relative to the chosen RKHS.

Control occupation kernels extend occupation kernels to controlled systems. For a

control-affine system

ẋ = f(x) + g(x)u, (1.2.5)

the unknown dynamics include both the drift f and the control effectiveness matrix g. A

control occupation kernel incorporates both the state trajectory and the control signal in a

vector-valued RKHS so that the inner product with the unknown row
(
(f)j (g)j

)
produces

an integral measurement of the controlled dynamics [48]. The advantage is that open-loop

controlled trajectory data can be used directly. The main challenge is that the RKHS must

now encode vector-valued structure, and the quality of the identified model depends on both

state-space coverage and richness of the control signals.

1.2.5 Carleman lifting and finite-dimensional truncation

Carleman linearization is another classical lifting technique. It maps a finite-dimensional

nonlinear system into an infinite-dimensional linear system by augmenting the state with

monomials of the original state variables [6]. For polynomial systems, this embedding has

an explicit algebraic structure. For analytic systems, a related hierarchy can be obtained

through Taylor or Maclaurin expansions. The primary advantage of Carleman lifting is that

it gives a direct linear representation of nonlinear dynamics in lifted coordinates. This makes
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linear-system tools available for approximation, reachability, and control.

The main limitation of Carleman lifting is truncation. The exact lifted system is infinite

dimensional, while computations require a finite-dimensional truncation. The number of

monomials grows rapidly with the state dimension and truncation order, which can lead to

high computational cost. Moreover, truncation errors depend on the system, the region of

interest, and the time horizon. For known polynomial nonlinearities, explicit truncation-error

estimates have been developed [49]. These estimates can be used for reachability analysis of

weakly nonlinear systems, where the nonlinear terms are dominated by the linear terms [50].

Carleman lifting has also been used to approximate optimal feedback controllers through

finite-dimensional optimization problems [51]. These works show the theoretical value of

Carleman methods, but they generally assume that the nonlinear vector field is known.

More recent work provides computable error bounds for Carleman linearization of known

nonlinear systems on regions of attraction [52]. The advantage of these results is that the

truncation order can be related to a desired approximation error and time horizon. The

limitation, from the standpoint of system identification, is that the model-based Carleman

construction starts with a known nonlinear vector field. This dissertation uses these theoret-

ical results as a foundation for data-driven Carleman lifting: the truncation order is selected

using prescribed-error analysis, and the parameters of the truncated lifted linear system are

estimated from trajectory data.

1.2.6 Parameter identification and operator-theoretic models

Parameter estimation is a mature area with classical roots in process identification, prediction-

error methods, gray-box modeling, recursive estimation, and adaptive control [1, 8, 53]. In

many nonlinear-control applications, parameter update laws are designed using known re-

gressors, as in adaptive robot manipulator control [9]. These methods are powerful when the

relationship between the unknown parameters and the dynamics is known. Their limitation

is precisely this structural requirement.
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Modern approaches also often encode parameter dependence in advance. Unknown pa-

rameters may enter linearly through known regressors [54], nonlinearly through a prescribed

neural network architecture [55], or through a selected set of basis functions [56]. Bayesian

methods and neural inverse-problem methods provide additional tools for recovering parame-

ters from data [57–59]. These methods can quantify uncertainty or handle high-dimensional

inverse problems, but parameter recovery is often separated from the construction of an

operator-theoretic model of the closed-loop dynamics.

Many practical systems involve parameters whose coupling to the dynamics is difficult to

express explicitly. A vehicle carrying an unknown payload, a robot manipulating an unknown

object, or a building thermal system subject to unknown occupancy patterns may experience

parameter-dependent changes that are nonlinear and hard to model from first principles

[60–63]. This motivates an operator-theoretic approach in which unknown parameters are

treated as latent components of an augmented state and identified directly from input-output

data. The DCLDMD framework provides a foundation for this idea by constructing finite-

rank approximations of closed-loop control Liouville operators using kernel propagation and

multiplication operators [33, 64]. The advantage is that parameter identification can be

integrated with lifted dynamical modeling. The limitation is that the resulting parameter

estimates depend on excitation, data coverage, and the validity of the augmented-state

representation.

1.3 Contributions

This dissertation develops lifting-based methods for data-driven identification, prediction,

control-oriented modeling, and parameter identification of nonlinear systems. The contribu-

tions are organized around two complementary lifting mechanisms: occupation-kernel/Liouville

lifting and Carleman lifting. The occupation-kernel and Liouville chapters emphasize continuous-

time, RKHS-based, and operator-theoretic identification. The Carleman chapter emphasizes

prescribed-error finite-dimensional lifted linear models. Together, these contributions ad-
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dress the limitations identified above: sensitivity to numerical differentiation, lack of spectral

convergence guarantees in Koopman-DMD approximations, difficulty incorporating controls

into continuous-time lifted models, dependence of Carleman methods on known vector fields,

and the need for known parameter-dynamics coupling in classical parameter identification.

The first contribution is the development of control occupation kernel regression (COKR)

for nonlinear higher-order control-affine systems. It introduces higher-order control occupa-

tion kernels and uses them as basis functions in a regularized regression problem for systems

of the form

dsx

dts
= f(x) + g(x)u. (1.3.1)

The approach extends occupation-kernel regression for uncontrolled or fractional-order sys-

tems [46] and control occupation kernels for first-order controlled systems [48]. Its main

advantage is that it identifies the drift and control effectiveness terms using integral infor-

mation from trajectories, avoiding numerical differentiation of noisy data. The method also

leads to a finite-dimensional matrix problem through a representer-theorem argument and

provides cumulative error bounds through a functional ridge-regression formulation. Nu-

merical examples on the Duffing oscillator and a two-link robot manipulator demonstrate its

ability to estimate nonlinear control-affine dynamics and to support control-oriented simu-

lation.

The second contribution is a data-driven Carleman lifting method for nonlinear sys-

tem identification with guaranteed error bounds. Existing Carleman results provide useful

truncation-error estimates when the nonlinear model is known [49, 52]. This dissertation

adapts those ideas to the identification setting. Given trajectory data, a desired time horizon,

and information about the decay of the Maclaurin expansion, the method selects a truncation

order and estimates the finite-dimensional lifted linear dynamics from data. The resulting

identified lifted system is constructed so that its trajectory remains within a prescribed error

bound of the trajectory of the nonlinear system over the desired horizon. This contribution

is significant because it combines the interpretability and error analysis of model-based Car-
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leman lifting with data-driven estimation of the lifted linear system.

The third contribution is a dynamic mode decomposition method for continuous-time

nonlinear control-affine systems using compact control Liouville operators. Koopman-based

DMD methods provide useful finite-dimensional approximations, but spectral convergence

is not guaranteed by strong-operator-topology convergence alone [20, 22]. This dissertation

addresses that issue by using control Liouville operators on appropriate RKHSs and deriving

finite-rank approximations that converge in norm to the true compact operator under suitable

richness assumptions. Control occupation kernels and vector-valued RKHSs allow the state

and control data to be incorporated directly. The resulting SCLDMD algorithm yields an

operator-theoretic model for control-affine systems and is validated on a controlled Duffing

oscillator.

The fourth contribution is the derivation of a norm-convergent continuous-time DMD

formulation and its equivalence with occupation kernel regression. Previous compactifica-

tion approaches produce useful DMD algorithms but may approximate modified operators

rather than the true operator associated with the dynamics [32, 33]. This dissertation uses

compact Liouville operators that correspond directly to the continuous-time dynamics and

develops a finite-rank representation of the Liouville operator itself. The resulting DMD

model is shown to be equivalent to the unregularized occupation-kernel regression model.

This equivalence clarifies the relationship between two apparently different identification

methods: spectral finite-rank approximation of Liouville operators and RKHS regression

using occupation kernels.

The fifth contribution is an operator-theoretic approach to parameter identification using

discrete control Liouville dynamic mode decomposition. Classical and modern parameter-

identification techniques often require prior knowledge of how the parameters enter the dy-

namics [1, 9, 53, 55]. This dissertation relaxes that requirement by augmenting the system

state with unknown parameters and embedding the augmented dynamics into an RKHS and

vector-valued RKHS operator framework. The resulting DCLDMDPID algorithm identifies
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a lifted model that can predict trajectories associated with candidate parameter values, and

parameter estimates are selected by comparing predicted and observed trajectories. Numeri-

cal experiments on a controlled Duffing oscillator demonstrate simultaneous recovery of state

evolution and unknown parameters from open-loop data.

The final contribution is a unified presentation of lifting techniques for data-driven nonlin-

ear identification. The dissertation connects Koopman and DMD methods, Liouville opera-

tors, occupation kernels, control occupation kernels, vector-valued RKHSs, Carleman lifting,

and parameter identification within a single narrative. The literature review emphasizes not

only what each method can do, but also where each method is limited: DMD is efficient but

may lack spectral convergence; EDMD is flexible but dictionary-dependent; kernel meth-

ods are expressive but require kernel and hyperparameter choices; occupation kernels avoid

numerical differentiation but rely on RKHS regularity and data coverage; Carleman lifting

provides error bounds but can suffer from combinatorial growth and usually assumes model

knowledge; and classical parameter identification is mature but often requires known pa-

rameter structure. The methods developed in this dissertation are designed to preserve the

strengths of these approaches while addressing several of their limitations through integral

data representations, compact Liouville operators, control-aware RKHS constructions, and

prescribed-error lifted linear modeling.

1.4 Dissertation Organization

Chapter II provides the background material needed for the dissertation, including classi-

cal DMD, RKHSs, control occupation kernels, vector-valued RKHSs, Liouville operators,

occupation kernels, and Carleman lifting. Chapter III develops control occupation kernel

regression for higher-order nonlinear control-affine systems and presents numerical examples

involving the Duffing oscillator and a two-link robot manipulator. Chapter IV develops the

data-driven Carleman lifting method with prescribed error bounds and demonstrates the

method on a nonlinear oscillator example. Chapter V develops singular control Liouville
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dynamic mode decomposition for continuous-time control-affine systems. Chapter VI stud-

ies norm-convergent Liouville DMD and establishes its equivalence with occupation kernel

regression. Chapter VII extends discrete control Liouville DMD to parameter identification

by augmenting the state with unknown physical parameters. The dissertation concludes by

summarizing the main results and identifying directions for future work.
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CHAPTER II

BACKGROUND

This chapter collects the background material used throughout the dissertation. The pre-

sentation follows the operator-theoretic structure used in the later chapters. We begin with

dynamic mode decomposition (DMD), extended dynamic mode decomposition (EDMD), and

their connection with the Koopman operator. We then introduce reproducing kernel Hilbert

spaces (RKHSs), explain why the usual Koopman framework has limitations for spectral

approximation, and introduce continuous-time Liouville operators as an alternative. Occu-

pation kernels are then presented as trajectory-dependent RKHS elements that connect data

to Liouville operators through integration rather than numerical differentiation. Finally, the

chapter extends these ideas to vector-valued RKHSs, controlled systems, control occupation

kernels, and Carleman lifting.

2.1 Dynamic Mode Decomposition and Koopman Operator Theory

Consider a continuous-time dynamical system

ẋ = f(x), (2.1.1)

where x(t) ∈ Rn is the state and f : Rn → Rn is the vector field. If the system admits a flow

map F∆t over a fixed sampling interval ∆t > 0, then the sampled states satisfy

xk+1 = F∆t(xk) = xk +

∫ (k+1)∆t

k∆t

f(x(t)) dt, (2.1.2)

where xk = x(k∆t). Given a sequence of snapshots x1, x2, . . . , xm, define

X =

[
x1 x2 · · · xm−1

]
, X ′ =

[
x2 x3 · · · xm

]
.
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The objective of classical DMD is to find a finite-dimensional linear map A such that

X ′ ≈ AX. (2.1.3)

A least-squares solution is

A = X ′X†, (2.1.4)

where X† is the Moore-Penrose pseudoinverse. The eigenvectors of A are referred to as DMD

modes, and the associated eigenvalues describe the growth, decay, or oscillation rates of the

fitted linear model.

DMD is closely connected to the Koopman operator. For a discrete-time dynamical

system xk+1 = F (xk), the Koopman operator KF acts on scalar observables g by

(KFg)(x) = g(F (x)). (2.1.5)

Although F may be nonlinear on the state space, KF is linear on a space of observables.

This is the main operator-theoretic insight behind Koopman-based data-driven modeling:

nonlinear state evolution is represented as linear evolution of functions along trajectories.

Classical DMD may be interpreted as a finite-dimensional approximation of the Koopman

operator on the span of a selected set of observables. In the simplest case, the observables

are the coordinate projection functions, so that DMD fits a linear model directly in the

state coordinates. Extended dynamic mode decomposition (EDMD) generalizes this idea by

choosing a dictionary of observables

ψ(x) =

[
ψ1(x) ψ2(x) · · · ψN(x)

]⊤
,

and computing a matrix approximation of the Koopman operator on span{ψ1, . . . , ψN} [21].

If this span is invariant under the Koopman operator, then EDMD can recover an exact finite-

dimensional representation on that subspace. In practice, the span is only approximately

invariant, so the quality of the approximation depends strongly on the selected dictionary.

The Koopman/EDMD viewpoint is powerful because it turns nonlinear modeling into

a linear operator approximation problem. However, several limitations are important for
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the rest of the dissertation. First, the discrete-time Koopman operator requires a flow map

over a fixed sampling interval. This may be restrictive for systems with finite escape times,

irregularly sampled data, or multiple sensors sampled at unequal frequencies. Second, the

boundedness and compactness of the Koopman operator depend on the selected function

space. Koopman operators are often noncompact, and finite-rank approximations that con-

verge strongly do not necessarily yield convergent spectra [20, 22]. Since DMD uses eigen-

values and eigenfunctions of finite-rank approximations, spectral convergence is a central

issue. These limitations motivate continuous-time generator methods, Liouville operators,

and compact RKHS-based formulations.

2.2 Reproducing Kernel Hilbert Spaces

A Hilbert space generalizes Euclidean space to spaces whose elements may be functions or

sequences. The inner product structure allows one to define norms, orthogonality, projec-

tions, and adjoints. A reproducing kernel Hilbert space is a Hilbert space of functions in

which pointwise evaluation is continuous.

Definition 2.2.1 A reproducing kernel Hilbert space (RKHS) H over a set X is a Hilbert

space of functions from X to R such that, for each x ∈ X, the evaluation functional Ex :

H → R defined by Exg := g(x) is bounded.

By the Riesz representation theorem, for each x ∈ X there exists a function Kx ∈ H

such that

⟨g,Kx⟩H = g(x), g ∈ H. (2.2.1)

The function Kx is the kernel function centered at x, and

K(x, y) = ⟨Ky, Kx⟩H (2.2.2)

is the reproducing kernel ofH [65]. Equivalently,K(x, y) = Ky(x). A symmetric functionK :

X×X → R is positive semidefinite if the Gram matrix (K(xi, xj))
M
i,j=1 is positive semidefinite
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for every finite collection {x1, . . . , xM} ⊂ X. The Aronszajn-Moore theorem states that every

positive semidefinite kernel induces a unique RKHS with K as its reproducing kernel [66].

RKHSs are useful in data-driven identification because they allow functions to be ma-

nipulated through kernel evaluations. In particular, snapshots may be embedded into H

through the kernel map

x 7→ K(·, x).

The span of the kernel functions {K(·, x) : x ∈ X} is dense in H. Indeed, if h ∈ H is

orthogonal to every K(·, x), then h(x) = ⟨h,K(·, x)⟩H = 0 for all x ∈ X, hence h ≡ 0 on

X. Therefore, finite linear combinations of kernel functions provide a natural approximation

class for functions in H.

2.3 Continuous-Time Operators and Liouville Operators

The continuous-time counterpart of the Koopman operator is its infinitesimal generator. For

the system (2.1.1), the associated Liouville operator is formally defined by

Afg = ∇g · f, (2.3.1)

where g is an observable. More precisely, if Hd and Hr are Hilbert spaces of functions, then

a Liouville operator with symbol f may be defined as

Af : D(Af ) ⊂ Hd → Hr, D(Af ) = {g ∈ Hd : Afg ∈ Hr}. (2.3.2)

The action of Af describes the time derivative of an observable along trajectories because

d

dt
g(x(t)) = ∇g(x(t)) · ẋ(t) = ∇g(x(t)) · f(x(t)) = (Afg)(x(t)). (2.3.3)

Thus, Liouville operators provide a continuous-time operator-theoretic representation of the

dynamics without requiring a fixed-time flow map.

A key issue for DMD-type spectral methods is whether finite-rank approximations con-

verge to the underlying operator in a topology strong enough to control spectra. Compact
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operators are particularly useful in this respect. In RKHSs generated by exponential dot

product kernels, Liouville operators can be compact when the domain and range spaces are

chosen appropriately. Let

Kµ(x, y) = exp

(
x⊤y

µ

)
, µ > 0. (2.3.4)

In one variable, the native space of this kernel is the restriction of the Bargmann-Fock space

to the real line, denoted by F 2
µ(R). Its elements are functions of the form

h(x) =
∞∑
k=0

akx
k,

where
∞∑
k=0

|ak|2µkk! <∞, ∥h∥2µ =
∞∑
k=0

|ak|2µkk!.

For functions on Rn, the corresponding space is denoted by F 2
µ(Rn). With multi-index

notation, for α = (α1, . . . , αn) ∈ Nn,

|α| =
n∑

i=1

αi, α! =
n∏

i=1

αi!, xα =
n∏

i=1

xαi
i .

The monomials xαµ|α|/
√
α! form an orthonormal basis for F 2

µ(Rn).

If µ2 < µ1, then differential operators from F 2
µ1
(Rn) to F 2

µ2
(Rn) are compact, and multipli-

cation operators with polynomial symbols are bounded [34]. Consequently, if f is component-

wise polynomial, then

Af : F 2
µ1
(Rn)→ F 2

µ2
(Rn), Afg = ∇g · f,

is compact. This compact Liouville formulation addresses one of the main weaknesses of

direct Koopman-DMD approximations: it provides an operator setting in which finite-rank

approximations can converge in operator norm, which is better suited for spectral approxi-

mation than strong convergence alone.
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2.4 Occupation Kernels and Their Interaction with Liouville Operators

Occupation kernels encode trajectory information as elements of an RKHS. Let H be an

RKHS of continuous functions on a compact set X ⊂ Rn, and let γ : [0, T ] → X be a

continuous trajectory. The functional

g 7→
∫ T

0

g(γ(t)) dt

is bounded on H. Therefore, by the Riesz representation theorem, there exists a unique

function Γγ ∈ H such that

⟨g,Γγ⟩H =

∫ T

0

g(γ(t)) dt, g ∈ H. (2.4.1)

The function Γγ is called the occupation kernel corresponding to γ in H [40, 67].

The reproducing property gives an explicit formula for evaluating an occupation kernel:

Γγ(x) =

∫ T

0

K(x, γ(t)) dt. (2.4.2)

Moreover, if γi : [0, Ti]→ X and γj : [0, Tj]→ X, then

⟨Γγj ,Γγi⟩H =

∫ Ti

0

∫ Tj

0

K(γi(τ), γj(t)) dt dτ. (2.4.3)

Thus, the Gram matrices needed for computation can be assembled using only kernel eval-

uations along measured trajectories.

Occupation kernels are especially useful for system identification because they replace

numerical differentiation with integration. Suppose γ is a solution of ẋ = f(x) and the

components fi of f belong to H. Then

⟨fi,Γγ⟩H =

∫ T

0

fi(γ(t)) dt =

∫ T

0

γ̇i(t) dt = γi(T )− γi(0). (2.4.4)

The right-hand side depends only on trajectory endpoints, not on numerical estimates of γ̇.

This is the fundamental reason occupation-kernel methods are less sensitive to measurement

noise than derivative-based regression methods.
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Occupation kernels also interact directly with Liouville operators. If γ : [0, T ] → X is a

solution of ẋ = f(x), then

A∗
fΓγ = K(·, γ(T ))−K(·, γ(0)), (2.4.5)

under the appropriate domain assumptions [33]. This identity follows from the chain rule

and the definition of the occupation kernel:

⟨Afg,Γγ⟩H =

∫ T

0

(Afg)(γ(t)) dt =

∫ T

0

d

dt
g(γ(t)) dt = g(γ(T ))− g(γ(0)).

Using the reproducing property, g(γ(T )) − g(γ(0)) = ⟨g,K(·, γ(T )) − K(·, γ(0))⟩H , which

yields (2.4.5). This identity is the basis for Liouville DMD: occupation kernels represent the

range side of the finite-rank approximation, while endpoint kernel differences represent the

action of the adjoint operator on data.

2.5 Vector-Valued RKHSs

Controlled systems require a function space that can represent vector-valued quantities. Let

Y be a Hilbert space and let X be a set.

Definition 2.5.1 A vector-valued reproducing kernel Hilbert space (vvRKHS) H over X

with output space Y is a Hilbert space of functions from X to Y such that, for each x ∈ X

and v ∈ Y, the functional

h 7→ ⟨h(x), v⟩Y

is bounded.

By the Riesz representation theorem, for each x ∈ X and v ∈ Y there exists a function

Kx,v ∈ H such that

⟨h(x), v⟩Y = ⟨h,Kx,v⟩H , h ∈ H. (2.5.1)

The mapping v 7→ Kx,v is linear; hence it may be represented as an operator Kx by writing

Kxv := Kx,v. The operator-valued kernel associated with H is

K(x, y) = K∗
yKx. (2.5.2)
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In the control-affine setting used in this dissertation, Y = Rm+1 is viewed as a space of

row vectors, X = Rn, and elements of H are continuously differentiable row-vector-valued

functions. With this convention, the action of the kernel operator is written as vKx for

v ∈ Rm+1.

2.6 Controlled Systems, Control Occupation Kernels, and Control Liouville

Operators

Consider a continuous-time control-affine system

ẋ = f(x) + g(x)u, (2.6.1)

where x(t) ∈ Rn, u(t) ∈ Rm, f : Rn → Rn is the drift vector field, and g : Rn → Rn×m is the

control effectiveness matrix. Let θ : [0, T ] → Rn be a state signal and u : [0, T ] → Rm be

a control signal. The control occupation kernel associated with (θ, u) is the unique element

Γθ,u ∈ H satisfying

⟨h,Γθ,u⟩H =

∫ T

0

h(θ(t))

 1

u(t)

 dt, h ∈ H. (2.6.2)

Control occupation kernels were introduced to incorporate input data directly into the

occupation-kernel framework [48].

For higher-order systems of the form

dsx

dts
= f(x) + g(x)u, (2.6.3)

the control occupation kernel can be generalized using Cauchy’s iterated integral formula.

For s ∈ N, define Γ
(s)
θ,u ∈ H by

〈
h,Γ

(s)
θ,u

〉
H
=

1

(s− 1)!

∫ T

0

(T − t)s−1h(θ(t))

 1

u(t)

 dt. (2.6.4)
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If γu is a controlled trajectory satisfying (2.6.3) and the row vectors

(
(f)j (g)j

)
belong to

H, then 〈(
(f)j (g)j

)
,Γ(s)

γu,u

〉
H

=

(
γu(T )−

s−1∑
ℓ=0

T ℓ

ℓ!

dℓγu
dtℓ

(0)

)
j

. (2.6.5)

For s = 1, this reduces to the first-order control-affine case. For s > 1, it allows certain

higher-order systems to be treated without augmenting the state with derivatives.

The control Liouville operator is the operator counterpart of (2.6.1). For a vvRKHS H

of row-vector-valued functions, the control Liouville operator with symbol (f, g) is defined

by

Af,gh(x) = ∇xh(x)

(
f(x) g(x)

)
, (2.6.6)

with canonical domain

D(Af,g) = {h ∈ H : Af,gh ∈ H}. (2.6.7)

The interaction between control occupation kernels and the control Liouville operator par-

allels the autonomous identity (2.4.5). If γu is a controlled trajectory of (2.6.1) under the

admissible control signal u, then

A∗
f,gΓγu,u = K(·, γu(T ))−K(·, γu(0)) (2.6.8)

under the appropriate domain assumptions [68]. Indeed,

⟨Af,gh,Γγu,u⟩H =

∫ T

0

∇h(γu(t))
(
f(γu(t)) g(γu(t))

) 1

u(t)

 dt

=

∫ T

0

∇h(γu(t))γ̇u(t) dt = h(γu(T ))− h(γu(0)).

Using the reproducing property yields (2.6.8). This identity motivates the use of control

occupation kernels in control Liouville DMD and in control occupation kernel regression. If

the vvRKHS is universal and the measured trajectories and control signals are sufficiently

rich, then continuous drift and control-effectiveness functions can be approximated using

finite combinations of control occupation kernels.
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2.7 Discrete Control Liouville Models and Parameter Augmentation

The same RKHS and vvRKHS constructions can also be used for discrete-time controlled

systems. Consider a discrete-time control-affine system

zk+1 = f0(zk, ρ) + g0(zk, ρ)uk, (2.7.1)

where ρ ∈ Rp denotes a vector of physical parameters. When the dependence of f0 and g0

on ρ is unknown, the parameters may be treated as latent components of an augmented

state. The augmented variable is embedded into an RKHS through a kernel map, and the

input dependence is encoded through a vvRKHS. The resulting discrete control Liouville

representation provides a data-driven model that can be evaluated at candidate parameter

values and compared with an observed query trajectory. This framework is used later in the

dissertation for parameter identification: the candidate parameter vector whose predicted

trajectory best matches the query data is selected as the parameter estimate.

This parameter-augmented viewpoint differs from classical parameter identification, where

one typically assumes that unknown parameters enter through known regressors or known

nonlinear functions. Here, the RKHS model is trained to encode the relationship between

parameters, inputs, and state transitions directly from data.

2.8 Carleman Lifting

The dissertation also uses Carleman lifting, which is a state-lifting technique rather than an

observable-lifting technique. Consider an analytic nonlinear system

ẋ = f(t, x), (2.8.1)

where x ∈ Rd and f(t, 0) = 0. If f admits a Maclaurin expansion in the state variable,

f(t, x) =
∑

α∈Zd
+\{0}

fα(t)x
α, (2.8.2)
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then Carleman lifting maps x to the collection of monomials in x. For truncation order N ,

the lifted state contains all unrepeated monomials up to order N :

z = lN(x) =

[
x1 · · · xd x21 x1x2 · · · x2d · · ·

]⊤
. (2.8.3)

In the infinite-dimensional limit, the lifted state satisfies a linear system

ż = Az. (2.8.4)

In computation, the lifted system is truncated to a finite dimension. Under suitable decay

assumptions on the Maclaurin coefficients, the trajectory of the truncated lifted system can

approximate the trajectory of the original nonlinear system over a prescribed time interval

[6,52]. This provides a complementary lifting framework to the Koopman/Liouville methods

discussed above: instead of lifting observables into an RKHS, Carleman lifting constructs an

explicit monomial state embedding.

For data-driven identification, one estimates the finite-dimensional lifted matrix A from

measured trajectories. If γi : [0, T ] → Rd are measured trajectories and lN(γi(t)) are their

lifted versions, then the integrated form of the lifted linear system suggests the least-squares

approximation

Â = (Γ(T )− Γ(0)) I†Γ, (2.8.5)

where Γ(t) concatenates the lifted measured trajectories and IΓ =
∫ T

0
Γ(τ) dτ . The Carleman

chapter uses this construction together with prescribed-error analysis to select a truncation

order and to identify a lifted linear model whose projected trajectories approximate the

original nonlinear trajectories over a desired time horizon.

2.9 Summary

The material in this chapter provides the common mathematical foundation for the dis-

sertation. DMD and EDMD approximate Koopman-type operators in finite-dimensional

spaces of observables. RKHSs supply a function-space framework in which kernel evalua-

tions, projections, and trajectory-dependent functions can be computed from data. Liouville
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operators provide a continuous-time alternative to fixed-time Koopman operators and can

be compact when the domain and range RKHSs are chosen appropriately. Occupation ker-

nels turn trajectory integrals into RKHS inner products and connect directly to adjoints of

Liouville operators. Vector-valued RKHSs, control occupation kernels, and control Liouville

operators extend these ideas to control-affine systems. Finally, Carleman lifting provides

a complementary monomial state-lifting framework with finite-dimensional truncations and

prescribed-error analysis.
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CHAPTER III

CONTROL OCCUPATION KERNEL REGRESSION FOR NONLINEAR

CONTROL-AFFINE SYSTEMS

3.1 Introduction

This chapter presents an algorithm for obtaining an approximation of a nonlinear high or-

der control affine dynamical system. Controlled trajectories of the system are leveraged

as the central unit of information via embedding them in vector-valued reproducing kernel

Hilbert space (vvRKHS). The trajectories are embedded as the so-called higher order control

occupation kernels which represent an operator on the vvRKHS corresponding to iterated

integration after multiplication by a given controller. The solution to the system identifi-

cation problem is then the unique solution of an infinite dimensional regularized regression

problem. The representer theorem is then used to express the solution as finite linear com-

bination of these occupation kernels, which converts an infinite dimensional optimization

problem to a finite dimensional optimization problem. The vector valued structure of the

Hilbert space allows for simultaneous approximation of the drift and control effectiveness

components of the control affine system. Several experiments are performed to demonstrate

the effectiveness of the developed approach.

3.2 Problem Statement

The objective of this chapter is to learn an unknown higher order control affine system from

observed integrable control signals and controlled trajectories, {uj : [0, Tj] → Rm}Mj=1 and
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{γuj
: [0, Tj]→ Rn}Mj=1, respectively, satisfying

dsγuj

dts
(t) = f(γuj

(t)) + g(γuj
(t))uj(t) (3.2.1)

where f : Rn → Rn is the drift function, g : Rn → Rn×m is the control effectiveness matrix,

and s ∈ N is the order of the system.

For several selections of f , g, and s, the formulation in (3.2.1) specializes to several

different system identification problems. When g ≡ 0, the problem reduces to determining

the unknown dynamics f for a higher order dynamical system. When s = 1 the problem

becomes a system identification problem for a first order control-affine system. If s = 1

and g ≡ 0, the method developed in this chapter agrees with that of [46] for integer-order

systems with q = 1.

Systems of the form (3.2.1) encompass s−th order linear systems and Euler-Lagrange

models with invertible inertia matrices, and hence, represent a wide class of physical plants,

including but not limited to robotic manipulators and autonomous ground, aerial, and un-

derwater vehicles.

In order to facilitate the description of the controlled dynamical system in terms of

operators, a vector valued Reproducing Kernel Hilbert Space (vvRKHS) framework is utilized

in this chapter.

3.3 Higher Order Occupation Kernels

We use the vvRKHS notation and first-order control occupation kernel construction intro-

duced in Chapter II. The only new object needed in this chapter is the higher-order control

occupation kernel.

Definition 3.3.1 For a given continuous signal θ : [0, T ]→ Rn, and a vector-valued RKHS

as above, the control occupation kernel of order s ∈ N corresponding to θ in H, denoted by

Γ
(s)
θ,u is given as the unique function that represents the bounded functional h 7→ 1

(s−1)!

∫ T

0
(T −
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t)s−1h(θ(t))

 1

u(t)

 dt as

⟨h,Γ(s)
θ,u⟩H =

1

(s− 1)!

∫ T

0

(T − t)s−1h(θ(t))

 1

u(t)

 dt.

This definition enables the treatment of particular higher order dynamical systems without

state augmentation via the following proposition.

Proposition 3.3.1 If H is a vvRKHS consisting of Rm+1 (row) valued continuous functions

over Rn, γu : [0, T ]→ Rn is a controlled trajectory with continuous controller u : [0, T ]→ Rm

satisfying, for all t ∈ [0, T ], dsγu
dts

(t) = f(γu(t)) + g(γu(t))u(t), and

(
(f)j (g)j

)
∈ H for

each j = 1, . . . , n, then ⟨
(
(f)j (g)j

)
,Γ

(s)
θu,u
⟩H =

(
γu(T )−

∑s−1
ℓ=0

T ℓ

ℓ!
dℓγu
dtℓ

(0)
)
j
.

Proof. Since

(
(f(γu(t)))j (g(γu(t)))j

) 1

u(t)

 = (f(γu(t)))j+(g(γu(t)))ju(t) =
(
dsγu
dts

(t)
)
j
,

and Γ
(s)
γu,u implements Cauchy’s iterated integral formula through the inner product of the

Hilbert space, the proposition follows through iterated application of the fundamental theo-

rem of calculus.

While Proposition 3.3.1 follows from a simple application of the fundamental theorem of

calculus, it sets the stage for a powerful approximation routine leveraging higher order control

occupation kernels. These kernels can be implemented directly using a direct interpolation

approach, or they can arise naturally in a regularized regression problem.

Section 3.4 explores a regularized regression approach for learning higher order control

affine dynamical systems, where the dynamics may be expressed as a linear combination of

higher order control occupation kernels. Therefore, it is necessary to have a cogent method

for evaluating the higher order control occupation kernels, and this may be realized through

inner products with the kernels ejKx, where ej is the j-th cardinal basis function for Rm+1.
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Proposition 3.3.2 Fix s ∈ N. Let θ and u be continuous signals from [0, T ] to Rn and Rm

respectively. Let H be a vector valued RKHS as above, then

Γ
(s)
θ,u(x) =

1

(s− 1)!

∫ T

0

(T − t)s−1

(
1 u⊤(t)

)
Kθ(t)(x)dt. (3.3.1)

Proof. Consider ⟨Γ(s)
θ,u(x), v⟩Y = ⟨Γ(s)

θ,u, vKx⟩H , which follows from the definition of a vector

valued RKHS. Symmetrically, since H is a real valued RKHS, it follows that

⟨Γ(s)
θ,u(x),v⟩Y=⟨Γ

(s)
θ,u,vKx⟩H=⟨vKx,Γ

(s)
θ,u⟩H=

1

(s−1)!

∫ T

0

(T−t)s−1[vKx](θ(t))

 1

u(t)

dt
=

〈
1

(s−1)!

∫ T

0

(T−t)s−1

(
1 u(t)⊤

)
Kθ(t)(x)dt,v

〉
Rm+1

.

Hence, the equality holds for all v ∈ Rm+1, and the result follows.

If variable length trajectories are admitted, then it can be shown that the span of the

occupation kernels corresponding to trajectories θu that result from the application of the

control u to the system in (3.2.1) is dense in H.

Proposition 3.3.3 For any order s, the span of the set

As :=

Γ(s)
γu,γ0 ,u

|
γu,γ0 ∈ C([0, Tu];Rn), γ0 ∈ Rn,

u ∈ C([0, Tu];Rm), Tu ∈ [0, T ]


is dense in H, where γu,γ0 is a solution of (3.2.1), under the control u and starting from γ0.

Proof. Select γ0 such that h(γ0) ̸= 0. Continuity of h and γu,γ0 can then be invoked to

conclude that for any constant control signal u(t) = b such that h(γ0)

1

b

 ̸= 0, there

exists a Tu > 0 for which
∫ Tu

0
h(γu,γ0(t))

1

b

 dt ̸= 0. For example, one can select Tu =

min

T, inft
h(γu,γ0(t))

1

b

 = 0


. A straightforward extension of the above argument
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to the higher order case allows us to conclude that for any order s and any nonzero h, there

exist γ0, u, and Tu such that
〈
h,Γ

(s)
γu,γ0 ,u

〉
H
̸= 0. That is, H ∩ A⊥

s = {0}, and as a result,

(A⊥
s )

⊥ = H. Since (A⊥
s )

⊥ = spanAs, we conclude that H = spanAs.

Proposition 3.3.3 motivates the use of control occupation kernels for system identification.

If H is universal, then any continuous function can be approximated, uniformly over any

compact set, by a function in H, and any function in H can be approximated using a linear

combination of sufficiently many control occupation kernels.

3.4 A Regression Method using Control Occupation Kernels for Control

Affine Systems

The control occupation kernel regression (COKR) method developed in this chapter solves

a regularized regression problem posed over the vector valued RKHS, H. Through the

representer theorem, it is shown that higher order control occupation kernels arise naturally

as a collection of basis functions for approximating the control affine dynamics.〈(
(f)i (g)i

)
,Γ(s)

γu,u

〉
H

=

(
γu(T )−

s−1∑
ℓ=0

T ℓ

ℓ!

dℓγu
dtℓ

(0)

)
i

=
1

(s− 1)!

∫ T

0

(T − t)s−1 ((f(γu(t)))i + (g(γu(t)))iu(t)) dt,

given λ > 0 and the controllers and controlled trajectories from Section 3.2, the regularized

regression problem to determine an approximation of the i-th row of f and g within the

vector valued RKHS is given as

min(
(f̂)i (ĝ)i

)
∈H

M∑
j=1

[〈(
(f̂)i (ĝ)i

)
,Γ(s)

γuj ,uj

〉
H

−

(
γuj

(Tj)−
s−1∑
ℓ=0

T ℓ
j

ℓ!

dℓγuj

dtℓ
(0)

)
i

]2
+ λ∥

(
(f̂)i (ĝ)i

)
∥2H , (3.4.1)

where λ > 0 is a regularization parameter, and

1

(s−1)!

∫ Tj

0

(Tj−t)s−1
(
(f̂)i(γuj

(t))+(ĝ)i(γuj
(t))uj(t)

)
dt
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is equal to the inner product

〈(
(f̂)i (ĝ)i

)
,Γ

(s)
γuj ,uj

〉
H

. Using the Representer Theorem

for occupation kernels (cf. [69] and [46, Proposition 1]), the minimizer of (3.4.1) may be

expressed as a linear combination of occupation kernels(
(f̂)i (ĝ)i

)
= wi,1Γ

(s)
γu1 ,u1

+ · · ·+ wi,MΓ(s)
γuM ,uM

.

Using this representation of the minimizer, the inner products in the optimization problem

can be computed as

⟨
(
(f̂)i (ĝ)i

)
,Γ(s)

γuj ,uj
⟩H =

〈
M∑
k=1

wi,kΓ
(s)
γuk ,uk

,Γ(s)
γuj ,uj

〉
H

= (w)i(G)
j

where (w)i :=

(
wi,1 . . . wi,M

)
denotes the i−th row of the weight matrix w ∈ Rn×M , (G)j

denotes the j−th column of the Gram matrix G ∈ RM×M , whose i, j−th element, denoted

by Gi,j, is given by Gi,j =
〈
Γ
(s)
γui ,ui ,Γ

(s)
γuj ,uj

〉
H
. Furthermore, the norm in the optimization

problem can be computed as ∥
(
(f̂)i (ĝ)i

)
∥2H = (w)iG(w)

⊤
i . Hence, the resolution (3.4.1)

reduces to the finite dimensional convex optimization problem

min
(w)i∈R1×M

M∑
j=1

([
(w)i(G)

j − (D)ji
]2

+ λ(w)iG(w)
⊤
i

)
. (3.4.2)

where (D)ji is the i, j−th element of the end point difference matrix D ∈ Rn×M , whose j−th

column is (D)j = γuj
(Tj)−

∑s−1
ℓ=0

T ℓ
j

ℓ!

dℓγuj
dtℓ

(0).

The optimization problem in (3.4.2) is written with respect to a single dimension in the

state space. Once all the state space dimensions are concatenated, the combined problem

can be solved via the resolution of the linear system

(G+ λIM)w⊤ = D⊤. (3.4.3)

The resultant approximation is given as

(
f̂(x) ĝ(x)

)
=
∑M

j=1(w)
jΓ

(s)
γuj ,uj(x) where (w)j

denotes the j−th column of w.
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3.5 Functional ridge regression

3.5.1 COKR and kernel ridge regression

The COKR technique can be interpreted as a generalized kernel ridge regression (KRR) tech-

nique. Given a scalar-valued RKHS H̃ with reproducing kernel K̃, functions {K(·, xi)}Mi=1 ⊂

H̃, and outputs {yi}Mi=1 ⊂ R that presumably satisfy yi = ⟨h, K̃(·, xi)⟩H̃ = h(xi), kernel ridge

regression solves the minimization problem

min
h∈H̃

{
M∑
i=1

[
⟨h, K̃(·, xi)⟩H̃ − yi

]2
+ λ∥h∥2

H̃

}
.

The representer theorem then implies that given a new function K̃(·, x), the KRR predictor

satisfies δKRR := ⟨hKRR, K̃(·, x)⟩H̃ = Y ⊤(G̃+λIM)−1(⟨K̃(·, x1), K̃(·, x)⟩H̃ . . . ⟨K̃(·, xM), K̃(·, x)⟩H̃)⊤,

where Y is a column vector comprised of the outputs yi (see, for example, [70, Appendix

A]).

In the developed COKR method, we are given a set of functions {Γs
γui ,ui
}Mi=1 and a set

of constants (D)ji that satisfy
〈
(h)i,Γ

(s)
γuj ,uj

〉
H

= (D)ji with (h)i =

(
(f)i (g)i

)
. We then

proceed to solve

min
(h)i∈H

M∑
j=1

([〈
(h)i,Γ

(s)
γuj ,uj

〉
H
−(D)ji

]2
+λ∥(h)i∥2H

)
.

Using the representer theorem, we can also show that given a new function Γs
γu,u, the COKR

predictor (ĥ)i satisfies

(δ)i := ⟨(ĥ)i,Γs
γu,u⟩H = (D)i(G+ λIM)−1

(
⟨Γ(s)

γu1 ,u1 ,Γ
(s)
γu,u⟩H . . . ⟨Γ(s)

γuM ,uM ,Γ
(s)
γu,u⟩H

)⊤

.

The COKR method can therefore be seen as a generalization of KRR, where the control

occupation kernels replace the reproducing kernels.

The developed generalization is useful in problems where direct samples of functions to

be approximated are not available for training. If inner products of the unknown functions

against a set of basis functions can be computed, and if that set of basis functions satisfies

the representer theorem, then the generalized KRR method can be used to generate useful
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estimates of the unknown functions. The affine system identification problem studied in

this chapter is one example of approximation problems that have this property. The price

paid for the generalization is that instead of performance guarantees in terms of function

evaluation, we get performance guarantees in terms of inner product evaluation against the

set of basis used for the representation. Performance in terms of function evaluation then

depends on the selected set of basis, and needs to be analyzed separately.

Performance guarantees developed for KRR in terms of function evaluation can be inter-

preted as performance guarantees in terms of inner product evaluation via the reproducing

property. Such re-interpretation allows generalization of these performance guarantees to

COKR. For instance, for a set of j trajectories, let Gj ∈ Rj×j denote the Gram matrix of the

control occupation kernels, Dj ∈ Rn×j denote the end point difference matrix, and Γj ∈ Rj−1

denote the column vector

(
⟨Γ(s)

γu1 ,u1 ,Γ
(s)
γuj ,uj⟩H . . . ⟨Γ(s)

γuj−1 ,uj−1 ,Γ
(s)
γuj ,uj⟩H

)⊤

. The first j − 1

trajectories can then be used to predict the i-th component of the end point difference for

the j−th trajectory, denoted by (Dj)
j
i , using COKR. The predicted end point difference is

given by (δj)i := ⟨ĥi,Γs
γuj ,uj

⟩H = (Dj−1)i(Gj−1 + λIj−1)
−1Γj. A straightforward adaptation

of the proof of [71, Theorem 3] then establishes the following proposition

Proposition 3.5.1 The cumulative end point difference prediction loss satisfies

M∑
j=1

((δj)i − (Dj)
j
i )

2

1 + νj
= min

(h)i∈H

(
M∑
j=1

[〈
(h)i,Γ

(s)
γuj ,uj

〉
H
− (Dj)

j
i

]2
+ λ∥(h)i∥2H

)
,

where νj =
⟨Γ(s)

γuj ,uj
,Γ

(s)
γuj ,uj

⟩H−Γ⊤
j (Gj−1+λIj−1)

−1Γj

λ
.

Furthermore, similar to KRR, it can be shown that in the limit asM goes to infinity, the

COKR predictor is at least as good as any continuous function for prediction of end point

differences.

Proposition 3.5.2 If H is universal and X is compact then for any continuous function

h : X → R1×m+1,

lim sup
M→∞

1

M

{
M∑
j=1

(
(δj)i − (Dj)

j
i

)2 − M∑
j=1

[〈
h,Γ(s)

γuj ,uj

〉
− (Dj)

j
i

]2}
≤ 0
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Proof. Follows from Proposition 3.5.5 below.

3.5.2 A generalization of kernel ridge regression

The system identification problem can be generalized to other applications where the objec-

tive is to approximate an unknown function g using the data {(Fj, yj)}Mj=1 where {Fj}Mj=1 ⊂

H∗ are bounded linear functionals such that [Fj](g) = yj. In the functional ridge regression

(FRR) approach, we aim to find a function ĝ ∈ H that solves

min
g∈H

M∑
i=1

([Fi] (g)− yi)2 + λ∥g∥2H . (3.5.1)

The FRR problem admits a solution in terms of functions that represent the functionals in

a RKHS through the Riesz representation theorem.

Proposition 3.5.3 If fi is the representative of Fi for all i then there exist constants

{ci}Mi=1 ⊆ R such that the minimizer of (3.5.1) is given by ĝ =
∑M

i=1 cifi.

Proof. write g = g1 + g2, with g1 ∈ span{fi}Mi=1 := S and g2 ∈ S⊥. Then, the first term

in the cost,
∑M

i=1 ([Fi] (g)− yi)2 =
∑M

i=1 (⟨g1, fi⟩+ ⟨g2, fi⟩ − yi)
2 =

∑M
i=1 (⟨g1, fi⟩ − yi)

2, is

independent of g2. The second term is given by ∥g∥2H = ⟨g1 + g2, g1 + g2⟩H = ⟨g1, g1⟩H +

2⟨g1, g2⟩H + ⟨g2, g2⟩ = ∥g1∥2H + ∥g2∥2H . Since the first term is independent of g2 and the

second term is monotonic in ∥g2∥2H , for any ĝ that minimizes the cost, ∥g2∥2H = 0.

The vector of constants c =

(
c1, . . . , cM

)⊤

in the FRR minimizer are then given by the

resolution of the linear system

(Gf + λIM)c = y,

where y =

(
y1, . . . , yM

)⊤

denotes the vector of measurements and Gf ∈ RM×M is the

Gram matrix of the representing functions {fi}Mi=1, whose i, j−th element is ⟨fi, fj⟩H . Given

a new F ∈ H∗, with representative f ∈ H, the action of F on the unknown function g can

then be approximated as [F ](g) ≈ [F ](ĝ) = c⊤
(
⟨f, f1⟩H , . . . , ⟨f, fM⟩H

)⊤

. Note that for
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implementation of FRR, all that is required is the ability to compute inner products between

the representing functions.

The COKR problem studied in this chapter is an example of FRR where the functionals

Fj are the integration functionals

[
f g

]
7→
〈[

f g

]
,Γγuj ,uj

〉
H

and the representatives

are the control occupation kernels Γγuj ,uj
. The KRR problem is another example of FRR,

where the functionals Fj are the evaluation functionals f 7→ [Exj
](f) = f(xj) and the

representatives are data-centered kernels K(·, xj).

The FRR framework applies to other problems, similar to the system identification prob-

lem studied in this chapter, where sensors measure cumulative information about an unknown

scalar or vector field. For example sensors measure cumulative effects of fields in applica-

tions such as radiation exposure monitoring [72], computed tomography [73], and motion

tomography [44].

Consider a mobile sensor making M sensing runs, where in the i−th sensing run, the

average value yi =
∑N

j=1
g(xi,j)

N
of an unknown scalar field g over N measurement locations

{xi,j}Nj=1 is returned. The corresponding functional is [Fi](g) =
∑N

j=1
g(xi,j)

N
. It is easy to see

that the representing function of this functional in an RKHS with reproducing kernel k is

given by fi =
∑N

j=1
k(·,xi,j)

N
. Furthermore, the inner products needed for the FRR solution can

be computed as ⟨fi, fj⟩H = ⟨
∑N

k=1
k(xi,k,·)

N
,
∑N

k=1
k(xj,k,·)

N
⟩H =

∑N
k,l=1

k(xi,k,xj,l)

N2 . As such, given

a new set of sensing locations {zj}Nj=1, the corresponding functional [Fz](g) =
∑N

j=1
g(zj)

N
,

and its representing function fz =
∑N

j=1
k(·,zj)

N
, the average value of the unknown scalar

field over the sensing locations can be predicted using the FRR predictor as
∑N

j=1
g(zj)

N
≈(

⟨fz, f1⟩H , . . . , ⟨f, fM⟩H

)⊤

Another example is the continuous time version of the previous example where the sensor

returns the average value of a scalar field g for an M number of trajectories. each trajec-

tory has an interval [0, T ], and the measurement is yi =
1
T

∫ T

0
g(xi(t))dt, i = 1, . . . ,M . The

corresponding Functional is [Fi](g) =
1
T

∫ T

0
g(xi(t))dt, which results in the representing func-

tion in the RKHS with the reproducing kernel k of fi = 1
T

∫ T

0
k(xi(t), ·)dt. Additionally,
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the inner products needed for the FRR solution are ⟨fi, fj⟩H = 1
T 2

∫ T

0

∫ T

0
k(xi(t), xj(τ))dtdτ .

Therefore, given a new trajectory z, the corresponding functional [Fz](g) =
1
T

∫ T

0
g(z(t))dt,

and its representing function fi =
1
T

∫ T

0
k(z(t), ·)dt, the average value of the unknown scalar

field g over the trajectory z can be predicted using the FRR predictor as 1
T

∫ T

0
g(z(t))dt ≈(

⟨fz, f1⟩H , . . . , ⟨f, fM⟩H

)⊤

.

3.5.3 Cumulative error bounds for FRR

In this section, we show that cumulative error guarantees for KRR derived in results such

as [74, Theorem 11.11] also hold for FRR. To that end, let C with the supremum norm ∥·∥∞

denote the Banach space of continuous functions from a compact set X to Rn and let H be

a RKHS of Rn−valued continuous functions defined on X. Let {Fj}∞j=1 ⊂ C∗ be a family of

functionals that satisfies the following assumption.

Assumption 3.5.1 There exist positive constants F <∞ such that for all j ∈ {1, . . . ,∞},

f ∈ C, and g ∈ H, |[Fj](f)| ≤ F ∥f∥∞ and |[Fj](g)| ≤ F ∥g∥H . Furthermore, there exists a

positive constant Y <∞ such that for all j ∈ {1, . . . ,∞}, |yj| ≤ Y .

If the measurements yj correspond to the action of the functionals on a continuous scalar field

g defined on a compact set, then the existence of Y follows from uniform boundedness of the

functionals. To facilitate the convergence analysis, let ĝj = argming∈H
∑j−1

i=1 ([Fi] (g)− yi)2+

λ∥g∥2H be the FRR minimizer and let [Fj] (ĝj) be the FRR prediction of the action of the

j−th functional on the unknown function g, both computed using the first j − 1 functionals

and the corresponding j − 1 measurements. Under assumption 3.5.1, proposition 3.5.1 can

be generalized to obtain the following result.

Proposition 3.5.4 The cumulative prediction loss satisfies

M∑
j=1

(yj − [Fj] (ĝj))
2

1 + νj
= min

g∈H

M∑
j=1

([Fj] (g)− yj)2 + λ∥g∥2H ,
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where νj =
⟨fj ,fj⟩H−f

⊤
j (Gf,j−1+λI)

−1
fj

λ
, f

⊤
j =

(
⟨f1, fj⟩H · · · ⟨fj−1, fj⟩H

)
, and Gf,j−1 is the

Gram matrix of the first j − 1 representing functions.

Proof. The proof follows from a straightforward adaptation of the proof of [71, Theorem

3].

Additionally, it can be shown that if the RKHS H is universal, then in the limit asM goes to

infinity, the FRR predictor is at least as good as any continuous function in the cumulative

prediction error metric.

Proposition 3.5.5 If H is universal, X is compact, and assumption 3.5.1 is satisfied then

for any continuous function h : X → R1×m+1,

lim sup
M→∞

1

M

M∑
j=1

(
([Fj] (ĝj)− yj)2−([Fj] (h)− yj)2

)
≤ 0.

Proof. Given ϵ > 0 and a continuous function g, let gϵ ∈ H be a function that satisfies

supx∈X ∥g(x)− gϵ(x)∥ ≤ ϵ. The probabilistic interpretation in section 5 of [71] implies that

⟨fj, fj⟩H − f
⊤
j (Gf,j−1 + λI)−1 f j > 0 and as a result, proposition 3.5.4 implies that

M∑
j=1

(yj − [Fj] (ĝj))
2 < min

h∈H

M∑
j=1

([Fj] (h)− yj)2 + λ∥h∥2H .

In particular, with h = gϵ,

M∑
j=1

(yj − [Fj] (ĝj))
2 −

M∑
j=1

([Fj] (g)− yj)2

+
M∑
j=1

(
([Fj] (g)− yj)2 − ([Fj] (gϵ)− yj)

2) < λ∥gϵ∥2H ,

Expanding the squares in the last term on the left hand side, using linearity of Fj and the

identity ([Fj] (g))
2 − ([Fj] (gϵ))

2 = ([Fj] (g + gϵ)) ([Fj] (g − gϵ)).

Using Assumption 3.5.1, we obtain

M∑
j=1

(yj − [Fj] (ĝj))
2 −

M∑
j=1

([Fj] (g)− yj)2 < λ∥gϵ∥2H+

M∑
j=1

F
2 ∥g + gϵ∥∞ ∥g − gϵ∥∞ + 2F ∥gϵ − g∥∞ Y
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Adding and subtracting g to the first term in the second row,

M∑
j=1

(yj − [Fj] (ĝj))
2 −

M∑
j=1

([Fj] (g)− yj)2 < λ∥gϵ∥2H+

M∑
j=1

(
F

2
2 ∥g∥∞ + 2FY

)
∥gϵ − g∥∞ + ∥gϵ − g∥

2
∞ .

Since supx∈X ∥g(x)− gϵ(x)∥ ≤ ϵ,

1

M

(
M∑
j=1

(yj − [Fj] (ĝj))
2 −

M∑
j=1

([Fj] (g)− yj)2
)
<

λ

M
∥gϵ∥2H +

(
F

2 ∥2g∥∞ + 2FY
)
ϵ+ ϵ2

Taking the limit superior asM →∞, and then taking the limit as ϵ→ 0, the proposition

is established.

Proposition 3.5.5 shows that the FRR solution converges to a function that performs

better than any continuous function, with respect to the cumulative average prediction er-

ror. However, proposition 3.5.5 does not imply that the functions ĝj converge to g in the

supremum norm, a limitation FRR shares with KRR. The following section nevertheless

provides an effective tool for approximation of nonlinear dynamical systems.

3.6 Numerical Examples

3.6.1 Higher order system - an academic example

This experiment utilizes the second order one dimensional nonlinear model of the Duffing

oscillator given by

ẍ = (x− x3) + (2 + sin(x))u, (3.6.1)

where f(x) = (x − x3) is the drift function, g(x) = 2 + sin(x) is the control effectiveness

function, and u is the controller. To approximate the system dynamics, 169 trajectories

of the system are recorded, along with the corresponding control signals, starting from

a grid of initial conditions, under a control signal that is composed of the sum of three

sinusoidal signals with randomly generated frequencies and coefficients. Each trajectory
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Figure 2: The evaluation of f and f̂ (left) and g and ĝ (right) for the Duffing oscillator with

measurement noise. The solid blue lines represent the true values of the functions and the

dotted red lines represent the COKR estimates.

is corrupted by Gaussian measurement noise with standard deviation 0.001. The initial

velocities are obtained by numerically differentiating the measured noisy trajectories. The

recorded trajectories and control signals are then utilized to approximate f and g.

Figure 2 shows the estimated and actual values of the drift function and the estimated and

actual values of the control effectiveness function. Figure 3 shows the drift approximation

error, f̃ , as a function of x and the control effectiveness approximation error, g̃, as a function

of x.

A Monte-Carlo simulation with 1000 trials is conducted to evaluate robustness of the

developed method to excitation signals and sensor noise, each trial uses 169 trajectories

generated by a control signal that is composed of the sum of three sinusoidal signals with

randomly generated frequencies and coefficients. Each trajectory is corrupted by Gaussian

measurement noise with standard deviation 0.001. The initial velocities are obtained by

numerically differentiating the measured noisy trajectories. For each trial, the max of
∣∣∣f̃ ∣∣∣

over the interval [−3, 3] are collected using COKR and SINDYc for comparison. Box plots

for the Monte-Carlo trials are presented in Figure 5 for the maximum errors maxx∈[−3,3]

∣∣∣f̃ ∣∣∣
and maxx∈[−3,3] |g̃|, respectively.
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Figure 3: The evaluation of
∣∣∣f̃ ∣∣∣ (left) and |g̃| (right) for the Duffing oscillator with measure-

ment noise.
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Figure 4: Monte-Carlo results of the maxi-

mum of
∣∣∣f̃ ∣∣∣ over 1000 trials

SINDYc COKR
10-1

100

101

Figure 5: Monte-Carlo results of the maxi-

mum of |g̃| over 1000 trials
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3.6.2 Control-affine model of a two-link robot manipulator

This experiment utilizes the first order four dimensional model of a two-link robot manipu-

lator given by ẋ1
ẋ2

 =

 x2

−M−1(x1)C(x1, x2)

+

 02×2

M−1(x1)


τ1
τ2

 , (3.6.2)

where x1 :=

q1
q2

, x2 :=

q̇1
q̇2

, q1, and q2 are the angular positions of the two links,

respectively, M(x1) =

p1 + 2p3 cos(q2) p2 + p3 cos(q2)

p2 + p3 cos(q2) p2

 is the inertia matrix, C(x1, x2) =

(V (x1, x2) + Fd) x2+Fs(x2), where Fd =

fd1 0

0 fd2

 denotes the viscous friction at the two

joints, Fs(x2) =

fs1 tanh(q̇1)
fs2 tanh(q̇2)

 denotes the static friction at the two joints, V (x1, x2) =

−p3 sin(q2)q̇2 −p3 sin(q2)(q̇1 + q̇2)

p3 sin(q2) · q̇1 0

 is the centrifugal-Coriolis matrix and τ1 and τ2 are

the control torques applied by the two motors. The parameters are given by p1 = 3.473,

p2 = 0.196, p3 = 0.242, fd1 = 5.3, fd2 = 1.1, fs1 = 8.45, and fs2 = 2.35.

Trajectories of the system are collected, starting from 1000 different initial conditions,

sampled using pseudorandom Halton sampling over a cube of side 6 centered at the origin of

R4. Each trajectory is recorded using control signals τ1 and τ2, comprised of a sum of three

sinusoidal signals with randomly generated frequencies and coefficients. For each run, the

control signals and the trajectories of the system are recorded to generate the database that

is used to approximate f and g. Since this system has two controllers τ1 and τ2, the control

effectiveness matrix g is decomposed into g1 and g2, where g1 is the first row of g and g2 is

the second row of g.

The approximation error between the identified system and the actual system is computed
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Figure 6: The relative errors
∥f̃(x)∥
∥f(x)∥ (top), ∥g̃1(x)∥

∥g1(x)∥ (bottom left), and ∥g̃2(x)∥
∥g2(x)∥ (bottom right)

evaluated at 100 points, indexed by decreasing distance from the origin.
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Figure 7: Regulation result using the true model (left) and estimated model (right) for

computed torque control.
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through evaluation at 100 sample points sampled using pseudorandom Halton sampling over

a cube of side 4 centered at the origin of R4. The functions f , f̂ , g, and ĝ are evaluated at

each vertex of the grid to yield the approximation errors f̃ , g̃1, and g̃2.

Figure 6 shows the relative errors
∥f̃(x)∥
∥f(x)∥ ,

∥g̃1(x)∥
∥g1(x)∥ , and

∥g̃2(x)∥
∥g2(x)∥ , respectively as a function of

the node index.

To demonstrate the utility of the model developed via the novel system identification

method, we simulate the actual two-link robot manipulator using a fourth order Runge-

Kutta method with a computed torque controller designed to regulate the angular positions

and velocities to zero. The computed torque controller is calculated using the estimated

model, and is given by

τ = M̂(q)[−Kv q̇ −Kpq] + Ĉ(q, q̇) (3.6.3)

where M̂(q) and Ĉ(q, q̇) are recovered from the estimated data-driven drift and control-

effectiveness functions f̂ and ĝ, and Kp =

20 0

0 20

, Kv =

30 0

0 30

 are feedback gains.

Figure 7 shows the performance of the computed torque regulator used on the true two-link

robot manipulator model.

3.7 Discussion

In the first numerical experiment, where the Duffing oscillator system is identified, the ap-

proximation f̂ is nearly identical to the true f as seen in Figure 2 and the maximum error is

0.61, which is a 2.6% error as seen in Figure 3. The approximation ĝ captures the underlining

structure of g where g(x) = 2 + sin(x), but ĝ deviates slightly from the true value as seen

in Figure 2 with a maximum error of 0.4 which is a 23% error as seen in Figure 3. The

maximum errors are a function of kernel type, shape parameters, number and spatial cover-

age of the recorded data, and measurement noise, and can be reduced through segmentation

of the recorded trajectories to generate more data points and increase the resolution of the

approximations.
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COKR SINDYc

Quantity Mean SD Mean SD

max |f̃(x)| 1.0322 0.1765 2.5224 13.3437

max |g̃(x)| 0.4718 0.2346 1.1095 0.3417

Table 1: Comparison of the Monte Carlo simulation results for COKR and SINDYc.

The Monte-Carlo trials summarized in Figure 5 demonstrate the robustness of the de-

veloped system identification method to excitation signals and measurement noise. Figure 2

show the full error plots of a representative sample trial.

Figure 5 indicates that COKR is less sensitive to measurement noise than SINDYc. In

Table 1 the mean and standard deviation of max
(∣∣∣f̃(x)∣∣∣) and max(|g̃(x)|) for COKR and

SINDYc are listed, which shows that COKR is more precise than SINDYc. This result is

expected in a scenario where measurement noise is present, since COKR uses numerical inte-

gration where as SINDYc uses numerical differentiation. Although The median of the error

measurement of SINDYc for f in 5 is lower than that of COKR, SINDYc results in a sig-

nificant number of outliers, where the worst preforming run produces an error measurement

that is two orders of magnitude higher than COKR.

In the second numerical experiment, where the model of a two-link robot manipulator

is identified, Figure 6 indicates that the estimation errors get worse as one approaches the

boundary of the domain covered by the trajectories, and better as one approaches the origin.

While the errors are hard to visualize as a function of distance from the training data in

four dimensions, the trends observed in Figure 6 could heuristically be attributed to limited

coverage of the corners of the domain.

The identified system

(
f̂ ĝ

)
is used to compute the necessary torque to regulate the

actual two-link robot manipulator, which results in a performance similar to a computed

torque controller implemented using exact model knowledge , as seen in Figure 7. The main

downside of regulating the system using

(
f̂ ĝ

)
is the long computation time necessary to
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evaluate

(
f̂ ĝ

)
at any given x, which highlights the need for optimization of the evaluation

function to improve computational performance.

3.8 Conclusion

A data-driven control occupation kernel regression method is developed in this chapter for

identification of nonlinear affine control systems, where identification of higher order sys-

tems is possible without numerical differentiation for higher order systems. As a result, as

indicated by the numerical experiments, the developed method is robust to measurement

noise. While the model developed using this method can be used to compute the feedfor-

ward component of a controller, depending on the number of trajectories used for modeling,

evaluation of the model at a given state can be computationally expensive. Further research

is required to develop a more efficient evaluation method to render it useful for real-time

feedback.

A distinct advantage of the use of an occupation kernel basis to approximate the dynamics

of the system is that under the assumptions of the framework developed in this chapter, the

solution of the minimization problem in (3.4.1) is guaranteed to be a linear combination of

the occupation kernels by the representer theorem. This means that the occupation kernels

are natural basis functions arising from a dynamics context, and in principle they should

perform better than less structured bases. In particular, through the representer theorem, it

is clear that the occupation kernel basis will, in general, result in models that yield a lower

modeling error in the Hilbert space norm than any other generic basis, resulting in better

generalization of the estimates away from the training data.
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CHAPTER IV

CARLEMAN LIFTING FOR NONLINEAR SYSTEM IDENTIFICATION

WITH GUARANTEED ERROR BOUNDS

4.1 Introduction

This chapter concerns identification of uncontrolled or closed-loop nonlinear systems using a

set of trajectories that are generated by the system in a domain of attraction. The objective

is to ensure that the trajectories of the identified systems are close to the trajectories of

the real system, as quantified by an error bound that is prescribed a priori. A majority

of existing methods for nonlinear system identification rely on techniques such as neural

networks, autoregressive moving averages, and spectral decomposition that do not provide

systematic approaches to meet predefined error bounds. The developed method is based on

Carleman linearization-based lifting of the nonlinear system to an infinite dimensional linear

system. The linear system is then truncated to a suitable order, computed based on the

prescribed error bound, and parameters of the truncated linear system are estimated from

data. The effectiveness of the technique is demonstrated by identifying an approximation of

the Van der Pol oscillator from data within a prescribed error bound.

4.2 Problem Statement

Consider an unknown dynamical system of the form

ẋ = f(t,x) (4.2.1)
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where f :
(
R+ × Rd

)
→ Rd is a vector-valued real analytic function of several variables,

R+ := {y ∈ R : y ≥ 0}, x(0) = x0, and f(t, 0) = 0. Given a set of observed trajectories,

X = {γ}mi=1, generated from (4.2.1) and an error bound ∆ > 0, the objective is to develop a

systematic technique to either

1. construct another dynamical system of the form ˙̂z = g(t, ẑ) such that the error

∥x(t)− ẑ |d (t)∥ between the trajectories of the z−system and the trajectories of (4.2.1)

is less than ∆ for t ∈ [0, τ ∗], for some τ ∗ > 0, where ẑ |d is the truncation of ẑ to the

first d dimensions, or

2. conclude that construction of such a system, using the particular method developed in

this chapter, is not possible.

The problem, as formulated above, is difficult to solve for general nonlinear systems. In

this chapter, inspired by [52], the formulation is restricted to a subclass of nonlinear systems,

defined by the following assumptions.

Assumption 4.2.1 The vector field f(t,x) admits a Maclaurin expansion about the state

vector x

f(t,x) =
∑
α∈Zd

+

fα(t)x
α =

∑
α∈Zd

+\{0}

fα(t)x
α, t ∈ R+. (4.2.2)

Assumption 4.2.2 The Maclaurin expansion coefficients satisfy the exponential decay prop-

erty,

sup
t≥0

∑
|α|=n

∥fα(t)∥∞ ≤ CR−n, n ≥ 0 (4.2.3)

where C and R are positive constants.

While this assumption is restrictive, a large subclass of systems falls under this category,

since polynomial, trigonometric, and exponential functions have Maclaurin expansions with
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exponential decay. The idea is to use Carleman lifting [6, 52] to lift the nonlinear system

into an infinite-dimensional linear system such that the truncation of the trajectory of the

linear system to the first d dimensions approximates the trajectory of the system in (4.2.1),

in infinity norm. The infinite-dimensional linear system is then truncated to yield a finite-

dimensional linear system such that the error between the projected trajectories and the

original trajectories is less than the given error bound, ∆.

4.3 Data-driven Carleman Lifting

The nonlinear system is approximated by a linear system in terms of a lifted state z which

consists of unrepeated monomials of x up to order N . For example, if N = 3 then

z = l(x) =
[x1, . . . , xd, x

2
1, x1x2, . . . , x1xd, x

2
2, . . . , x

2
d,

x31, x
2
1x2, . . . , x1x2x3, . . . , x

3
d]

T ,

where l : Rn → RM denotes the lifting map and M is the number of monomials.

The results of [52] indicate that for any system that satisfies Assumptions 4.2.1 and

4.2.2, a trajectory in a region of attraction can be approximated, with arbitrary accuracy,

by truncation of solutions of

ż = Az (4.3.1)

to the first d dimensions, where computation of A requires complete knowledge of the system

dynamics, f .

In this chapter, a data-driven approach to generate the linear system is developed. Given

a set of trajectories of the nonlinear system, denoted by {γi} : [0, T ] → Rn, that satisfy

∥γi(t)∥ ≤M for all t ∈ [0, T ], the objective is to generate an estimate, Â, of the system matrix

A, such that supt∈[0,τ∗] ∥x(t)− ẑ |d (t)∥ ≤ ∆, where ẑ |d is the d−dimensional truncation of

the solution ẑ of ˙̂z = Âẑ starting from ẑ(0) = l(x(0)).

Let zi denote the trajectory of (4.3.1) starting from the initial condition zi(0) = l(γi(0)).

Let

ϵi(t) := l(γi(t))− zi(t) (4.3.2)
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denote the error between the trajectories of the model-based Carleman linearization in (4.3.1)

and the trajectories of (4.2.1). The lifted measured trajectories and the trajectories of the

linear system are then related by

d

dt
l(γi(t)) = żi(t) + ϵ̇i(t) = Azi(t) + ϵ̇i(t). (4.3.3)

Integrating (4.3.3), we get∫ T

0

d

dt
l(γi(t)) =

∫ T

0

Azi(τ)dτ + ϵi(T )

= A

∫ T

0

(l(γi(τ))− ϵi(τ)) dτ + ϵi(T ). (4.3.4)

Note that ϵi(0) = 0. Concatenating all the measured trajectories into a vector Γ(t) =

[l(γ1(t)) , . . . , l(γm(t))]
T , and letting I =

∫ T

0
Z(τ)dτ , Iϵ =

∫ T

0
ϵ(τ)dτ and IΓ =

∫ T

0
Γ(τ)dτ , we

get the relationships IΓ = I + Iϵ and

Γ(T )− Γ(0) = AIΓ + AIϵ + ϵ(T ), (4.3.5)

where ϵ(t) = [ϵ1(t) , . . . , ϵm(t)]
T .

Provided the matrix IΓ is full rank, a data-driven approximation Â of the lifted matrix

A can be computed using the least-squares solution of (4.3.5) as

Â = (Γ(T )− Γ(0)) I†Γ, (4.3.6)

where (·)† denotes the Moore-Penrose pseudo-inverse.

Once the Â matrix is computed from data, trajectories of the linear system ˙̂z = Âẑ

can be computed and truncated to the first d dimensions to estimate the trajectories of the

nonlinear system.

4.4 Error Analysis and Prescribed Error Approximation

There are two sources of error between the trajectories of the identified system and the

trajectories of the nonlinear system. The first is the error ϵ introduced in (4.3.2), between
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the trajectories of the nonlinear system and the model-based Carleman linearized system.

The second is the error δ(t) := z(t) − ẑ(t), between the trajectories of the model-based

Carleman linearized system and the identified linear system, starting from the same initial

conditions. The former is quantified in [52] as follows.

Assumption 4.4.1 The bound M on the measured trajectories satisfies

M <
R

e
,

where R is introduced in (4.2.3) and e is the base of the natural logarithm.

Under Assumptions 4.2.1 - 4.4.1, there exists a τ ∗ for every N ≥ 1, such that

∥ϵ |d (t)∥ ≤ DµN , ∀t ∈ [0, τ ∗]. (4.4.1)

In (4.4.1),

0 < D =
DMM

C0R
,

DM = C0R

(
1−

(
M

R

))−1

,

C0 ≤ CR−1,

and

µ <
(
MeR−1

)
eC0τ∗ < 1.

The error bound in (4.4.1) can then be guaranteed over the time interval [0, τ ∗] where

τ ∗ <
− log(MeR−1)

C0

.

To quantify the error δ, between the trajectories of the identified system and the model-based

Carleman linearized system, we write

˙̃z = Az − Âẑ,

by adding and subtracting Aẑ, we get

˙̃z = Az̃ + (A− Â)ẑ.
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Using the variation of constants formula we get

z̃(τ ∗) = eAτ∗ z̃(0) +

∫ τ∗

0

eA(τ∗−τ)(A− Â)ẑ(τ)dτ,

using the triangle inequality and the Cauchy-Schwarz inequality then result in the bound

∥z̃(τ ∗)∥ ≤
∫ τ∗

0

∥∥eA(τ∗−τ)
∥∥∥∥∥A− Â∥∥∥ ∥ẑ(τ)∥ dτ.

Since z̃(0) = 0, then

∥z̃(τ ∗)∥ ≤ tBzA

where B = max {
∥∥eAτ∗

∥∥ , 1}, z = supt∈[0,τ∗] ∥ẑ(t)∥, and A =
∥∥∥A− Â∥∥∥.

In order to calculate A we write

D(t) = Z(t)− Z(0).

From (4.3.1), it is the case that

A = DIT (IIT )−1,

and from (4.3.6) we calculate the estimation

Â = (D + ϵ)(I + Iϵ)
T [(I + Iϵ)(I + Iϵ)

T ]−1.

To compute a bound on δ, we need the following assumption.

Assumption 4.4.2 There exists a constant I such that
∥∥(IT I)−1

∥∥ ≤ I.

Note that the matrix I is comprised of integrals of the trajectories of the model-based

Carleman linearized system, and as such, it is unknown. However, the matrix IΓ can be

computed, and is perturbed from I by Iϵ. Using continuity of eigenvalues of matrices with

respect to elements of the matrix, it can be concluded that for small enough Iϵ, the difference

between
∥∥(IT I)−1

∥∥ and
∥∥(ITΓ IΓ)−1

∥∥ is O(Iϵ).

The bound A can then be estimated using the matrix inverse identity [75],

(Q+ V )−1 = Q−1 −Q−1V (Q+ V )−1,
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where Q and (Q+ V ) are non-singular matrices. Applying the identity to the expression for

Â, we get

A ≤
∥∥I∥∥ (∥∥IT∥∥ ∥ϵ∥+ ∥∥ITϵ ∥∥ ∥D∥+ ∥∥ITϵ ∥∥ ∥ϵ∥)

+ [
∥∥I∥∥ (∥∥IT∥∥ ∥Iϵ∥+ ∥∥ITϵ ∥∥ ∥I∥+ ∥Iϵ∥∥∥ITϵ ∥∥)]

· [
∥∥IT∥∥ ∥D∥+ ∥∥IT∥∥ ∥ϵ∥+ ∥∥ITϵ ∥∥ ∥D∥+ ∥∥ITϵ ∥∥ ∥ϵ∥], (4.4.2)

where
∥∥IT∥∥ ≤ ∥∥ITΓ ∥∥+ ∥∥ITϵ ∥∥.

Since B = max{
∥∥eAτ∗

∥∥ , 1}, an estimate of
∥∥eAτ∗

∥∥ is obtained by realizing that

eAτ∗ = e(A−Â+Â)τ∗ = e(A−Â)τ∗eÂτ∗ ,

and as a result,

B =
∥∥eAτ∗

∥∥ ≤ eAτ∗
∥∥∥eÂτ∗

∥∥∥ . (4.4.3)

By using the triangle inequality we get the bound

∥x(t)− ẑ |d (t)∥ ≤ ∥ϵ |d (t)∥+ ∥z̃∥ ,

which can be further simplified as

∥x(t)− ẑ |d (t)∥ ≤ DµN + tBzA, ∀t ∈ [0, τ ∗]. (4.4.4)

Once the upper bound is calculated as a function of N using (4.4.4), a search over N =

1, 2, . . . , N can be conducted (see Algorithm 1), to yield

N∗ = argmin
N

(DµN + τ ∗BzA),

where N∗ denotes the lifted order which produces an identified system with the smallest

guaranteed error bound. If DµN∗
+ τ ∗BzA > ∆, then the system identification method

cannot produce a system that guarantees supt∈[0,τ∗] ∥x(t)− ẑ |d (t)∥ < ∆. Otherwise, if

DµN∗
+ τ ∗BzA ≤ ∆, then a system can be identified using the truncation order N∗ to

guarantee supt∈[0,τ∗] ∥x(t)− ẑ |d (t)∥ < ∆.

55



Algorithm 1 Carleman system identification algorithm. In the algorithm, N is an upper

bound on the truncation order, selected a priori.

Require: X, R, C, N and ∆

Ensure: C0 ≤ CR−1

Ensure: M > ||x||∞

DM ← C0R
(
1−

(
M
R

))−1

D ← DMM
C0R

Ensure: τ ∗ < − log(MeR−1)
C0

Ensure: µ < (MeR−1) eC0τ∗ < 1

N ← 1

while N ̸= N do

Find A from (4.4.2)

Find B from (4.4.3)

Θ(N)← DµN + τ ∗AzB

N ← N + 1

end while

if min[Θ(N)] ≤ ∆ then

N∗ ← argminN [Θ(N)]

Return Â using N∗

else if min[Θ(N)] > ∆ then

Return ”Failed”

end if
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4.5 Simulation

To demonstrate the effectiveness of the system identification approach in Section 4.3, the

Van der Pol Oscillator is used. Consider the Van der Pol Oscillator given by

ẋ1 = x2,

ẋ2 = −x1 − x2 + x2x
2
1.

(4.5.1)

A total of 209 trajectories of the system in (4.5.1), each over the time interval [0, 10],

are recorded starting from initial conditions that were uniformly sampled from the set

[−1, 1]×[−1, 1]. The trajectories are then lifted to different dimensions, with N = 2, 3, . . . , 12

for system identification.

Using the lifted trajectories, (4.3.6) is used to determine the system matrix Â. The

identified system matrix is used to simulate the identified system from t0 = 0 to tf = 20

seconds. The trajectories generated by the identified system are truncated to the first two

dimensions and compared with the recorded trajectories of the nonlinear system in (4.5.1).

For comparison, trajectories of the linear system obtained using the model-based Carleman

linearization in [52] are also generated. Note that the system matrix Â is computed directly

using recorded data from the nonlinear system. The model-based Carleman linearization

from [52] is used for comparison and analysis purposes only.

The resulting trajectories of the nonlinear, the model-based Carleman linearized, and

the identified systems are shown in Figures 8-10. To quantify the performance, the errors

supt∈[0,τ∗] ∥x(t)− ẑ |2 (t)∥ between the measured trajectories and the identified system tra-

jectories, and supt∈[0,τ∗] ∥x(t)− z |2 (t)∥, between the measured trajectories and the model-

based Carleman linearized trajectories, are plotted in Figure 11. The parameters introduced

in Sections 4.2 and 4.4 are selected as M = 1.5, R = 4.1, C = 33.7, N = 13 and C0 = 0.001,

all of which satisfy the conditions in Section 4.4 and in (4.2.3). This choice guarantees an

error bound on ∥x(t)− ẑ |2 (t)∥ which is given in (4.4.4) over t ∈ [0, 0.2].
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Figure 12 illustrates the data-driven bound on supt∈[0,τ∗] ∥x(t)− ẑ |2 (t)∥, developed in

(4.4.4), compared with the model-based bound on supt∈[0,τ∗] ∥x(t)− z |2 (t)∥, developed in

[52].
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Figure 8: Trajectories of the nonlinear system, the identified system, and the model-based

Carleman linearized system using N = 2.

4.6 Discussion

The results in Figures 8-11 show that for the model-based Carleman linearized system,

increasing the order N produces a more accurate approximation of (4.5.1). In contrast,

for the data-driven identified system increasing the order N past a certain point can result

in an identified model that is inaccurate, as can be seen in Figure 10. As indicated by the

bound in (4.4.4), while the Carleman linearization is guaranteed to get better with increasing

truncation order, when used in conjunction with a system identification method, there is a

critical point. The optimal truncation order can be estimated using the bound developed in

(4.4.4), as illustrated by Figure 12.

Figure 11 shows that N = 6 produces the identified system with the lowest error, while
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Figure 9: Trajectories of the nonlinear system, the identified system, and the model-based

Carleman linearized system using N = 5.
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Figure 10: Trajectories of the nonlinear system, the identified system, and the model-based

Carleman linearized system using N = 11.
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Figure 11: Comparison of errors supt∈[0,τ∗] ∥x(t)− ẑ |2 (t)∥ between the measured trajecto-

ries and the identified trajectories, and supt∈[0,τ∗] ∥x(t)− z |2 (t)∥, between the measured

trajectories and the model-based Carleman linearized trajectories, for truncation orders

N = 1, 2, . . . , 12.
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Figure 12: Comparison of analytical error bounds on supt∈[0,τ∗] ∥x(t)− ẑ |2 (t)∥, the er-

ror between the trajectories of the nonlinear system and the identified system, and

supt∈[0,τ∗] ∥x(t)− z |2 (t)∥, the error between the trajectories of the nonlinear system and

the model-based Carleman linearized system, for truncation orders N = 1, 2, . . . , 12.
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the analytical bound (see Figure 12) indicates that N∗ = 3, meaning for N = 3 we get the

smallest guaranteed error bound. Since the bound is conservative, some discrepancy between

the exact numerical results and the analytical bound is expected.

To further explore the discrepancy, it is instructive to plot the actual errors between

the full trajectories of the model-based Carleman linearized system and the data-driven

identified linear system (see Figure 13) and the errors between the same trajectories, trun-

cated to the first two dimensions (see Figure 14). The results indicate that while the full

state error sup0≤t≤τ∗ ∥z(t)− ẑ(t)∥ increases monotonically with N , the truncated state er-

ror sup0≤t≤τ∗ ∥z |2 (t)− ẑ |2 (t)∥ initially decreases and then increases with an increasing N .

The analysis presented in this chapter, that produces N∗ = 3 is based on analyzing the full

state error, which is observed to be an overly conservative bound for a subset of truncation

orders. This suggests that development of an error bound for the truncated state error will

reduce the discrepancy between the analytical and the experimental results.
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Figure 13: Maximum error norm of the full state between the linearized system and the

identified system using N = 1, 2, . . . , 12
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Figure 14: Maximum error norm of the first two states between the linearized system and

the identified system using N = 1, 2, . . . , 12

4.7 Conclusion and Future Work

A system identification method using Carleman linearization is developed to identify a lifted

linear system that produces trajectories, which remain within a guaranteed error bound

from the trajectory of a nonlinear system under mild assumptions. Analytical estimation of

truncated state errors and the bound in Assumption 4.4.2, investigation of machine precision

effects at high truncation orders, and development of a less conservative error bound for the

states of interest are part of future work.
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CHAPTER V

ON DYNAMIC MODE DECOMPOSITION OF CONTROL-AFFINE

SYSTEMS

5.1 Introduction

This chapter builds on the theoretical foundations for dynamic mode decomposition (DMD)

of control-affine dynamical systems by leveraging the theory of vector-valued reproducing

kernel Hilbert spaces (RKHSs). Specifically, control Liouville operators and control occupa-

tion kernels are used to separate the drift dynamics from the input dynamics. A provably

convergent finite-rank estimation of a compact control Liouville operator is obtained, pro-

vided sufficiently rich data are available. A matrix representation of the finite-rank operator

is used to construct a data-driven representation of its singular values, left singular func-

tions, and right singular functions. The singular value decomposition is used to generate a

data-driven model of the control-affine nonlinear system. The developed method generates a

model that can be used to predict the trajectories of the system in response to any admissible

control input.

5.2 Problem Statement

The objective in this chapter is to learn an unknown control affine system from observed

control signals and controlled trajectories, {uj : [0, Tj]→ Rm}Mj=1 and {γuj
: [0, Tj]→ Rn}Mj=1,

respectively, satisfying

ẋ = F (x, u) = f(x) + g(x)u, (5.2.1)
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where f : Rn → Rn is the drift function and g : Rn → Rn×m is the control effectiveness

matrix.

Systems of the form (5.2.1) encompass linear systems and Euler-Lagrange models with

invertible inertia matrices, and hence, represent a wide class of physical plants, including

but not limited to robotic manipulators and autonomous ground, aerial, and underwater

vehicles.

In order to facilitate the description of the controlled dynamical system in terms of

operators, the vvRKHS framework from section 2.5 is utilized in this chapter.

Definition 5.2.1 Given a compact control Liouville operator Af,g : H̃d → H, the tuples

{(σi, ϕi, ψi)}∞i=1, with σi ∈ Rn, ϕi ∈ H̃d, and ψi ∈ H, are singular values, left singular

vectors, and right singular vectors of Af,g, respectively, if ∀h ∈ span d,

Af,gh =
∞∑
i=1

σiψi ⟨h, ϕi⟩H̃d
. (5.2.2)

Let hid : Rn → Rn be the identity function. Given singular values, left singular vectors,

and right singular vectors of Af,g and a control signal u, the dynamics of the system can be

expressed as

ẋ =


Af,g(hid)1

...

Af,g(hid)n


 1

u(t)

 =


∑∞

i=1 σiψi ⟨(hid)1, ϕi⟩H̃d

...∑∞
i=1 σiψi ⟨(hid)n, ϕi⟩H̃d


 1

u(t)

 (5.2.3)

The objective of this work is to generate a provably convergent finite truncation of the above

model. To that end, we derive a finite rank representation of the control Liouville operator.

5.3 Finite-rank Representation of the Control Liouville Operator

To facilitate computation, an explicit finite-rank representation of Af,g is needed to deter-

mine the dynamic modes of the resultant system. In the following, finite collections of

linearly independent vectors, dM and βM are selected to establish the needed finite-rank rep-

resentation. Since the adjoint of Af,g maps control occupation kernels to kernel differences
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( [68, Proposition 3]), the span of the collection of kernel differences

dM = {Kd(·, γui
(Ti))−Kd(·, γui

(0))}Mi=1 ⊂ H̃d (5.3.1)

is selected to be the domain of Af,g. The corresponding Gram matrix is denoted by GdM =(
⟨di, dj⟩H̃d

)M
i,j=1

. The output of Af,g is projected onto the span of the control occupation

kernels

βM =
{
Γγui ,ui

}M
i=1
⊂ H. (5.3.2)

The corresponding Gram matrix is denoted by GβM =
(
⟨βi, βj⟩H

)M
i,j=1

.

A rank-M (or less) representation of the operator Af,g is then given by PβMAf,gPdM :

H̃d → span βM , where PdM and PβM denote projection operators onto span dM and span βM ,

respectively.

Under the compactness assumptions and given rich enough data so that the spans of

{di}∞i=1 and {βi}∞i=1 are dense in H̃d and H, respectively, the sequence of finite-rank operators

{PβMAf,gPdM}∞M=1 can be shown to converge, in norm, to Af,g. To facilitate the proof of

convergence, we introduces the following lemma.

Lemma 5.3.1 Let H and G be RKHSs defined on X ⊂ Rn and let AN : H → G be a

finite-rank operator with rank N . If the spans of {di}∞i=1 and {βi}∞i=1 are dense in H and

G, respectively, then for all ϵ > 0, there exists M(N) ∈ N such that for all i ≥ M(N) and

h ∈ H, ∥ANh− ANPdih∥G ≤ ϵ ∥h∥H and
∥∥ANh− PβiANh

∥∥
G
≤ ϵ ∥h∥H .

Proof. See the proof of [33, Theorem 2].

The convergence result for Liouville operators on Bargmann-Fock spaces restricted to the set

of real numbers, which will be used for H and H̃d, follows from the following more general

result.

Proposition 5.3.1 If A : H̃d → H is a compact operator and the spans of {di}∞i=1 and

{βi}∞i=1 are dense in H̃d and H, respectively, then limM→∞
∥∥A− PβMAPdM

∥∥H
H̃d

= 0, where

∥·∥HH̃d
denotes the operator norm of operators from H̃d to H.

66



Proof. Let {AN}∞N=1 be a sequence of rank-N operators converging, in norm, to A. For an

arbitrary h ∈ H̃d,

∥∥Ah− PβMAPdMh
∥∥
H
≤ ∥Ah− ANh∥H + ∥ANh− ANPdMh∥H

+
∥∥ANPdMh− PβMANPdMh

∥∥
H
+
∥∥PβMANPdMh− PβMAPdMh

∥∥
H
.

Using the fact that AN and PβMANPdM are finite-rank operators, Lemma 5.3.1, can be used

to conclude that for all ϵ > 0, there exists M(N) ∈ N such that for all i ≥M(N)

∥∥Ah− PβiAPdih
∥∥
H
≤ ∥Ah− ANh∥H + 2ϵ ∥h∥H̃d

+ ∥ANPdih− APdih∥H .

Since AN converges to A in norm, given ϵ > 0, there existsN ∈ N such that for all j ≥ N , and

g ∈ H̃d ∥Ag − Ajg∥H ≤ ϵ ∥g∥H̃d
. Thus, for all j ≥ N and i ≥ M(j),

∥∥Ah− PβiAPdih
∥∥
H
≤

4ϵ ∥h∥H̃d
.

The convergence result can then be stated as follows.

Theorem 5.3.1 Let ρd ∈ R, ϱd ∈ R, and ρ =
[
ρ1 . . . ρm+1

]⊤
∈ Rm+1 be parameters such

that ρi < ϱd, and ϱd < ρd for i = 1, . . . ,m + 1. Let H̃d = F 2
ρd
(Rn), G̃d = F 2

ϱd
(Rn), and H =

F 2
ρ (Rn). If f and g are component-wise polynomial, and if the spans of the collections {di}∞i=1

and {βi}∞i=1 are dense in H̃d and H, respectively, then limM→∞
∥∥Af,g − PβMAf,gPdM

∥∥H
H̃d

= 0.

Proof. [68, Propositions 7, 8, and 9] imply that Af,g is compact and hence, the theorem

follows from Proposition 5.3.1.

5.4 Matrix Representation of the Finite-rank Operator

To formulate a matrix representation of the finite-rank operator PβMAf,gPdM , the operator

is restricted to span dM to yield the operator PβMAf,g|dM : span dM → span βM . For brevity

of exposition, the superscript M is suppressed hereafter and d and β are interpreted as

M−dimensional vectors.
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Proposition 5.4.1 If h = δ⊤d ∈ span d is a function with coefficients δ ∈ RM and if

g = PβAf,gh, then g = a⊤β, where a = G+
βGdδ and (·)+ denotes the Moore-Penrose pseu-

doinverse.

Proof. [68, Propositions 3 and 6] imply that that for all j = 1, · · · ,M , A∗
f,gβj = dj. Note

that since g is a projection of Af,gh onto span β, g = a⊤β for any a that solves

Gβa =


⟨Af,gh, β1⟩H

...

⟨Af,gh, βM⟩H

 =


〈
h,A∗

f,gβ1
〉
H̃d

...〈
h,A∗

f,gβM
〉
H̃d

 (5.4.1)

Using the adjoint relationship,

Gβa =


⟨h, d1⟩H̃d

...

⟨h, dM⟩H̃d

 =


〈
δ⊤d, d1

〉
H̃d

...〈
δ⊤d, dM

〉
H̃d

 = Gdδ (5.4.2)

Selecting the solution

a = G+
βGdδ (5.4.3)

of (7.4.2), a matrix representation [PβAf,g]
β
d of the operator PβAf,g|d is obtained as G+

βGd.

Note that matrix representations are generally not unique. Different representations may be

obtained by selecting different solutions of (7.4.1) and (7.4.3). In the case where the Gram

matrix Gβ is nonsingular, equation (7.4.1) has a unique solutions, resulting in the unique

matrix representation G−1
β Gd.

In the following section, the matrix representation [PβAf,g]
β
d is used to construct a data-

driven representation of the singular values and the left and right singular functions of

PβAf,g|d.

5.5 Singular Functions of the Finite-rank Operator

The following proposition states that the SVD of PβAf,g|d can be computed using matrices

in the matrix representation [PβAf,g]
β
d derived in the previous section.
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Proposition 5.5.1 If (W,Σ, V ) is the SVD of G+
β with W =

[
w1, . . . , wM

]
, V =[

v1, . . . , vM

]
, and Σ = diag

([
σ1, . . . , σM

])
, then for all i = 1, . . . ,M , σi are sin-

gular values of PβAf,g|d with left singular functions ϕi := v⊤i d and right singular functions

ψi := w⊤
i β.

Proof. Let ϕi = v⊤i d and ψi = w⊤
i β and h = δ⊤d. Then,

PβAf,gh =
M∑
i=1

σiψi ⟨h, ϕi⟩H̃d
⇐⇒ PβAf,gδ

⊤d =
M∑
i=1

σiw
⊤
i β
〈
δ⊤d, v⊤i d

〉
H̃d

Using the finite-rank representation, the collection {(σi, ϕi, ψi)}Mi=1, is an SVD of PβAf,g|d, if

for all δ ∈ RM , (
G+

βGdδ
)⊤
β =

(
M∑
i=1

σi
〈
δ⊤d, v⊤i d

〉
H̃d
w⊤

i

)
β. (5.5.1)

Simple matrix manipulations yield the chain of implications

(5.5.1)⇐= ∀δ ∈ RM , G+
βGdδ =

M∑
i=1

σi
〈
δ⊤d, v⊤i d

〉
H̃d
wi

⇐⇒ ∀δ ∈ RM , G+
βGdδ =

M∑
i=1

σi
(
wiv

⊤
i Gd

)
δ

⇐= G+
βGd =

M∑
i=1

σi
(
wiv

⊤
i

)
Gd

⇐= G+
β =

M∑
i=1

σiwiv
⊤
i = WΣV ⊤,

which proves the proposition.

In the following section, the singular values and the left and right singular vectors are used,

along with a finite truncation of (7.3.1) to generate a data-driven model.
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5.6 The SCLDMD Algorithm

Motivated by (7.3.1), assuming that hid,j ∈ H̃d for j = 1, · · · , n, the system dynamics are

approximated using the finite-rank representation, with rank at most M , as

ẋ ≈ F̂M(x, u) := [PβAf,gPdhid](x)

1

u

 ,

where PβAf,gPdhid denotes row-wise operation of the operator PβAf,g on the function Pdhid.

Using the definition of singular values and singular functions of PβAf,g |d,

ẋ ≈
M∑
i=1

σiξiw
⊤
i β(x)

1

u

 = ξΣW⊤β(x)

1

u

 , (5.6.1)

where ξi := ⟨Pdhid, ϕi⟩H̃d
and ξ :=

[
ξ1, . . . , ξM

]
.

The modes ξ can be computed using ϕi = v⊤i d as

ξ =


〈
Pdhid,1, v

⊤
1 d
〉
H̃d
, . . . ,

〈
Pdhid,1, v

⊤
Md
〉
H̃d

...
. . .

...〈
Pdhid,n, v

⊤
1 d
〉
H̃d
, . . . ,

〈
Pdhid,n, v

⊤
Md
〉
H̃d



=


〈
δ⊤1 d, d1

〉
H̃d
, . . . ,

〈
δ⊤1 d, dM

〉
H̃d

...
. . .

...〈
δ⊤n d, d1

〉
H̃d
, . . . ,

〈
δ⊤n d, dM

〉
H̃d

V = δ⊤GdV,

where δ :=

[
δ1, . . . , δn

]
. Using the reproducing property of the reproducing kernel of H̃d,

the coefficients δi in the projection of hid,i onto d satisfy

Gdδi=


⟨(hid)i,d1⟩H̃d

...

⟨(hid)i,dM⟩H̃d

=


(γu1(T1))i−(γu1(0))i
...

(γuM
(TM))i−(γuM

(0))i

.

Letting D :=
((
γuj

(Tj)
)
i
−
(
γuj

(0)
)
i

)n,M
i,j=1

it can be concluded that δ⊤Gd = D. Finally, the
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modes ξ are given by ξ = DV and the estimated open-loop model is given by

ẋ ≈ F̂M(x, u) = DV ΣW⊤β(x)

1

u

 = DG+
β β(x)

1

u

 . (5.6.2)

the approximation f̂M(x), an approximation of the drift dynamics, f(x), is given by the first

column of DG+
β β(x) and ĝM(x), an approximation of the control-effectiveness matrix, g(x),

is given by the last m columns of DG+
β β(x).

Since PβAf,gPd converges to Af,g in norm as M → ∞, and since the space F 2
ρ̃d
(Rn)

contains hid,j for j = 1, · · · , n, the following result is immediate.

Corollary 5.6.1 Under the hypothesis of Theorem 5.3.1, for all u ∈ U , where for all t ∈

[0, T ], ∥
(
1 u⊤(t)

)
∥ < U , limM→∞

(
supx∈X

∥∥∥F̂M(x, u)− F (x, u)
∥∥∥
2

)
= 0.

Proof. Since the space F 2
ρ̃d
(Rn) contains hid,j for j = 1, · · · , n, the functions PβjAf,gPdjhid,j

andAf,ghid,j exist as members ofH. Since x 7→ K(x, x) = diag

(
exp

(
x⊤x
ρ̃1

)
. . . exp

(
x⊤x
ρ̃m+1

))
is continuous and X is compact, there exists a real numberK such that supx∈X ∥K(x, x)∥YY =

K.

Let Y (x) =

(
f(x) g(x)

)
∈ Rn×(m+1), and Ŷ M(x) =

(
f̂M(x) ĝM(x)

)
= DV ΣW⊤β(x) ∈

Rn×(m+1) is the identified system using the finite-rank representation with rank at-most M ,

and Yj(x) is the j
th row of Y (x) .

Theorem 5.3.1 can then be used to conclude that for all ϵ > 0, j = 1, . . . , n, there

exists M(j) ∈ N such that for all i ≥ M(j),
∥∥∥Ŷ i

j − Yj
∥∥∥2
H
≤ ϵ2

U
2
K
. Using the reproducing
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property,fori ≥M := maxj M(j),

(
(F (x, u))j − (F̂M(x, u))j

)2
=

〈
(Ŷ i

j (x)− Yj(x)),
(
1 u⊤

)〉2

Y
=

〈
(Ŷ i

j − Yj), k
x,

(
1 u⊤

)
〉2

H

≤
∥∥∥Ŷ i

j − Yj
∥∥∥2
H

∥∥∥∥∥∥kx,(1 u⊤
)
∥∥∥∥∥∥
2

H

=

∥∥∥Ŷ i
j − Yj

∥∥∥2
H

〈
k
x,

(
1 u⊤

), k
x,

(
1 u⊤

)
〉

H

=
∥∥∥Ŷ i

j − Yj
∥∥∥2
H

〈
kx

(
1 u⊤

)
, kx

(
1 u⊤

)〉
H

=

∥∥∥Ŷ i
j − Yj

∥∥∥2
H

〈(
1 u⊤

)
, k∗xkx

(
1 u⊤

)〉
Y
=
∥∥∥Ŷ i

j − Yj
∥∥∥2
H

〈(
1 u⊤

)
, K(x, x)

(
1 u⊤

)〉
Y
=

∥∥∥Ŷ i
j − Yj

∥∥∥2
H

(
1 u⊤

)
K(x, x)

1

u

 ≤ ∥∥∥Ŷ i
j − Yj

∥∥∥2
H
K

∥∥∥∥∥∥∥
1

u


∥∥∥∥∥∥∥
2

≤ ϵ2

U
2
K
U

2
K = ϵ2

As a result, for all ϵ ≥ 0 there exists M such that for all i ≥M ,

sup
x∈X

∥∥∥F̂M(x, u)− F (x, u)
∥∥∥
2
= sup

x∈X

∥∥∥∥∥∥∥(Ŷ M(x)− Y (x))

1

u


∥∥∥∥∥∥∥
2

≤ ϵ,

which completes the proof.

The SCLDMD technique is summarized in Algorithm 2. The characterization Γγuj
=∫ Tj

0
K̃
(
·, γuj

(t)
)
dt of occupation kernels is used on line 11. The inner product of two control

occupation kernels is given in [68] as

〈
Γγui ,ui

,Γγuj ,uj

〉
H
=

Tj∫
0

Ti∫
0

[
1 u⊤i (τ)

]
K
(
γuj

(t), γui
(τ)
) 1

uj(t)

 dτdt. (5.6.3)

5.7 Numerical Experiments

The purpose of the numerical experiment is to demonstrate the efficacy of the SCLDMD

algorithm.
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Algorithm 2 The SCLDMD algorithm

Input: Trajectories {γui
}Mi=1, a control signal u, a numerical integration procedure, and

reproducing kernels K̃d and K of H̃d and H, respectively.

Output: {ξj, σj, φj, ϕj}Mj=1

Gβ ←
(〈

Γγui ,ui
,Γγuj ,uj

〉
H

)M
i,j=1

(see (5.6.3))

D ←
((
γuj

(Tj)
)
i
−
(
γuj

(0)
)
i

)n,M
i,j=1

(W,Σ, V )← SVD of G+
β

ξ ← DV

ϕj ←
∑M

i=1(V )i,j (Kd(·, γui
(Ti))−Kd(·, γui

(0)))

ψj ←
∑M

i=1

∫ Ti

0
(W )i,j

[[
1 ui(t)

⊤

]
Kγui (t)

]
(·) dt

Return {ξj, σj, φj, ϕj}Mj=1

This experiment utilizes the nonlinear model of the Duffing oscillator given by

ẋ = f(x) + g(x)u =

 x2

x1 − x31

+

 0

2 + sin(x1)

u, (5.7.1)

where f(x) =

 x2

x1 − x31

 is the drift function, g(x) =

 0

2 + sin(x1)

 is the control effective-

ness function, and u is the controller. To approximate the system dynamics, 225 trajectories

of the system are recorded, along with the corresponding control signals, starting from a

grid of initial conditions, under a control signal that is composed of the sum of 15 sinusoidal

signals with randomly generated frequencies between 1 and 3 radians per second, randomly

generated phases between -1 and 1 radians, and randomly generated coefficients between -1

and 1. The recorded trajectories and control signals, which are stored with a time step of

0.05 second and a duration of 1 second, are then utilized to construct the estimates f̂M and

ĝM of f and g, respectively. The grid of initial conditions is composed of 15 points in the x1

coordinate and 15 points in the x2 coordinate, equally spaced in the interval [−3, 3] in each

coordinate. The exponential dot product kernel K̃d(x, y) = exp(x
⊤y
µ
) is used to define H̃d
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Figure 15: The responses of the true Duffing oscillator and the identified duffing oscillator

to the input u(t) = sin(t) + cos(2t).

with µ = 11, and the kernel operator K is selected to be a diagonal matrix of exponential

dot product kernels with the parameter µv = 10. Simpson’s 1/3 rule is used for numerical

integration.

Figure 15 shows the responses of the true Duffing oscillator from (5.7.1) and of the Duffing

oscillator identified using SCLDMD, starting from the initial condition of [2,−2] under the

input u(t) = sin(t) + cos(2t) for 10 seconds. The states of the identified model, x̂1 and x̂2,

0 1 2 3 4 5 6 7 8 9 10

0

5

·10−3

Time (s)

x1(t)− x̂1(t)
x2(t)− x̂2(t)

Figure 16: The difference in responses of the true Duffing oscillator and the identified duffing

oscillator to the input u(t) = sin(t) + cos(2t).
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Figure 17: Error |f(x)− f̂(x)| as a function of x (left) and error |g(x)− ĝ(x)| as a function

of x (right).

track closely the states x1 and x2 of (5.7.1). Figure 16 shows the difference between the

trajectories of the actual system and the identified model, which is in the order of 10−3. The

maximum error percentage for x̂2, which is the higher of the two, is 0.001%.

Figure 17 shows the vector field estimation errors for both the drift dynamics, f̃ , and the

control effectiveness, g̃, as functions of x1 and x2 in the domain (x1, x2) ∈ [−2, 2] × [−2, 2].

Both errors, f̃ and g̃ are of the order 10−4 in the above mentioned domain, where the error

increases near the edges of the domain. Although g from (5.7.1) is only a function of x1, in

Figure 17 it can be seen that ĝ changes with x2. This is expected since the estimate ĝ obtained

through SCLDMD is a function of both states, given that the SCLDMD algorithm is not

informed of the state dependencies of the control effectiveness. Exploring the incorporation

of partial knowledge of the system to improve SCLDMD is part of future work.

5.8 Conclusion

This chapter introduces a novel approach towards the construction of a finite-rank represen-

tation of the control Liouville operator. New results on the construction of singular values

and functions of the finite rank operator using singular values and vectors of a matrix rep-

resentation are also obtained. Once the singular values and functions are at hand, the drift
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dynamics and the control effectiveness can be approximated, which facilitates the prediction

of the states of the dynamical system in response to an open-loop control signal. Moreover,

the finite-rank representation of the control Liouville operator is shown to be convergent (in

norm) to the true control Liouville operator, provided sufficiently rich data are available.

A numerical experiment using the Duffing oscillator is presented to demonstrate the

performance of the developed technique. Analysis of the effects of integration error and

measurement noise on the SCLDMD technique, as well as incorporating partial knowledge

of the system to improve the identification technique are part of future work.
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CHAPTER VI

ON CONVERGENT DYNAMIC MODE DECOMPOSITION AND ITS

EQUIVALENCE WITH OCCUPATION KERNEL REGRESSION

6.1 Introduction

This chapter presents a new technique for norm-convergent dynamic mode decomposition

of deterministic systems. The developed method utilizes recent results on singular dynamic

mode decomposition where it is shown that by appropriate selection of domain and range

Hilbert spaces, the Liouville operator (also known as the Koopman generator) can be made

to be compact. In this chapter, it is shown that by selecting appropriate collections of finite

basis functions in the domain and the range, a novel finite-rank representation of the Liouville

operator may be obtained. It is also shown that the model resulting from dynamic mode

decomposition of the finite-rank representation is closely related to regularized regression

using the so-called occupation kernels as basis functions.

6.2 Reproducing Kernel Hilbert Spaces and Dynamic Mode Decomposition

The objective is to find functions for which

|Afϕ(x)− λϕ(x)| < ϵ (6.2.1)

for some λ and some small positive ϵ and all x within a domain of interest. Since norm

convergence in a RKHS of continuous functions yields uniform convergence over compact

sets [65,76], it is sufficient to satisfy ∥Afϕ−λϕ∥H < ϵ. In turn, if a finite-rank approximation

of Af , call it Ãf , is close enough, it is sufficient to satisfy ∥Af − Ãf∥ < ϵ, and the rest follows
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as

|Afϕ(x)− λϕ(x)| < C∥Afϕ− λϕ∥H

C∥Afϕ− Ãfϕ∥H < C∥Af − Ãf∥H < Cϵ,

where C is a positive constant that depends on the domain of interest and the kernel function,

and the function ϕ is assumed to be normalized.

A convergent approximation of the spectrum of the transfer operator using the spectrum

of finite-rank operators requires compactness and convergence in norm, which motivates the

following section.

6.3 Compact Liouville Operators and Occupation Kernels

This section, included here for completeness, recalls the results from [34] pertaining to the

existence of compact Liouville operators, given formally as Afg(x) = ∇g(x)f(x). Compact-

ness is achieved through the consideration of differing spaces for the domain and the range

of the operator. We emphasize that compact Liouville operators are not restricted to these

particular pairs of functions spaces. This section only provides examples demonstrating the

existence of such operators, thereby validating the approach in the sequel.

6.3.1 Liouville Operators on Real Bergmann-Fock Spaces

The exponential dot product kernel, with parameter µ > 0, is given as K(x, y) = exp
(

x⊤y
µ

)
.

In the single variable case, the native space for this kernel is the restriction of the Bergmann-

Fock space to real numbers, denoted by F 2
µ (R). This space consists of the set of polynomials

of the form h(x) =
∑∞

k=0 akx
k, where the coefficients satisfy

∑∞
k=0 |ak|

2 µkk! < ∞, and the

norm is given by ∥h∥2µ =
∑∞

k=0 |ak|
2 µkk!. Extension of this definition to the multivariable

case yields the space F 2
µ (Rn) where the collection of monomials, xα µ|α|

√
α!
, with multi-indices

α ∈ Nn forms an orthonormal basis, where for α ∈ Nn, α! =
∏n

i=1 αi!, |α| =
∑n

i=1 αi, and

xα =
∏n

i=1 x
αi
i . In this setting, differential operators from F 2

µ1
(Rn) to F 2

µ2
(Rn) can be shown
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to be compact provided µ2 < µ1.

Proposition 6.3.1 ( [34]) If µ2 < µ1, then the differential operators ∂
∂xi

: F 2
µ1
(Rn) →

F 2
µ2
(Rn), are compact for i = 1, . . . , n.

Multiplication operators can be shown to be bounded provided that their symbols are

polynomial.

Proposition 6.3.2 ( [34]) If µ2 < µ1, then for any polynomial function p : Rn → R,

the multiplication operator Mp : F 2
µ1
(Rn) → F 2

µ2
(Rn), defined as [Mph] (x) = p(x)h(x), is

bounded.

Boundedness of Liouville operators with polynomial symbols then follows trivially from

the above two results.

Theorem 6.3.1 ( [34]) If µ2 < µ1 and if f : Rn → Rn is a component-wise polynomial

function, then the Liouville operator Af : F 2
µ1
(Rn) → F 2

µ2
(Rn) defined as Afg = ∇g · f is a

compact operator.

6.3.2 Occupation Kernels and Liouville Operators

Let H be an RKHS over a compact set X ∈ Rn consisting of continuous functions and let

K be the reproducing kernel of H. Given a continuous signal γ : [0, T ] → X, the linear

functional g 7→
∫ T

0
g(γ(t))dt is bounded. Hence, by the Riesz representation theorem [77,

Theorem 13.32], there exists a function Γγ ∈ H such that ⟨g,Γγ⟩H =
∫ T

0
g(γ(t))dt for all

g ∈ H. The function Γγ is called the occupation kernel corresponding to γ in H. These

occupation kernels were first introduced in [40,67].

Occupation kernels corresponding to trajectories of a dynamical system have a useful

relationship with adjoints of Liouville operators and the reproducing kernels of the underlying

RKHSs.

Proposition 6.3.3 ( [33]) If γ : [0, T ] → X is a solution of ẋ = f(x) for some locally

Lipschitz continuous function f : X → Rn, then A∗
fΓγ = K(·, γ(T ))−K(·, γ(0)).
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Proposition 6.3.4 ( [78]) Given any continuous function γ : [0, T ] → X, the occupation

kernel corresponding to γ in H may be expressed as Γγ(x) =
∫ T

0
K(x, γ(t))dt. As a conse-

quence, given two functions γi : [0, Ti]→ X and γj : [0, Tj]→ X〈
Γγj ,Γγi

〉
H
=

∫ Ti

0

∫ Tj

0

K (γi(τ), γj(t)) dtdτ. (6.3.1)

6.4 Finite-rank Representation of the Liouville Operator

This section provides a novel finite-rank representation of the Liouville operator Af and

subsequently, a novel approach to obtain the dynamic modes of the underlying dynamical

system. Let Hd and Hr be RKHSs with reproducing kernels Kd and Kr, respectively. The

RKHS Hd is used as the domain of the Liouville operator and the RKHS Hr is used as the

range. In what follows, finite collections of vectors dM ⊂ Hd and rM ⊂ Hr are selected to

establish the needed finite-rank representation of the Liouville operator.

Since the adjoint of Af maps occupation kernels to kernel differences (Proposition 6.3.3),

the span of the collection of kernel differences

dM = {Kd(·, γi(Ti))−Kd(·, γi(0))}Mi=1 ⊂ Hd (6.4.1)

are selected to be the domain of Af . The corresponding Gram matrix is denoted by GdM =(
⟨di, dj⟩Hd

)M
i,j=1

. The result of Af operating on functions in span dM is projected onto the

span of the collection of occupation kernels

span rM = span {Γγi}
M
i=1 ⊂ Hr. (6.4.2)

The corresponding Gram matrix is denoted by GrM =
(
⟨ri, rj⟩Hr

)M
i,j=1

. A rank-M represen-

tation of the operator Af is then given by PrMAfPdM : Hd → span rM , where PrM and PdM

denote projection operators onto span rM and span dM , respectively. Under the compactness

assumptions and given rich enough data so that the spans of {di}∞i=1 and {ri}∞i=1 are dense

in Hd and Hr, respectively, the sequence of finite-rank operators {PrMAfPdM}∞M=1 can be

shown to converge, in the norm topology, to Af . To facilitate the proof of convergence, we

recall the following result from [33].
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Proposition 6.4.1 ( [33]) Let Hd and Hr be RKHSs defined on X ⊂ Rn and let AN :

Hd → Hr be a finite-rank operator with rank N . If span{di}∞i=1 ⊂ Hd is dense in Hd and

span{ri}∞i=1 ⊂ Hr is dense in Hr, then for all ϵ > 0, there exists M(N) ∈ N such that for all

i ≥M(N) and h ∈ Hd, ∥ANh− ANPdih∥Hr
≤ ϵ ∥h∥Hd

and ∥ANh− PriANh∥Hr
≤ ϵ ∥h∥Hd

.

The convergence result for Liouville operators on Bergmann-Fock spaces restricted to the

set of real numbers follows from the following more general result.

Proposition 6.4.2 If A : Hd → Hr is a compact operator, and spans of the collections

{di}∞i=1 and {ri}∞i=1 are dense in Hd and Hr, respectively, then limM→∞ ∥A− PrMAPdM∥Hr

Hd
=

0, where ∥·∥Hr

Hd
denotes the operator norm of operators from Hd to Hr.

Proof. Let {AN}∞N=1 be a sequence of rank-N operators converging, in norm, to A. For an

arbitrary h ∈ Hd,

∥Ah− PrMAPdMh∥Hr
≤ ∥Ah− ANh∥Hr

+ ∥ANh− ANPdMh∥Hr
+ ∥ANPdMh− PrMANPdMh∥Hr

+ ∥PrMANPdMh− PrMAPdMh∥Hr
.

Using the fact that AN , PrMAN , and ANPdM are all finite-rank operators and the fact that

the projection operator is bounded with norm bound 1, Proposition 6.4.1, can be used to

conclude that for all ϵ > 0, there exists M(N) ∈ N such that for all i ≥M(N)

∥Ah− PriAPdih∥Hr
≤ ∥(A− AN)h∥Hr

+ 2ϵ ∥h∥Hd
+ ∥(AN − A)Pdih∥Hr

.

Since AN converges to A in norm, given ϵ > 0, there existsN ∈ N such that for all j ≥ N , and

g ∈ Hd ∥Ag − Ajg∥H ≤ ϵ ∥g∥Hd
. Thus, for all j ≥ N and i ≥ M(j), ∥Ah− PriAPdih∥Hr

≤

4ϵ ∥h∥Hd
.

6.4.1 Matrix Representation of the Finite-rank Operator

To formulate a matrix representation of the finite-rank operator PrMAfPdM , the operator is

restricted to span dM to yield the finite-rank operator PrMAf |dM : span dM → span rM . The
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resulting matrix representation is denoted by [Af ]
r
d. For brevity of exposition, the superscript

M is suppressed hereafter and d and r are interpreted as M−dimensional vectors.

Theorem 6.4.1 Let g = a⊤r ∈ span r and h = δ⊤d ∈ span d be functions with coefficients

a ∈ RM and δ ∈ RM , respectively. If g = PrAf |dh, then a = G+
r Gdδ. That is, [Af ]

r
d := G+

r Gd,

where G+
r denotes the Moore-Penrose pseudoinverse of Gr, is a matrix representation of

PrAf |d.

Proof. Since g = PrAf |dh = a⊤r, the coefficients a solve

Gra =


〈
Afδ

⊤d, r1
〉
Hr

...〈
Afδ

⊤d, rM
〉
Hr

 =


〈
δ⊤d,A∗

fr1
〉
Hd

...〈
δ⊤d,A∗

frM
〉
Hd


Proposition 6.3.3 implies that A∗

fri = di for all i = 1, · · · ,M , and as such, Gra = Gdδ. Since

a = G+
r Gdδ is a solution of Gra = Gdδ, we have, a = G+

r Gdδ, and as a result, G+
r Gd is a

matrix representation of PrAf |d.

In the following section, the matrix representation [Af ]
r
d is used to construct a data-driven

representation of the singular values and the left and right singular functions of the operator

PrAf |d.

6.4.2 Singular Functions of the Finite-rank Operator

The tuples {(σi, ϕi, ψi)}Mi=1, with σi ∈ R, ϕi ∈ Hd, and ψi ∈ Hr, are singular values,

left singular vectors, and right singular vectors of PrAf |d, respectively, if ∀h ∈ span d,

PrAfh =
∑M

i=1 σiψi ⟨h, ϕi⟩Hd
. The following proposition states that the SVD of PrAf |d can

be computed using matrices in the matrix representation [Af ]
r
d developed in the previous

section.

Theorem 6.4.2 If (W,Σ, V ) is the SVD of G+
r withW =

[
w1, . . . , wM

]
, V =

[
v1, . . . , vM

]
,

and Σ = diag

([
σ1, . . . , σM

])
, then for all i = 1, . . . ,M , σi are singular values of of
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PrAf |d with left singular functions ϕi := v⊤i d and right singular functions ψi := w⊤
i r, respec-

tively.

Proof. Let ϕi = v⊤i d and ψi = w⊤
i r and h = δ⊤d. Then,

PrAfh =
M∑
i=1

σiψi ⟨h, ϕi⟩Hd
⇐⇒ PrAfδ

⊤d =
M∑
i=1

σiw
⊤
i r
〈
δ⊤d, v⊤i d

〉
Hd

Using the finite-rank representation, the collection {(σi, ϕi, ψi)}Mi=1, is a SVD of PrAf |d, if

for all δ ∈ RM , (
G+

r Gdδ
)⊤
r =

(
M∑
i=1

σi
〈
δ⊤d, v⊤i d

〉
Hd
w⊤

i

)
r. (6.4.3)

Simple matrix manipulations yield the chain of implications

(7.5.1) ⇐= ∀δ ∈ RM , G+
r Gdδ =

M∑
i=1

σi
〈
δ⊤d, v⊤i d

〉
Hd
wi

⇐⇒ ∀δ ∈ RM , G+
r Gdδ =

M∑
i=1

σi
(
wiv

⊤
i Gd

)
δ

⇐= G+
r Gd =

M∑
i=1

σi
(
wiv

⊤
i

)
Gd ⇐= G+

r =
M∑
i=1

σiwiv
⊤
i = WΣV ⊤,

which proves the proposition.

In the following section, the singular values and the left and right singular vectors are used

to generate a data-driven model via a method termed singular Liouville dynamic mode

decomposition (SLDMD).

6.5 The SLDMD Algorithm

Let the identity observable (hid)j be defined as (hid)j(x) = xj, where xj is the j−th compo-

nent of x.

Theorem 6.5.1 If (hid)j ∈ Hd for j = 1, · · · , n, then

f̂M(x) :=


[PrAfPd(hid)1](x)

...

[PrAfPd(hid)n](x)

 = DG+
r r(x) (6.5.1)
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where D :=
(
(γj(Tj))i − (γj(0))i

)n,M
i,j=1

and (γj(·))i denotes the i−th component of γj(·).

Proof. Using Theorem 6.4.2 and the definition of singular values and singular functions of

PrAf |d,

f̂M(x) =
M∑
i=1

σiξiw
⊤
i r(x) = ξΣW⊤r(x), (6.5.2)

where ξi :=

[
⟨Pd(hid)1, ϕi⟩Hd

. . . , ⟨Pd(hid)n, ϕi⟩Hd

]⊤
and ξ :=

[
ξ1 . . . ξM

]
.

The modes ξ can be computed using ϕi = v⊤i d as

ξ =


〈
Pd(hid)1, v

⊤
1 d
〉
Hd
, . . . ,

〈
Pd(hid)1, v

⊤
Md
〉
Hd

...
. . .

...〈
Pd(hid)n, v

⊤
1 d
〉
Hd
, . . . ,

〈
Pd(hid)n, v

⊤
Md
〉
Hd



=


〈
δ⊤1 d, d1

〉
Hd
, . . . ,

〈
δ⊤1 d, dM

〉
Hd

...
. . .

...〈
δ⊤n d, d1

〉
Hd
, . . . ,

〈
δ⊤n d, dM

〉
Hd

V = δ⊤GdV,

where δ :=

[
δ1, . . . , δn

]
. Using the reproducing property of the reproducing kernel of Hd,

the coefficients δi in the projection of (hid)i onto d solve the system of linear equations

Gdδi =


⟨(hid)i , d1⟩Hd

...

⟨(hid)i , dM⟩Hd

 =


(γ1(T1))i − (γ1(0))i

...

(γM(TM))i − (γM(0))i

 .
Letting D :=

(
(γj(Tj))i − (γj(0))i

)n,M
i,j=1

it can be concluded that δ⊤Gd = D. Finally, the

modes ξ are given by ξ = DV and

f̂M(x) = DV ΣW⊤r(x) = DG+
r r(x).

Using f̂M as a rank−M estimate of f , the estimated system model is of the form ẋ ≈

f̂M(x) = Ar(x), where A ∈ Rn×M is a solution of

AGr = D. (6.5.3)
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The use of f̂M as an estimate of f is justified by the following result, which follows from

the fact that PrAfPd converges to Af in norm as M →∞.

Theorem 6.5.2 If µr < µd, Hd = F 2
µd
(Rn), Hr = F 2

µr
(Rn), f : Rn → Rn is a component-

wise polynomial function, and the spans of the collections {di}∞i=1 and {ri}∞i=1 are dense in

Hd and Hr, respectively, then limM→∞

(
supx∈X

∥∥∥f̂M(x)− f(x)
∥∥∥
2

)
= 0.

Proof. Since the space F 2
µd
(Rn) contains (hid)j for j = 1, · · · , n, the functions f̂M,j :=

PrAfPd(hid)j and fj := Af (hid)j that denote the j−th row of f̂M and f , respectively, exist as

members of Hr. Since x 7→ Kr(x, x) = exp
(

x⊤x
µr

)
is continuous and X is compact, there ex-

ists a real number K such that supx∈X Kr(x, x) = K. Since µr < µd, Theorem 6.3.1 implies

that Af : F 2
µd
(Rn) → F 2

µr
(Rn) is compact. Proposition 6.4.2 can then be used to conclude

that for all ϵ > 0 and j = 1, . . . , n, there exists M(j) ∈ N such that for all i ≥ M(j),∥∥∥f̂i,j − fj∥∥∥2
Hr

≤ ϵ2

nK
2 . Using the reproducing property, for i ≥M := maxj M(j),

∥∥∥f̂i(x)− f(x)∥∥∥2
2
=

n∑
j=1

〈(
f̂i,j − fj

)
, Kr(·, x)

〉2
Hr

≤
n∑

j=1

∥∥∥f̂i,j − fj∥∥∥2
Hr

∥Kr(·, x)∥2Hr

≤
n∑

j=1

ϵ2

nK
2 ⟨Kr(·, x), Kr(·, x)⟩2Hr

=
ϵ2

K
2Kr(x, x)

2.

As a result, for all ϵ ≥ 0 there exists M such that for all i ≥M ,

sup
x∈X

∥∥∥f̂i(x)− f(x)∥∥∥
2
≤

√
ϵ2

K
2 sup
x∈X

Kr(x, x)2 = ϵ,

which completes the proof.

This convergence result, typically unattainable for Koopman-based dynamic mode decom-

position, is a key feature of this algorithm.
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6.6 Occupation kernel regression

Another approach to modeling is to directly use the occupation kernels as basis functions

for regression.

If the components of the vector field f reside in the RKHS, i.e., f =

[
f1 . . . fn

]⊤
, with

fi ∈ H for i = 1, . . . , n, then using the defining characteristic of the occupation kernel, the

inner product ⟨fi,Γγ⟩H may be expressed as

⟨fi,Γγ⟩H =

∫ T

0

fi(γ(t))dt = (γ(T ))i − (γ(0))i

for each i = 1, . . . , n. As such, given a set of solutions {γj : [0, Tj] → Rn}Mj=1, of ẋ = f(x),

components of the function f can be estimated by minimizing the error between the inner

products ⟨fi,Γγ⟩H and the displacement (γ(T ))i − (γ(0))i of the i−th component of the

trajectory.

A regularized regression problem to determine an approximation f̂i of the i-th row of f

can thus be formulated as

min
f̂i∈H

M∑
j=1

(
⟨f̂i,Γγj⟩H − (γj(Tj))i − (γj(0))i

)2
+ λ∥f̂i∥2H , (6.6.1)

where λ > 0 is a regularization parameter. Using the Representer theorem for occupation

kernels [46, Proposition 1], the minimizer of (6.6.1) may be expressed as a linear combination

of occupation kernels

f̂i = A1,iΓγ1 + · · ·+ AM,iΓγM = Air(x),

where Ai :=

[
A1,i . . . AM,i

]
. Using this representation of the minimizer, the inner products

and the norm in the optimization problem can be computed as

⟨f̂i,Γγj⟩H =

〈
M∑
k=1

Ak,iΓγk ,Γγj

〉
H

= (Gj
r)

⊤A⊤
i

and

∥f̂i∥2H = AiGrA
⊤
i ,

where Gj
r denotes the j−th column of Gr.
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Hence, the resolution (6.6.1) reduces to the finite dimensional convex optimization prob-

lem

min
Ai∈R1×M

M∑
j=1

(
(Gj

r)
⊤A⊤

i − (γj(Tj)− γj(0))i
)2

+ λAiGrA
⊤
i . (6.6.2)

Solutions of the finite dimensional optimization problem coincide with solutions of the linear

system Ai(Gr +λIM)Gr = DiGr, where Di is the i−th row of D and IM denotes the M ×M

identity matrix.

Using the fact that the solution of Ai(Gr + λIM) = Di is one of the solutions of Ai(Gr +

λIM)Gr = DiGr (the only one if Gr is nonsingular), the estimated model can be expressed

as ẋ ≈ Ar(x), where A ∈ Rn×M is the solution of

A(Gr + λIM) = D. (6.6.3)

Interestingly, the model obtained via OKR coincides with that obtained using DMD if the

regularization parameter is set to zero. As such, if occupation kernels are used for regression,

the resulting model encodes additional structure, i.e., the singular functions and the singular

values of the underlying Liouville operator, as provided by SLDMD. Furthermore, theorem

6.5.2, also applicable to the regression model without regularization, provides an alternative

to the cumulative prediction error convergence guarantees (see, for example [79] and Chapter

6 of [65]) that are typically available for regression problems.

6.7 Numerical Experiments

The purpose of the numerical experiment is to demonstrate the effectiveness of the SLDMD

algorithm, the OKR algorithm, and to compare the two methods. Additionally, the numerical

experiment demonstrates the effects of the regularization constant λ on the OKR method.

This experiment utilizes the nonlinear model of the Duffing oscillator given by

ẋ1 = x2,

ẋ2 = (x1 − x31).
(6.7.1)
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Figure 18: The blue marks are the mean
(∣∣∣f̃(x)∣∣∣) over x ∈ [−3, 3] for different values of λ

using OKR trained with noisy trajectories. the dashed red line is the mean
(∣∣∣f̃(x)∣∣∣) over

x ∈ [−3, 3] calculated using the SLDMD method trained with noisy trajectories.

To approximate the system dynamics for any given value of λ > 0, 169 trajectories of

the system are recorded starting from a grid of initial conditions. In the first trial, each

trajectory is corrupted by Gaussian measurement noise with standard deviation 0.001. The

initial velocities are obtained by numerically differentiating the measured noisy trajectories.

In the second trial, the trajectories are not corrupted by noise, and the initial velocities are

similarly obtained by numerically differentiating the measured trajectories. The recorded

trajectories are then utilized to approximate f . The SLDMD algorithm from Section 6.5

is implemented using the Moore-Penrose pseudoinverse. The OKR algorithm from Section

6.6 is implemented using the usual matrix inverse. Both methods use the kernel K(x, y) =

exp
(

x⊤y
µ

)
with µ = 5.

Figures 18 and 19 show the mean of the difference between the actual values f2(x1) and

the estimated values f̂2(x1) over x2 ∈ [−3, 3] using different values of λ. Figure 18 shows

the results for the system identification methods using noisy trajectories, where OKR clearly

outperforms SLDMD for specific values of λ. Whereas, in Figure 19, which shows the results

of the two system identification methods using noise free trajectories, the OKR technique
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Figure 19: The blue marks are the mean
(∣∣∣f̃(x)∣∣∣) over x ∈ [−3, 3] for different values of λ

using OKR trained with noise free trajectories. the dashed red line is the mean
(∣∣∣f̃(x)∣∣∣) over

x ∈ [−3, 3] calculated using the SLDMD method trained with noise free trajectories.

performs almost identically to the SLDMD technique for λ values between 10−10 and 10−3.

If the Gram matrix is not full rank, which is the case for both trials of the numerical

experiments, then inversion of Gr + λIM is numerically unstable for small values of λ. As

such, consistent with Figures 18 and 19, it is expected that the approximation f̂ computed

using OKR with a small value of λ would be poor. On the other hand, the regularized inverse

(Gr + λIM)−1 converges to the zero matrix as λ increases, which explains the error plateau

seen in Figures 18 and 19 for λ > 102.

In theory, in the case where the trajectories are noise free and the inner products in the

Gram matrix Gr are evaluated exactly, the SLDMD algorithm should outperform OKR for

any value of λ, since the regularization introduces a bias. The authors speculate that the

slight improvement, seen in Figures 18 and 19 for 10−10 < λ < 10−3 is due to the integration

errors introduced when computing the entries of the Gram matrix using Simpson’s rule. Since

regularization can prevent over-fitting when the underlying data are noisy, a more accurate

approximation may be obtained for some values of λ. In the case where the trajectories are

corrupted with measurement noise, there are errors in both Gr and D of (6.6.3), which make
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the effects of λ even more significant, consistent with Figure 18.

6.8 Conclusion

This chapter introduces a novel approach towards the construction of a finite rank repre-

sentation of the Liouville operator. New results on the construction of singular values and

functions of the finite rank operator using singular values and vectors of a matrix represen-

tation are also obtained. The singular values and functions give rise to a new dynamic mode

decomposition model that is shown to be equivalent to regression using occupation kernels.

Numerical experiments that study the effect of the regularization parameter indicate that

regularization may yield better results when the data are corrupted by integration errors and

measurement noise. In order to support this conjecture a detailed Monte Carlo simulation

is needed, which is a part of future work.
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CHAPTER VII

A DYNAMIC MODE DECOMPOSITION APPROACH TO PARAMETER

IDENTIFICATION

7.1 Introduction

This chapter presents a data-driven algorithm for simultaneous system identification and

parameter estimation in control-affine nonlinear systems. Parameter estimation is achieved

by training a data-driven predictive model using state-action measurements and various

known values at the parameters of interest. The predictive model is then used in conjunction

with state-action data corresponding to unknown values of the parameters to estimate the

said unknown value.

7.2 Overview

7.2.1 Problem Statement

Consider a nonlinear control-affine discrete-time dynamical system of the form

zk+1 = f0(zk, θ) + g0(zk, θ)uk,

where f0 and g0 are unknown continuous functions and θ denotes a vector of parameters of

interest. Unlike traditional system identification and parameter estimation problems, where

the uncertain dynamics are expressed as linear or nonlinear combinations of known basis

functions and unknown parameters, we do not make any assumptions on the structure of

the unknown functions beyond continuity.
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The objective in this chapter is to learn the current set of parameters π ∈ Rp using

an observer trajectory of the system, i.e., measurements of the system state and the input

expressed in the form of a query dataset {ui, zi, wi}Ni=1, where

wi := zi+1 = F (zi, ui, π) = f0(zi, π) + g0(zi, π)ui. (7.2.1)

For example, in the case of a package delivery drone, the parameter of interest θ could

correspond to mass of a package, and the current parameter π could be the mass of the

package currently being delivered. The objective is then to estimate π, the current mass.

7.2.2 Approach

In this chapter, we solve the problem above by training a model that encodes the structural

relationship between the parameters and the dynamical system. To train such a model, we

need a training dataset comprised of system trajectories {uji , z
j
i , w

j
i , π

j}P,Mj=1,i=1, where π
j are

vectors of known values of the parameters of interest, satisfying

yji := xji+1 = F (xji , u
j
i , π

j) = f(xji , π
j) + g(xji , π

j)uji . (7.2.2)

For example, in the case of the package delivery drone, we can record a training dataset by

flying the drone with packages of varying known masses πj.

We then train a model F̂ : Rn×Rm×Rp → Rn to estimate F using the training dataset

and use it to infer a new, unknown mass that corresponds to the query dataset described in

the previous section.

In order to learn the parameters π, we need to solve the following optimization problem

π̂ = argminη∈Π
1

N

N∑
i=1

(F (zi, ui, η)− F (zi, ui, π))2, (7.2.3)

where Π ⊂ Rp is a known set containing π. Since F is unknown a data-driven optimization

problem is formulated as

π̂ = argminη∈Π
1

N

N∑
i=1

(F̂ (zi, ui, η)− wi)
2. (7.2.4)
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In this chapter, we adapt the DCLDMD technique developed in [64], to generate the model F̂ .

In particular, [64] considered modeling of closed dynamical systems under feedback control

laws, whereas in this chapter, we adapt the techniques in [64] to model open dynamical

systems.

7.3 The Control Liouville Operator and its Finite-rank Representation

In order to facilitate the description of the controlled dynamical system in terms of Koopman-

like operators, the vvRKHS framework is utilized .

Definition 7.3.1 Given an operator Af,g : H̃d → H, the tuples {(σi, ϕi, ψi)}∞i=1, with σi ∈

Rn, ϕi ∈ H̃d, and ψi ∈ H, are singular values, left singular vectors, and right singular vectors

of Af,g, respectively, if ∀h ∈ span d,

Af,gh =
∞∑
i=1

σiψi ⟨h, ϕi⟩H̃d
. (7.3.1)

Let hid : Rn → Rn be the identity function. Given singular values, left singular vectors,

and right singular vectors of Af,g and a control input u, the dynamics of the system can be

expressed as

xk+1 = yk =


Af,g(hid)1(xk)

...

Af,g(hid)n(xk)


 1

uk

 =


∑∞

i=1 σiψi(xk) ⟨(hid)1, ϕi⟩H̃d

...∑∞
i=1 σiψi(xk) ⟨(hid)M , ϕi⟩H̃d


 1

uk

 , (7.3.2)

assuming hid ∈ span d.

To facilitate computation, an explicit finite-rank representation of Af,g is needed to de-

termine the dynamic modes of the resultant system. In the following, finite collections of

linearly independent vectors, dM and βM are selected to establish the needed finite-rank

representation.

dM = {Kd(·, xi)}Mi=1 ⊂ H̃d (7.3.3)
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is selected to be the domain of Af,g. The corresponding Gram matrix is denoted by GdM =(
⟨di, dj⟩H̃d

)M
i,j=1

. The output of Af,g is projected onto the span of vector valued kernels

βM = {Kxi,ui
}Mi=1 = {diag(K(·, xi) · ui}Mi=1 ⊂ H. (7.3.4)

The corresponding Gram matrix is denoted by GβM =
(
⟨βi, βj⟩H

)M
i,j=1

.

A rank-M (or less) representation of the operator Af,g is then given by PβMAf,gPdM :

H̃d → span βM , where PdM and PβM denote projection operators onto span dM and span βM ,

respectively.

7.4 Matrix Representation of the Finite-rank Operator

To formulate a matrix representation of the finite-rank operator PβMAf,gPdM , the operator

is restricted to span dM to yield the operator PβMAf,g|dM : span dM → span βM . For brevity

of exposition, the superscript M is suppressed hereafter and d and β are interpreted as

M−dimensional vectors.

The adjoint relationship can be derived as follows, ⟨di, A∗
f,gβk⟩H̃d

= ⟨Af,gdi, βk⟩H =

⟨[Af,gdi](xk),

(
1 u⊤k

)
)⟩Rm+1 = Kd(xi, xk+1) as shown [64]. Therefore, A∗

f,gβi = A∗
f,gKxi,ui

=

Kd(·, yi), where yi = F (xi, ui).

Proposition 7.4.1 If h = δ⊤d ∈ span d is a function with coefficients δ ∈ RM and if g =

PβAf,gh, then g = a⊤β, where a = G+
β Iδ and (·)+ denotes the Moore-Penrose pseudoinverse.

Proof. Since A∗
f,gβj = A∗

f,gKxi,ui
= Kd(·, yi), where yi = F (xi, ui). Note that since g is a

projection of Af,gh onto span β, g = a⊤β for any a that solves

Gβa =


⟨Af,gh, β1⟩H

...

⟨Af,gh, βM⟩H

 =


〈
h,A∗

f,gβ1
〉
H

...〈
h,A∗

f,gβM
〉
H

 =


〈
h,A∗

f,gKx1,u1

〉
H

...〈
h,A∗

f,gKxM ,uM

〉
H

 (7.4.1)
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Using the adjoint relationship,

Gβa =


⟨h,Kd(·, y1)⟩H

...

⟨h,Kd(·, yM)⟩H

 =


〈
δ⊤d,Kd(·, y1)

〉
H

...〈
δ⊤d,Kd(·, yM)

〉
H

 = Iδ, (7.4.2)

where I =
(
⟨Kd(·, xi), Kd(·, yj)⟩H̃d

)M
i,j=1

Selecting the solution

a = G+
β I

⊤δ (7.4.3)

of (7.4.2), a matrix representation [PβAf,g]
β
d of the operator PβAf,g|d is obtained as G+

β I
⊤.

Note that matrix representations are generally not unique. Different representations may be

obtained by selecting different solutions of (7.4.1) and (7.4.3). In the case where the Gram

matrix Gβ is nonsingular, equation (7.4.1) has a unique solutions, resulting in the unique

matrix representation G−1
β I⊤.

In the following section, the matrix representation [PβAf,g]
β
d is used to construct a data-

driven representation of the singular values and the left and right singular functions of

PβAf,g|d.

7.5 Pseudo-Singular Functions of the Finite-rank Operator

The following proposition states that the SVD-like decomposition of PβAf,g|d can be com-

puted using matrices in the matrix representation [PβAf,g]
β
d derived in the previous section.

Proposition 7.5.1 If (W,Σ, V ) is the SVD of G+
β I

⊤G+
d with W =

[
w1, . . . , wM

]
, V =[

v1, . . . , vM

]
, and Σ = diag

([
σ1, . . . , σM

])
, then for all i = 1, . . . ,M , σi are pseudo-

singular values of PβAf,g|d with left pseudo-singular functions ϕi := v⊤i d and right pseudo-

singular functions ψi := w⊤
i β.

Proof. Let ϕi = v⊤i d and ψi = w⊤
i β and h = δ⊤d. Then,

PβAf,gh =
M∑
i=1

σiψi ⟨h, ϕi⟩H̃d
⇐⇒ PβAf,gδ

⊤d =
M∑
i=1

σiw
⊤
i β
〈
δ⊤d, v⊤i d

〉
H̃d
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Using the finite-rank representation, the collection {(σi, ϕi, ψi)}Mi=1, is an SVD of PβAf,g|d, if

for all δ ∈ RM , (
G+

β I
⊤δ
)⊤
β =

(
M∑
i=1

σi
〈
δ⊤d, v⊤i d

〉
H̃d
w⊤

i

)
β. (7.5.1)

Simple matrix manipulations yield the chain of implications

(7.5.1)⇐= ∀δ ∈ RM , G+
β I

⊤δ =
M∑
i=1

σi
〈
δ⊤d, v⊤i d

〉
H̃d
wi

⇐⇒ ∀δ ∈ RM , G+
β I

⊤δ =
M∑
i=1

σi
(
wiv

⊤
i Gd

)
δ

⇐= G+
β I

⊤ =
M∑
i=1

σi
(
wiv

⊤
i

)
Gd

⇐= G+
β I

⊤G+
d =

M∑
i=1

σiwiv
⊤
i = WΣV ⊤,

which proves the proposition.

Remark 7.5.1 The standard usage of the term SVD refers to a decomposition using or-

thonormal left and right singular vectors. The left singular functions {ϕi}Mi=1 and right sin-

gular functions {ψi}Mi=1 are not necessarily orthonormal. Therefore, the decomposition in the

previous proposition is not an SVD of the finite-rank operator PβAf,g|d.

7.6 The DCLDMDPID Algorithm

7.6.1 DCLDMD

In order to identify the parameters of the system

zk+1 = f0(zk, π) + g0(zk, π)uk,

we first consider a modified system of the form

yk = xk+1 =

zk+1

πk+1

 =

f0(zk)
πk

+

g0(zk)
0

uk, (7.6.1)
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where π0 = π. Then we can use the training dataset {uji , z
j
i , y

j
i , π

j}P,Mj=1,i=1 to learn a control

affine discrete time nonlinear system of the form

xk+1 = f(xk) + g(xk)uk

Motivated by (7.3.1), assuming that hid,j ∈ H̃d for j = 1, · · · , n, the system dynamics are

approximated using the finite-rank representation, with rank at most M , as

xk+1 ≈ F̂M(xk, uk) := [PβAf,gPdhid](xk)

 1

uk

 ,

where PβAf,gPdhid denotes row-wise operation of the operator PβAf,g on the function Pdhid.

Using the definition of singular values and singular functions of PβAf,g |d,

xk+1 ≈
M∑
i=1

σiξiw
⊤
i β(xk)

 1

uk

 = ξΣW⊤β(xk)

 1

uk

 , (7.6.2)

where ξi := ⟨Pdhid, ϕi⟩H̃d
and ξ :=

[
ξ1, . . . , ξM

]
.

The modes ξ can be computed using ϕi = v⊤i d as

ξ =


〈
Pdhid,1, v

⊤
1 d
〉
H̃d
, . . . ,

〈
Pdhid,1, v

⊤
Md
〉
H̃d

...
. . .

...〈
Pdhid,n, v

⊤
1 d
〉
H̃d
, . . . ,

〈
Pdhid,n, v

⊤
Md
〉
H̃d



=


〈
δ⊤1 d, d1

〉
H̃d
, . . . ,

〈
δ⊤1 d, dM

〉
H̃d

...
. . .

...〈
δ⊤n d, d1

〉
H̃d
, . . . ,

〈
δ⊤n d, dM

〉
H̃d

V = δ⊤GdV,

where δ :=

[
δ1, . . . , δn

]
. Using the reproducing property of the reproducing kernel of H̃d,

the coefficients δi in the projection of hid,i onto d satisfy

Gdδi=


⟨(hid)i,d1⟩H̃d

...

⟨(hid)i,dM⟩H̃d

=

(x1)i
...

(xM)i

.
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Letting D :=
(
(xj)i

)n,M
i,j=1

it can be concluded that δ⊤Gd = D. Finally, the modes ξ are given

by ξ = DV and the estimated open-loop model is given by

xk+1 ≈ F̂M(xk, uk) = DV ΣW⊤β(xk)

 1

uk

 = D(G+
β I

⊤G+
d )

⊤β(xk)

 1

uk

 . (7.6.3)

the approximation f̂M(x), an approximation of the drift dynamics, f(x), is given by the

first column of D(G+
β I

⊤G+
d )

⊤β(xk) and ĝM(x), an approximation of the control-effectiveness

matrix, g(x), is given by the last m columns of D(G+
β I

⊤G+
d )

⊤β(xk).

7.6.2 Parameter Identification

Once the a system F̂ is obtained, we solve for π̂ as in (7.2.4). The specific approach used

in this chapter uses a grid of candidate parameters in the set Π. Every point in this grid

is used as an initial condition for the last p number of states, where p is the dimension of

π. Then, the prediction of F̂ is compared with the query dataset as in (7.2.4), and the grid

point that minimizes the error metric is π̂ (see Algorithm 3).

7.7 Numerical Experiments

As a demonstration of the efficacy of the developed algorithm, we apply the method to the

controlled Duffing oscillator.

The controlled Duffing oscillator is a nonlinear dynamical system with state-space formẋ1
ẋ2

 =

 x2

−δx2 − βx1 − αx31

+

 0

2 + sin(x1)

u (7.7.1)

where α, β, δ are coefficients in R, [x1, x2]⊤ ∈ R2 is the state, and u ∈ R is the control input.

For the experiments the parameters are selected to be: δ = 0, α = 1, and β = −1.
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We modify the system to include the parameters as states

ẋ1

ẋ2

α̇

β̇

δ̇


=



x2

−δx2 − βx1 − αx31

0

0

0


+



0

2 + sin(x1)

0

0

0


u, (7.7.2)

then descretize (7.7.2) using a time step of 0.1 seconds to yield a discrete-time, control-affine

dynamical system of the form xk+1 = F (xk) +G(xk)uk. Using the tuples {(xk, xk+1, uk)}nk=1

generated by the dynamical system, we aim to identfiy the system along with parameters

α, β, and δ, where α0 = α,β0 = β and δ0 = δ.

In the implementation of DCLDMDPID, we select 20000 initial conditions sampled ran-

domly using a uniform distribution from the set [−3, 3]× [−3, 3]× [−3, 3]× [−3, 3]× [−3, 3] ⊂

R5 and the control inputs are sampled uniformly from the interval [−2, 2] ⊂ R.

The Gaussian radial basis function kernel K̃(x, y) = e
−∥x−y∥22

σ is used for H̃, with ker-

nel width σ = 20. For H, we associate to each pair {(xk, uk)}nk=1 a kernel Kxk,ūk
:=(

1 u⊤k

)
Kxk
∈ H. Here we use the kernel operator Kxi

:= diag

(
K̃x1 · · · K̃xm+1

)
where

K̃xj
(y) = e

−∥xj−y∥2
2

σ for j = 1, . . . ,m + 1, with σ = 20. Lastly, we select ε = 10−6 for regu-

larization of the Gram matrices in order to ensure invertibility of both G̃ and G, instead of

the pseudoinverse, in the finite-rank representation (see Algorithm 3).

Once a system F̂ is identified, the process of identifying the parameters is conducted

by comparing the trajectories of the identified system using permutations of the possible

parameters, i.e. different initial conditions for the added states, with the trajectories of the

true system in (7.7.1). the permutation of the possible parameters are the nodes of an equally

spaced mesh in [−3, 3] × [−3, 3] × [−3, 3] ⊂ R3 with a spacing of 0.5 corresponding to the

three parameters α, β, and δ. The permutation that produces the smallest mean squared

error (MSE) 1
50

∑50
i=1([x1; x2]− F̂(1,2)(xi, ui))

2 is determined to be the parameter estimations

of π = [α, β, δ], where F̂(1,2)(xi, ui) is the first and second state output of F̂ .
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Algorithm 3 The DCLDMDPID algorithm

Input: Training dataset composed of state snapshots {zji }Mi=1, parameter values {πj}Mi=1,

control set {uji}Mi=1, a label set {wj
i }Mi=1 such that wj

i = F (zji , u
j
i , π

j), a query dataset

composed of state snapshots {zi}Ni=1, control set {ui}Ni=1, a label set {wi}Ni=1 such that

wi = F (zi, ui, π), and reproducing kernels K̃d and K of H̃d and H, respectively, and a

mesh of of parameter space Πmesh.

Output: {ξj, σj, φj, ϕj}Mj=1, F̂ and π̂.

1: xi = [zi; πi]

2: yi = [wi; πi]

3: β ← [Kxi,ui
]Mi=1

4: Gβ ←
(〈
Kxi,ui

, Kxj ,uj

〉
H

)M
i,j=1

5: GdM ←
(
⟨Kd(·, xi), Kd(·, xj)⟩H̃d

)M
i,j=1

6: I =
(
⟨Kd(·, xi), Kd(·, yj)⟩H̃d

)M
i,j=1

7: D ←
(
(xj)i

)n,M
i,j=1

8: (W,Σ, V )← SVD of G+
β I

⊤G+
d

9: ξ ← DV

10: ϕj ←
∑M

i=1 ← (V )i,j (Kd(·, xi))

11: ψj ←
∑M

i=1(W )i,j

[[
1 ui(t)

⊤

]
Kxi,ui

]
(·)

12: F̂ (xk, uk)← DV ΣW⊤β(xk)

 1

uk


13: π̂ ← argminη∈Πmesh

∑N
k=1(wk − F̂ ([zk; η], uk))2

14: Return {ξj, σj, φj, ϕj}Mj=1, F̂ and π̂.
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Figure 20: A comparison between the true system trajectories x1 and x2 and the trajecto-

ries of the identified system x̂1 and x̂2. In addition to the comparison of the true system

parameters α, β, and δ and their corresponding parameters as states α̂, β̂, and δ̂.
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Figure 21: The difference between the trajectories of the true system and the identified

system x1 − x̂1 and x2 − x̂2. And the difference between the true parameters α, β, δ and the

change in the parameters as states form the identified system α̂, β̂, δ̂.
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Figure 22: The MSE computed using different parameter values on the mesh that contains

the true parameter values, plotted against the Euclidean distance of the mesh point from

the exact values δ = 0, α = 1, and β = −1. The red dot shows the parameter values with

the smallest MSE.
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Figure 23: The MSE computed using different parameter values on the mesh that does not

contain the true parameter values, plotted against the Euclidean distance of the mesh point

from the exact values δ = 0, α = 1, and β = −1. The red dot shows the parameter values

with the smallest MSE
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7.7.1 Discussion

Figure 20 shows the trajectories of the true system and the identified system, along with

the true parameters and the corresponding identified parameters as states, where the initial

conditions of the parameters as states are determined to be α̂(0) = 1, β̂(0) = −1, and

δ̂(0) = 0. Figure 21 shows the trajectory differences between the true system and the

identified system, along with the drift of the parameters as states from the true values, all

of which are at most in the order of 10−3 over the span of 5 seconds. Note that naturally,

obtaining the exact parameter using this method is not guaranteed. It was only possible

in this example because the mesh that was used for parameter identification happened to

contain the exact parameter vector. If the true parameter vector is not in the mesh, the

algorithm returns the best-fitting parameter vector from the mesh.

Figure 22 shows values of the MSE computed using different parameter combinations

on the mesh against the Euclidean distance of the vector of parameters [δ, α, β]⊤ form the

vector [0, 1, −1]⊤ of true values. As seen in Figure 22, for the case where the true parameter

is in the mesh, we see a clear separation between the error generated by the true parameter

and those generated by other parameters on the mesh. Note that since the optimization

problem in (7.2.4) is not expected to be convex in general, we expect such separation only

locally, not globally as seen in Figure 22.

In order to demonstrate the effect of the choice of the mesh, another parameter identifica-

tion experiment was conducted using the same training and query datasets but using a shifted

mesh that does not contain the true parameter values δ = 0, α = 1, and β = −1. In this case

we use a mesh composed of equally spaced nodes in [−3.3, 2.7]×[−3.3, 2.7]×[−3.3, 2.7]] ⊂ R3

with a spacing of 0.5. Figure 23 shows values of the MSE against the Euclidean distance from

the true parameter in the parameter space, similar to 22. In this case, it can be seen that

the parameter values that produce the smallest MSE (α̂ = 0.7, β̂ = −1.3, and δ̂ = −0.3.)

is not the closest node in the mesh to the true values in Euclidean distance, but we still see

a separation between a cluster of ‘low-error’ parameter vectors and other parameter vectors
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on the mesh.

7.8 Conclusion

This chapter introduces a novel approach towards the construction of a finite-rank represen-

tation of the control Liouville operator. New results on the construction of singular values

and functions of the finite rank operator using singular values and vectors of a matrix rep-

resentation are also obtained. Once the singular values and functions are at hand, the drift

dynamics and the control effectiveness can be approximated, which facilitates the prediction

of the states of the dynamical system in response to an open-loop control signal. Once a

predictive model is generated, its predictions can be compared with the trajectory of the

true system using different guesses of the parameters as initial conditions of the augmented

states. A weakness of the current method is that the parameters identified can only choose

between the nodes of the mesh that is defined by the user. If the mesh does not include the

exact parameters, it is impossible to identify the exact parameters.

A numerical experiment using the Duffing oscillator is presented to demonstrate the per-

formance of the developed technique, while future work will focus on analyzing the effects of

integration error and measurement noise on the DCLDMDPID method, incorporating partial

system knowledge to enhance identification, investigating data-driven sensitivity analysis to

enable gradient-based parameter identification and investigating other gradient-free global

optimization techniques in place of the current grid-based approach.
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CHAPTER VIII

CONCLUSION

8.1 Summary

This dissertation studied data-driven identification of nonlinear dynamical systems using

lifting techniques. The central objective was to develop models that are useful both for

prediction and for control-oriented analysis when the governing equations are unknown or

only partially known. In contrast with classical linear system identification, where the model

structure is usually fixed and the main task is to estimate a finite collection of parameters,

nonlinear system identification requires the simultaneous selection of a representation and

the estimation of the corresponding model. The lifting perspective addresses this difficulty

by representing nonlinear dynamics through linear or approximately linear evolution in a

higher-dimensional space.

The dissertation focused on two complementary classes of lifting methods. The first class

is based on Koopman-type and Liouville-type operator representations, reproducing kernel

Hilbert spaces, and occupation kernels. These methods lift trajectories or observable func-

tions into function spaces where the dynamics can be represented through linear operators.

The second class is based on Carleman lifting, where nonlinear state dynamics are lifted into

a monomial basis so that an infinite-dimensional linear system represents the original non-

linear system. In both cases, the infinite-dimensional representation must be approximated

from finite data. The main problem addressed throughout the dissertation is therefore the

construction of finite-dimensional lifted models that are computationally useful, data-driven,

and accompanied by meaningful analytical or numerical guarantees.
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A recurring theme in the dissertation is the replacement of numerical differentiation by

integration along trajectories. Numerical derivatives are sensitive to measurement noise,

especially in nonlinear system identification, where derivative estimates often enter directly

into regression problems. Occupation kernels provide a way to encode trajectory information

through integral functionals. When the unknown dynamics belong to an appropriate RKHS,

endpoint differences of trajectories provide linear measurements of the dynamics without ex-

plicitly differentiating the measured signal. This observation motivates the occupation-kernel

regression methods and the Liouville-operator DMD methods developed in the dissertation.

Another recurring theme is the role of operator compactness and convergence. Koopman

and DMD methods are attractive because they connect nonlinear dynamics to linear spectral

analysis. However, finite-rank approximations of Koopman-type operators do not automat-

ically provide reliable spectral approximations. The continuous-time Liouville framework

used in this dissertation provides a path toward compact operators and norm-convergent

finite-rank approximations under appropriate assumptions. This strengthens the connection

between the data-driven finite-dimensional models and the underlying infinite-dimensional

dynamics.

The dissertation also addressed the use of lifted models for controlled systems and pa-

rameter identification. In controlled systems, the model must account not only for state

evolution, but also for the effect of input signals. Control occupation kernels and control

Liouville operators provide a natural way to incorporate inputs into the RKHS/operator-

theoretic framework. For parameter identification, the dissertation treated unknown param-

eters as augmented state variables and used a lifted operator-theoretic model to compare

predicted and observed trajectories under candidate parameter values. This extends the

lifting-based identification framework beyond prediction of state trajectories to recovery of

unknown physical quantities.
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8.2 Summary of Contributions

The first main contribution was the development of control occupation kernel regression for

nonlinear higher-order control-affine systems. The method applies to systems of the form

dsx

dts
= f(x) + g(x)u, (8.2.1)

where the drift dynamics f and the control effectiveness matrix g are unknown. Higher-order

control occupation kernels were introduced to avoid state augmentation for certain higher-

order systems and to represent the controlled dynamics through integral measurements in

a vector-valued RKHS. The resulting regression problem is regularized in the RKHS norm

and, by the representer theorem, its solution lies in the span of the control occupation kernels

generated by the observed trajectories. This gives a finite-dimensional matrix formulation

while preserving a basis that is naturally induced by the dynamics. Numerical experiments

on the Duffing oscillator and a two-link robot manipulator demonstrated that the method

can identify control-affine dynamics from noisy data and can produce models useful for

control-oriented simulation.

The second contribution was a data-driven Carleman lifting method for nonlinear sys-

tem identification with guaranteed error bounds. Classical Carleman linearization provides

an infinite-dimensional linear representation of nonlinear dynamics, but practical compu-

tation requires truncation. The dissertation developed an identification method in which a

finite-dimensional lifted linear system is estimated from trajectory data, while the truncation

order is selected using a prescribed-error analysis. The resulting model produces trajectories

that remain within a computable error bound of the nonlinear system trajectory under the

assumptions of the chapter. The numerical study showed the expected trade-off between

increasing the Carleman truncation order and the numerical conditioning of the data-driven

identification problem. Although higher truncation order improves the model-based Carle-

man approximation, the identified system may become less accurate beyond a critical order

because of conditioning and finite-data effects. This contribution therefore clarifies that, in
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data-driven Carleman identification, the truncation order should be selected not only from

the approximation power of the lifted representation, but also from the numerical stability

of the identification problem.

The third contribution was the development of a continuous-time dynamic mode de-

composition method for nonlinear control-affine systems using finite-rank approximations

of control Liouville operators. The method constructs a finite-rank representation of the

control Liouville operator from controlled trajectory data and then uses the singular values

and singular functions of that operator to approximate the drift dynamics and the control

effectiveness. Under sufficiently rich data, the finite-rank representation converges in norm

to the true control Liouville operator. This is important because norm convergence gives a

stronger approximation framework than strong-operator-topology convergence and is more

compatible with spectral computations. The Duffing oscillator example showed that the

identified model can accurately reproduce the response of the true system to a new open-

loop input, and that both the drift and control effectiveness can be approximated over the

region covered by the data.

The fourth contribution was the construction of a norm-convergent Liouville DMD for-

mulation and the demonstration of its equivalence with occupation kernel regression. This

result connects two viewpoints that initially appear different. The first viewpoint constructs

a finite-rank approximation of a Liouville operator and obtains a DMD-type model from its

singular functions. The second viewpoint directly solves a regression problem using occupa-

tion kernels as basis functions. The dissertation showed that, in the unregularized setting,

these approaches produce equivalent models. This equivalence gives an operator-theoretic

interpretation of occupation kernel regression and a regression-theoretic interpretation of

Liouville DMD. The numerical experiments further showed that regularization can improve

performance in the presence of measurement noise and numerical integration error, even

though regularization introduces bias in the noise-free idealized setting.

The fifth contribution was a dynamic mode decomposition approach to parameter iden-
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tification using discrete control Liouville operators. The method augments the system state

with unknown parameters and constructs an RKHS-based lifted model of the augmented

dynamics. Once the predictive model is constructed, candidate parameter values are used

as initial conditions for the parameter states, and the predicted state trajectory is compared

with an observed query trajectory. The parameter vector that minimizes the resulting pre-

diction error is selected as the estimate. The Duffing oscillator example demonstrated that,

when the true parameter vector lies on the search mesh, the method can recover the exact

parameter values in the tested case. When the true parameter vector is not on the mesh, the

method returns the best-fitting mesh point and still separates a low-error cluster of candidate

parameters from higher-error candidates. This contribution shows that operator-theoretic

lifted models can be used not only for trajectory prediction, but also for data-driven recovery

of unknown parameters when the explicit dependence of the dynamics on those parameters

is unavailable.

Taken together, these contributions advance a unified lifting-based approach to nonlinear

system identification. Occupation kernels reduce sensitivity to numerical differentiation. Li-

ouville operators provide continuous-time operator models and a route to norm-convergent

DMD. Control occupation kernels and control Liouville operators extend the framework to

input-driven systems. Carleman lifting provides a complementary finite-dimensional lin-

ear approximation with prescribed-error analysis. Augmented-state DCLDMD extends the

framework to parameter identification. The common thread is the construction of useful

finite-dimensional models from trajectory data while preserving as much analytical struc-

ture as possible from the underlying infinite-dimensional lifted representation.

8.3 Limitations

The methods developed in this dissertation also have limitations that clarify the scope of

the results and motivate future work. For occupation-kernel and RKHS-based methods, the

quality of the identified model depends on the selected kernel, the regularization parameter,
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and the coverage of the state-input domain by the training trajectories. If the observed

trajectories do not sufficiently excite a region of the state space or do not contain sufficiently

rich control inputs, the identified drift and control effectiveness may generalize poorly in

that region. This behavior was visible in the numerical examples, where errors tended to

increase near the boundary of the domain covered by the data.

Computational cost is another important limitation. Occupation-kernel models are ex-

pressed as combinations of kernel functions associated with the training trajectories. As the

number of trajectories grows, evaluating the identified dynamics at a new state may become

expensive, especially for real-time feedback applications. The two-link robot manipulator

example demonstrated that the identified model can be useful for control computation, but

also highlighted the need for faster evaluation methods. Without additional compression,

sparsification, or low-rank approximation, direct implementation of the identified model may

be too slow for high-rate feedback control.

The Carleman-based method is limited by the growth of the lifted dimension and by

numerical conditioning. Increasing the truncation order increases the expressive power of

the lifted model, but it also increases the dimension of the linear system to be identified.

This can amplify numerical errors and make matrix inversions ill-conditioned. The error

bound developed in the Carleman chapter gives a conservative way to select a truncation

order, but the numerical results indicate that the best observed trajectory approximation

and the best guaranteed bound may occur at different truncation orders. This is partly

because the current analysis bounds the full lifted state, while the states of interest may

only be the original physical coordinates or a low-dimensional projection of the lifted state.

For the DMD and Liouville-operator methods, the theoretical convergence results rely on

assumptions about the RKHS, the compactness of the relevant operators, and the richness

of the data. In practice, data are finite, noisy, and generated by numerical integration or

physical sensors. Therefore, integration error, measurement noise, and finite-sample effects

can influence the Gram matrices and the resulting operator approximations. The numerical
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experiments suggest that regularization may mitigate these effects, but a complete statistical

and numerical perturbation analysis remains open.

For the parameter-identification method, the current implementation depends on a user-

defined mesh in the parameter space. This creates an inherent resolution limitation: if the

true parameter vector is not contained in the mesh, the method cannot return the exact

value. In addition, the prediction-error landscape need not be convex, so a coarse grid may

miss good parameter estimates or may select a parameter vector that fits the available query

trajectory well but is not globally identifiable. This limitation suggests that the current grid-

based implementation should be viewed as a proof of concept rather than a final optimization

strategy.

8.4 Future Work

Several directions follow naturally from the results of the dissertation. First, future work

should develop computationally efficient evaluation methods for occupation-kernel models.

Possible approaches include sparse kernel expansions, greedy trajectory selection, low-rank

kernel approximations, randomized numerical linear algebra, and offline compression of the

occupation-kernel basis. These tools would make the identified models more practical for

real-time prediction and feedback control.

Second, the effects of measurement noise and numerical integration error should be an-

alyzed more systematically. The regression and DMD formulations in the dissertation al-

ready suggest that integration-based methods are less sensitive to high-frequency noise than

derivative-based methods. However, the finite-dimensional matrices used by the algorithms

are still affected by noisy trajectories, quadrature error, and finite sampling. Perturbation

bounds for the Gram matrices, singular functions, identified vector fields, and predicted tra-

jectories would make it possible to choose regularization parameters and sampling rates in

a more principled way.

Third, kernel and hyperparameter selection remain important open problems. The RKHS
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framework provides a flexible model class, but the selected kernel encodes assumptions about

smoothness, length scale, and function structure. Automated or data-adaptive kernel selec-

tion methods would improve the robustness of the proposed algorithms. In the context of

control-affine systems, future work should also investigate kernels that exploit partial struc-

tural knowledge, such as known state dependencies, sparsity, mechanical-system structure,

or separability between drift and control terms.

Fourth, the Carleman lifting results can be strengthened by deriving less conservative

error bounds for the states of interest. In many applications, the full lifted state is not directly

meaningful; the objective is to approximate the original state variables over a prescribed time

horizon. Bounds that directly estimate the error in the truncated physical coordinates could

reduce conservatism and produce truncation-order selection rules that better match the

observed numerical performance. Further investigation is also needed to quantify machine-

precision effects and conditioning at high truncation orders.

Fifth, future work should extend the control Liouville and occupation-kernel methods to-

ward closed-loop control design. The dissertation demonstrates that the identified models can

predict responses to new open-loop inputs and can be used in control-oriented computations.

The next step is to integrate the identified models into feedback design, model predictive

control, adaptive control, or reinforcement-learning schemes while preserving stability and

robustness guarantees. This will require understanding how model error propagates through

the controller and how uncertainty in the identified dynamics can be accounted for during

synthesis.

Sixth, the parameter-identification method should be extended beyond grid search. Data-

driven sensitivity analysis could provide gradients of the prediction error with respect to

candidate parameters, enabling gradient-based optimization. Alternatively, derivative-free

global optimization methods could replace the mesh-based search while preserving the ability

to handle nonconvex prediction-error landscapes. Incorporating partial physical knowledge,

such as known signs, bounds, or conservation laws, may also improve identifiability and
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reduce the dimension of the search space.

Finally, experimental validation is an important direction. The dissertation uses numer-

ical examples to demonstrate the proposed methods, including the Duffing oscillator, the

Van der Pol oscillator, and a two-link robot manipulator model. Applying the algorithms to

laboratory systems would test their performance under sensor noise, actuator limits, unmod-

eled dynamics, sampling irregularity, and imperfect state measurements. Such experiments

would also clarify which computational bottlenecks are most important in real-time settings.

8.5 Closing Remarks

The results of this dissertation show that lifting techniques provide a powerful framework

for data-driven identification of nonlinear systems. By moving from the original nonlinear

state dynamics to lifted function-space or monomial representations, it becomes possible to

use linear operator ideas, regression, spectral approximation, and error analysis in settings

where direct nonlinear modeling is difficult. The occupation-kernel and Liouville-operator

methods developed here emphasize integration along trajectories, compact operator approx-

imation, and control-aware RKHS constructions. The Carleman method emphasizes finite-

dimensional lifted linear identification with prescribed-error guarantees. The parameter-

identification method shows that lifted operator models can also be used to infer unknown

physical quantities when their coupling to the dynamics is not explicitly known.

The broader conclusion is that lifting does not remove the difficulty of nonlinear system

identification; rather, it reorganizes the difficulty into questions of representation, approx-

imation, data richness, regularization, and computation. This reorganization is valuable

because it exposes mathematical structure that can be analyzed and exploited. The disser-

tation contributes to this direction by developing new algorithms and theoretical connections

that make lifting-based models more useful for prediction, control-oriented modeling, and

parameter identification of nonlinear dynamical systems.
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