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Abstract—Adaptive dynamic programming is applied to
control-affine nonlinear systems with uncertain drift dynamics
to obtain a near-optimal solution to a finite-horizon optimal con-
trol problem with hard terminal constraints. A reinforcement
learning-based actor-critic framework is used to approximately
solve the Hamilton-Jacobi-Bellman equation, wherein critic
and actor neural networks (NN) are used for approximate
learning of the optimal value function and control policy, while
enforcing the optimality condition resulting from the hard
terminal constraint. Concurrent learning-based update laws
relax the restrictive persistence of excitation requirement. A
Lyapunov-based stability analysis guarantees uniformly ulti-
mately bounded convergence of the enacted control policy to
the optimal control policy.

I. INTRODUCTION

Many practical problems are best described as finite-
horizon optimal control problems with hard terminal con-
straints. For example, missile interception problems seek
to hit a target within a finite amount of time and with a
specified terminal angle; an aircraft seeks to arrive at a
specified destination and also minimize fuel consumption
along the way; a spacecraft must obtain an orbital position
with a specific velocity at a given final time. An abundance
of applications can be formulated into this type of optimal
control problem. However, an analytical solution is not
generally feasible because it requires the solution to a time-
varying Hamilton-Jacobi-Bellman (HJB) equation, which is
a nonlinear partial differential equation. This motivates the
development of an approximate optimal solution.

Approximate optimal control solutions are well-
established for unconstrained infinite-horizon problems.
One type of suboptimal control method utilizes the State-
Dependent Riccati Equation (SDRE) technique, which
minimizes the cost functional by restructuring the nonlinear
system into a linear form with state-dependent coefficients.
Then the corresponding Algebraic Riccati equation is solved
at each time step. However, SDRE techniques have a high
computing cost, and therefore require advanced numerical
methods for implementation [1]. One alternative to the
computationally expensive SDRE method is the 6 — D
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technique [2]. Rather than solve the Algebraic Riccati
Equation at each step, the # — D method uses a power
series expansion of the costate to solve for a closed form
approximate optimal control solution.

Alternatively, adaptive dynamic programming (ADP) can
be used with an actor-critic architecture to learn the optimal
control solution. In ADP methods, reinforcement learning is
used with an actor-critic framework to obtain an approximate
solution to the HIB equation and learn the optimal control
policy. The actor-critic framework consists of actor and
critic neural networks (NNs), which approximate the optimal
control policy and the optimal value function. The actor
NN interacts with the environment through the control, and
the critic NN evaluates the response to update the NNs.
A strong foundation has been established for terminally
unconstrained, infinite-horizon problems solved by either
offline or online ADP techniques [3]-[7]. ADP methods
have also been applied to the unconstrained, finite-horizon
problem [8]-[11]. However, less attention has been given to
the finite-horizon problem with hard terminal constraints.

Current approaches to the finite-horizon problem with
hard terminal constraints fall into two main categories. The
first category involves numerically solving for the optimal
control and then using the open loop optimal control solution
with another technique, such as neighboring optimal control
[12]. Alternatively, an approximate optimal feedback control
law can be developed. For example, a closed-form series
solution has been developed in [13] to exactly satisfy the hard
terminal constraint; however, convergence is not guaranteed
for a highly nonlinear system. Constrained optimal control
problems have been approached with offline ADP methods
in [14]-[16]. However, the offline ADP solution uses exact
model knowledge to train the weights. Consequently, the
solution does not have the flexibility to react online to uncer-
tainty. An online ADP solution can provide this flexibility.

The objective of this paper is to develop an online ADP
solution for terminally constrained, finite-horizon optimal
control problems with linear-in-the-parameters (LP) uncer-
tainty in the drift dynamics. Online ADP methods typically
employ a persistence of excitation (PE) condition, which
requires sufficient exploration in the observed data to guaran-
tee approximation convergence [4]. However, in this work,
concurrent learning (CL) is used to eliminate the need for
the PE condition. In CL, the approximate Bellman error is
evaluated at a pre-sampled set of data points. As a result, the
approximate Bellman error can be evaluated at any point in
state space rather than the limited set of observed data points



[17]. A Lyapunov-based stability analysis is presented to
establish uniformly ultimately bounded (UUB) convergence
of the enacted control policy to the optimal control policy.

II. PROBLEM FORMULATION

Consider the nonlinear control affine system

= f(@)+g ()0, (1)

where ©z € R" represents the states, f : R® — R"
represents the drift dynamics, g : R™ — R™*" is the control
effectiveness matrix, and 4 € R™ is the control input. The
class of systems to be considered satisfies the following:

Assumption 1. The drift dynamics f (z) are unknown with
LP uncertainty, are locally Lipschitz, and f(0) = 0. The
control effectiveness matrix ¢ (x) is known, bounded, and
locally Lipschitz.

The objective is to solve a constrained optimal control
problem by minimizing the cost functional J € R, defined
as

ty
J A / (2" Qz + 4" Ra) dt, )
to

subject to the dynamics from (1) and the hard terminal
constraint ¢ (z (t7)) = ¢y € RP, where Q € R™*"
and R € R™*™ are constant, positive definite symmetric
weighting matrices. The hard constraint on the terminal state
is defined as ¢y £ 0, where 0, € RP denotes a p-
dimensional vector of zeros. The optimal value function,
V : R*" x R — R, is defined using the minimum cost
functional within the set of admissible control policies U
[5], given by

V (z,t) é/t ' (xTQx +u(z,7)" Ru(z, 7)) dr
+vT (@ (@ (tr) = vp), 3)

subject to the dynamic constraints, where v € RP is the
optimal constant vector of Lagrange multipliers, and » : R™ X
R — R™ is the optimal control policy. If the hard terminal
constraint is satisfied, then (¢ (z (tf)) — %) = 0p. As a
result, the optimal value function will have no sensitivity to
v. Consequently, the optimal value function must satisfy the
necessary condition [13]

v (z,1) =0, Vz €R", teR. 4)
v
The HJB equation is given by [18]
t
H(x,t)Jr%:O, (5)

where the Hamiltonian, H : R™ x R — R, is defined as

H(z,t) 2 27Qx + u(z,t)" Ru(x,t)

oV (x,t
80 oy g @ue ). ©
Using the stationary condition [18], the optimal control
policy is defined as

vV (x, t))T o

u(x,t) = —%R‘lg (x)T (&E

where it is assumed that a minimizing policy exists and
that the value function is continuously differentiable. Solving
for the optimal control policy is often analytically infea-
sible, since it requires the solution to a nonlinear partial
differential equation. Consequently, an approximate optimal
control solution is desired. To facilitate the development of
an approximate control solution, an identifier is designed
in the following section for identification of the uncertain
parameters in the dynamics.

III. SYSTEM IDENTIFICATION

The drift dynamics f (z) can be linearly parametrized as
f(x) = Y ()0, where Y : R® — R"** is the known
regression matrix, and § € R? is the vector of constant
unknown parameters. The drift dynamics are estimated with
f(a:,é) : R" x R® — R™, defined as f(x,é) LY (x)0,

where 6 € R® is a vector of the estimated uncertain
parameters. The estimated dynamics are defined as

g‘c:f(:c,é)+g(x)a+kgcfc, ®)

where & £ x— 7 is the state estimation error, and k, € R"*"
is a constant, diagonal, positive definite gain matrix. Using
(1) and (8), the state estimation error dynamics are given by

=Y (2)0 — kyZ, )

where the parameter estimation error is defined as 2 6 — 6.

A. Parameter Update Law

Traditional parameter update laws rely on the PE condition
to guarantee parameter identification. Rather than assume
that the system states are exciting over all time, the PE
condition is relaxed by using a CL approach. Contrary to
the PE condition, CL only requires that the system states be
exciting for a finite amount of time to provide a rich history
of data points. The estimation of the uncertain parameters is
updated with a CL-based gradient descent law given by

. M
0L TgY (2)" & +Toky > V" (q; g — Yié) . (10)
i=1

where I'y € R**? is a constant positive definite gain matrix,
kg € R is a constant positive gain, and (-), represents
evaluation at a recorded data point. The update law depends
on the derivative ;, which is unknown. However, this can
be numerically obtained with a smoothing filter based on
past and current data [19]. To incorporate new information,

the history stack of recorded points is updated using a



singular value maximizing algorithm [20]. By substituting
i; = Y30 + g;4;, (10) can be expressed as
. M .
0 =TgY ()" 3+ Toke y_ (V;'Y:) 0.
i=1
Assumption 2. The CL-based matrix: Zf\il Y1Y; € Ro*®
is full rank V¢ € [to, t 7], with a minimum eigenvalue denoted
by y1 > 0.

(1)

To initially satisfy assumption 2, the data stack is initial-
ized with pre-obtained experimental data. The assumption
is weaker than the usual PE assumption because it only
requires the states to be exciting for a finite amount of time.
Furthermore, satisfaction of Assumption 2 can be verified
online unlike the PE condition [17].

B. Convergence Analysis

Consider the following positive definite continuously dif-
ferentiable Lyapunov function candidate

1 1~ ~
Vo (z) 2 5:5% + §9TF9‘10, (12)
which is bounded by
2 — 2
vo |z < Vo (2) <woll2]”, (13)

where vy %min (1,&), T 2 %max(l,%), 2 2
[ 27 67 € R""*, and 7y, 75 € R are the minimum
and maximum eigenvalues of Fe_l.

The time derivative of V) is given by

]T

M
Vo = —i"ki — 0"ko »_ (Y;'V3) 6. (14)
i=1
Using (13), (14) can be upperbounded as
. \%
Vo < —min (kg, koy:) U:O (15)
— Vo

where k, is the minimum eigenvalue of k,. From (15),
Hé(t)H — 0 and ||Z (t)|| — O exponentially fast. Further-

more, it can be shown that ||i (t)|| = O exponentially fast,
resulting in exponential regulation of the parameter and state
derivative estimation errors [17]. The parameter estimates
are used within the development of an approximate optimal
control solution in the following section. Note that some
function arguments are suppressed hereafter for brevity.

IV. APPROXIMATE SOLUTION

An approximate optimal control policy is developed with
an actor-critic NN framework based on reinforcement learn-
ing [4]. Typically in ADP, the value function is represented
with one NN. However, due to the hard constraint, the value
function is augmented with a second NN, which represents
the effect of the hard constraint. A temporary assumption
is made that the state x lies on a compact set x C R”.
This assumption is common in NN-based control and will

be relaxed in the stability analysis, as long as the initial
condition z (0) is bounded.

Motivated by the development in [14], the optimal value
function can be approximated as

V=wTls (z,t) +IT¢ (z,t,v)— Vwa +e(z,t,v), (16)

where W € RY and I' € R are the unknown ideal NN
weights, 0 : R” x R — RY and ¢ : R” x R x RP? — R’ are
the continuous basis functions, and € : R” x R x RP — R is
the unknown reconstruction error. The ideal NN weights are
bounded above by positive constants, i.e. |[W| < W € R
and ||[T'|| < T € R. The selected basis functions o and ¢
as well as the partial derivatives with respect to state and
time are bounded. The reconstruction error and its partial
derivatives with respect to state and time are upperbounded,
ie. Ale] < & € Ry, A||%|| < & € R, and A|%| <
&, € R>(, where the operator A(-) &  sup  (-). The
o TEX, t€[to,ty]

upperbounds W, I'; &, &,, & are assumed to be known.

Enforcing the optimality condition from (4), the optimal
Lagrange multiplier is given by

T T
(WM> p_¢f+<8€(”f’t’”>> —0,. (7)

v ov
Since the value function in (16) contains the unknown ideal
weights W and I', and the unknown optimal Lagrange
multipliers v, the value function is approximated as

VAWTo (x,t) + 1T (2,t,0) — 0Ty, (18)

where W, € RN and I, € RE are approximations of W and
T', and where © € RP? is an estimate of v. The update policies
for these estimates are given in the following section.
Using the optimal control definition from (7) and the value
function in (16), the optimal control can be represented as

u(z, t,v) =— %R‘lg (x)T (093 (z, t)T W + ¢ (¢, V)TF

e (@ t)"), (19)

where o, 2 92 ¢ RN*" ¢, 2 90 c RIX" and e, £ 25 ¢
R1*", The approximate optimal control solution is given by

LR @) (o0 @) Wat 0 28,9)T ).

’ 0)
where W, € RN and I', € RE are approximations of the
ideal NN weights W and T

To develop an estimate for the optimal Lagrange multipli-
ers, the optimality condition in (4) is applied to the approx-
imated value function, resulting in the following condition:

06 (x,t,0)\ " +

U =—

2y



The approximate Hamiltonian H € R, rewritten with the NN
representation, is given by

H=2"Qx + 4" Ra + (WCT% + ch¢1) (f +g0). (22)

The Bellman error (BE) is defined as the difference between
the approximated HJB and the 0pt1mal HIJB. Using (5) and

the approximated drift dynamics f (sc 6), an estimate of the

BE, § € R, is expressed as

(af t o, <f+gﬁ>) +

+ xTQx + 4T Ra,

5 2W, 7 (dnﬂbm (f+gﬁ))

(23)

where oy 2 92 ¢ RV, and ¢, £ %2 € R”. The measurable
estimate of the BE in (23) can be computed to reveal
the proximity of the approximations to the actual values.
Consequently, the estimated BE can be used to learn the
ideal NN weights by incorporating it into the weight update
laws, which are developed in the following section.

V. NN WEIGHT UPDATE LAWS

In this section, weight update laws are defined so that the
approximated NN weights converge to the ideal NN weights.
In the NN representation, the integrated cost is approximated
by WCT o. Therefore, the weights W, are trained based on the
BE estimate corresponding to the optimal control problem
without the hard constraint, denoted by 61 € R. The hard
terminal constraint is approximated by FT¢ Consequently,

the weights F are trained based on & HC = 5— 51

By taking this difference, the contribution to the BE from
the hard terminal constraint is isolated.

A. Integrated Cost Weight Estimates

Since WC and Wa represent estimates associated with the
integrated cost, the weights are trained based on the BE
estimate that corresponds to the terminally unconstrained
problem, 31, defined as

b1 2 W (o000 (F4gin)) +2"Qu+ il Rin, (24)

where the approximate optimal control #; is given by

ir (0,6, W,) =~ R (@) 0 (2,0) e, 29)
where £1 : R™” xR — R is the reconstruction error and where
f1o (2,t) = W € R ", which is upperbounded by a
constant, i.e. A(|leiz]]) < &1, € R>o. The constant &, is
assumed to be known.

The critic weights W, are updated based on the BE
estimate 51. To provide sufficient data richness for learning,
the BE estimate is also evaluated over a set of k user-
selected sample points, given by d; = {z;|z; € x} U
{t; | t; € [to, tf]} for j =1, - k. The critic NN update

law, Wc € RY, is defined by the CL-based gradient descent
of 41, given by

Wc é pI‘Oj _ncl

mz( - 61]> ., (6)

where (-) ; represents evaluation at d;, the adaptation gains
Ne1, Ne2 € R are positive constants, the regressor vectors

wi, wi; € RY are defined as w; £ oy + oy (f—l—gﬂl)

and w1 £ oy + 045 (fj + gﬂllj), the normalization terms

Q1, Q; € R are defined as ; = /1+wfw; and
Q; 2 /1+ wijwij, and proj{-} is a smooth orthogonal
projection operator used to bound the weight estimates [21].

The actor NN update law, W, € RY, is given by

Wa £ proj (=mar (Wa = W), )

where 7,1 € R is a positive constant gain.

B. Terminal Constraint Weight Estimates

Since fc and f‘a represent the hard terminal constraint,
they are updated based on dmc, which represents the contri-
butions to the estimated BE that come from the hard terminal
constraint.

The critic NN update law for I, is defined by the CL-
based gradient descent of Sucs given by

5ch) ;o (28)

k
SN w2 ¢ w2j
1—‘c - _77039726HC - 77(:4]421 (Q

where 7.3, n.4 € R are positive constant adaptation gains,
wa, way; € RL are the regressor vectors defined as wy £

bt + Ga (ergﬁ) and wy; £ drj + ¢uj (fj + gj'&j)’ and
2y, 29; € R are normalization terms given by {2y =

V1+wjws and Qg = /1 + wl ws;.

The actor NN update law for I, is given by

Lo 2 proj (=mas (Tu = 1)) 29)
where 7,2 € R is a positive constant gain.
VI. STABILITY ANALYSIS
To facilitate the stability analysis, let G £ gR'g” €

R G, £ 0,Gol € RN*N_ and let the mini-

mum eigenvalue of () be denoted as ¢. The drift dy-
namics and regression matrix can be upperbounded on
the compact set x as ||f|| < Ly|lz|, Y] < Y, and
hal Y, where Lf, Y, Y; € R are positive con-
stants. The upperbounds on ||o,| and |¢,.|| are defined
as &, and ¢,. For brevity, let Y15, Y34 € R be de-

fined Y, & Y + ne Y; dYs &
ned as 12 Nel —ﬁ—nglén[la]);:[]( ) an 34

(nch + Neak max (Y¢)>. Let the operators A; and A,

i€[1,M]



be defined as A; () £ sup

t€(to,ty]
Lastly, let the operator Y, (-) be defined as Y, (1) =
a(-)+ be:I (-); for any a, b€ R.

Throughout the stability analysis, unmeasurable forms
of the BE estimates are used, which contain the weight
estlmatlon errors VVC7 VVa7 I’c, deﬁned as Wc L7 — Wc,
W, 2WwW— Wa, cET— FC, and I, fa. Expressing
the BE estimates in an unmeasurable form allows the weight
estimation errors to enter the stability analysis through the
weight update laws.

(\) and A, (1) =

Assumptiog 3. The CL-based matrlces c1 =
2?21 wgle“' € RV*N and ¢y = Zf L W‘S:?J € REXL
are full rank V¢t € [to,tf], with minimum
eigenvalues of ¢; = inf  (Amin(c1)) > 0 and
- t€fto,ts]

A .

= f (Ami > 0.
22 ot On )

Although Assumption 3 cannot be guaranteed a priori, it
can be verified online and, in general, can be satisfied by
selecting many sample points to create a rich database [17].

Theorem 1. Provided that Assumptions 1-3 hold and the
gains kg, Ne1, Ne2, Nes, Nea are designed such that the
following sufficient conditions are met

g> 1

2 _§1I)|7

“e1oLy + %Lf |(Ex

Wa, Ty
1Y, 4 L2
2y1 2y1

ko >

Ne2 > =— (Na1 + Ne1€raly + W5,V 12),

1
27

Nea > = (N2 + NesLy |(Ex — E10)| + T Y34),  (30)

1
27
then the state x, the weight estimation errors Wa, Wc, fa,
l:‘c, the state estimation error I, and the parameter estimation
error 0 are UUB, resulting in UUB convergence of the
approximate control policy to the optimal control policy.

Proof: Consider the following continuously differen-
tiable, positive definite Lyapunov function candidate

1 -~ 1epe
Vi (Z,t) 2V (z,t) + EWGTWQ + 5Ffra

1o lams
+ §WCTWC + 51“f§rc + Vo (2), (31)

where Z £ [T wI 17 wI 17 70 47 }T.
From Lemma 4.3 of [22], there exist class I functions, o
and oo, such that

ar ([12])) < Vi (2,1) < az ([|2]]) (32)

for all ¢t € [0,00) and for all Z € R#"F2N+2L+s The time
derivative of the candidate Lyapunov function is given by

=2 (%‘;)T (f +gi) = Wi (Wa) = T7 (L)
—WCT(W) FT< ) + Vo

Substltutmg S V. from (5) and then using (6), (14), (16), (19),
(20), (26), (27), (28), (29), the unmeasurable forms of the BE
estimates, Young’s Inequality, and completion of the squares,
V,, can be upperbounded as

(33)

. 2 2 Yal ||z |12 Ya2 |5 |2
Vi < =t o) - ke 137 - 2o W - 222 |2
12 . 2 2 ll= 112
= a5 e - 52 e
k2, k2, k.l k2,
a a C C. k 34
* 21/&;1 + 271)112 + 2'szcl + 27/)02 + ’ ( )
where
l/}zég*%glml/ff%[/f“ém*élz)" %1%&
Wy — T, —
Va2 Yo = koyr — 5 Y12 — ;bx Y34,
Na Nel _ W&mf
Per £ Ne2C1 % - % 1sz - B) Yo,
Té.—
VYea = Neacs — 77%2 - %L |(Ex — €12)| — §1Y34,

ka1 & A <H; (GoW + 0,Gel)

1 - _
) + 5026200, (1G],

1 eI )1

Kaz 2 S04 (1G1) 6o (6.1 + 3. W) + 562 ((|G<E]))
1 1

kcl £ H2Tnc177702 <2€1wG€{m + WTUJCGE%;)

k
1 ~ ~
+T17¢1,7762 <4WEG0W<1 _Elt> — N2 E €lmjfj ’
i=1

1

N RIS UCICEE )

1 1
+ Y oosnes (451Gef — ZelmGele + &1t — €t>

o)) 726

2) &2

k
T4 Z (Eacj - €1Ij) fj + At ( Fa
=1

1 1 ~
+ 5 ) s (16D (50 (|




+ A (‘

C)Q&F+@%m

+At(’ Call |[We )5%2_53:),
kéA<i%Gﬁ). (35)
A further upperbound for (34) is
VLs—fHZH VIZ[ > >0, (36)

where 1, £ min (wx,kx,we,w“,wéﬂ,w” wf), po=

/2= and k, & + +2 2

P 2112 1 211&12
upperbound can be made smaller by 1ncreasmg the number

of neurons N and L or by adjusting the adaptation gains and
CL sample points. Based on (36), Z is UUB by invoking a
finite time version of Theorem 4.18 in [22]. [ |

Remark: If ||Z (to)|| > p. then Vi (Z (ty)) < 0. There

exists an ey € RT such that V, (Z (to +€)) < VL (Z (to))-
Then, a1 (|Z(to+eo)ll) < Vo(Z(to+e)) <
as (|| Z (to)]]). Rearranging terms, ||Z (to+e€o)|| <
a7t (s (|| Z(to)]])). Hence, Z(to+e) € Lo It

can be shown by induction that Z(f) € Lo and
1ZOI < oy’ (a2 (IZ(to)l) ¥t € RY when
I1Z (o)l > . If instead, |Z(to)|| < p. then
1Z @) < ait (a2< O%)) Therefore, ||Z(t)|| € Lo,
Vt € RT when ||Z(ty)|]| < p. Since Z(t) € Lo
vt € R7T, then x lies on the compact set x, where

x = {z e R"|||z| < ai" (a2 (max (|| Z (to)||, 1)) }. This
validates the compactness assumption and also 1mphes that
if the gain conditions initially satisfy (30), then the gain
conditions are sufficient for all time.

VII. CONCLUSION

An approximately optimal controller is developed for
finite-horizon optimal control problems with hard terminal
constraints and LP uncertainty in the drift dynamics. The
solution is determined online by learning the optimal value
function and optimal control policy with an actor-critic
framework guided by reinforcement learning, while also
enforcing the optimality condition that results from the hard
terminal constraint. Actor and critic update laws were based
on the minimization of the BE estimate. Additionally, CL
is used in place of the more restrictive PE requirement. A
Lyapunov-based stability analysis proves UUB convergence
of the enacted control policy to the optimal policy.

One advantage of using an online ADP solution is the
ability to handle uncertain drift dynamics. Offline ADP
results from [14] and [16] show exact satisfaction of the hard
constraint; however, the NN weights are trained based on
exact model knowledge. Therefore, if there is uncertainty in
the drift dynamics, then the hard constraint will not be satis-
fied. Furthermore, the stability of the controller even becomes
questionable. Although the online ADP result developed in
this paper only proves UUB convergence, the advantage of

using online ADP is the ability to compensate for uncer-
tain parameters in the drift dynamics while simultaneously
learning the optimal solution. In practice, the NN weights for
the online ADP controller could be initialized according to
offline training based on the best knowledge of the dynamics
by leveraging results such as [14] and [16].
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