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Abstract

In this paper, a novel online, safe output-feedback, critic-only, adaptive optimal control framework is developed for safety-
critical control of partially observable systems. The developed framework ensures system stability and safety, regardless of
the lack of full-state measurements, while learning and implementing a near-optimal controller. The approach leverages linear
matrix inequality-based observer design methods to efficiently search for observer gains for effective state estimation. Then,
approximate dynamic programming is used to develop an approximate controller that uses simulated experiences to guarantee
the safety and stability of the closed-loop system. Safety is enforced by adding a recentered robust Lyapunov-like barrier
function to the cost function that effectively enforces safety constraints, even in the presence of state estimation errors.
Lyapunov-based stability analysis is used to guarantee uniform ultimate boundedness of the trajectories of the closed-loop
system and ensure safety. Simulation studies are performed to demonstrate the effectiveness of the developed method through
two real-world safety-critical scenarios, specifically one ensuring that the state trajectories of a given system remain within a
given set, and the other ensuring that the system avoids an obstacle.
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1 Introduction

In recent times, safe, learning-based optimal control
(SLOC) has gained traction due to the need for robust
control of safety-critical systems. While there are several
SLOC strategies for nonlinear systems [6, 10, 12, 14, 15,
19,22,34,35,59], most of these methods rely on full-state
feedback, which is not always available in real-world sys-
tems.Without full state measurement, SLOC techniques
like those in [2, 13–15, 19, 22, 34, 35, 38, 54, 57, 63] could
be implemented using a näıve replacement of the actual
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state with state estimates, but the accompanying stabil-
ity guarantees are no longer valid. Consequently, there
is a need for adaptive output-feedback optimal control
techniques for nonlinear systems that guarantee safety
and stability regardless of limited state information from
sensors.

Related work on SLOC

To achieve the safety of a dynamical system, a widely
employed technique in the field of safe adaptive optimal
control is to perform a nonlinear coordinate transforma-
tion, initially introduced in [21] and further extended
by [22, 34, 59] for nonlinear control-affine systems. Bar-
rier functions are employed to transform the constrained
optimal control problem into an unconstrained one; how-
ever, the safety constraints they can handle are typically
limited to box constraints.

Approaches such as [14, 35] utilize control barrier func-
tions (CBFs), introduced in [7,23,55] to solve the SLOC
problem. A drawback of these techniques is that there
is a chance that the trajectories of the nonlinear system
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converge to an undesired equilibrium point, as stated
in [47] due to the added safety constraint. Results such
as [15, 16] avoid such behavior by decoupling the safety
and learning objectives. In particular, safe control com-
mands that are closest to a desired stabilizing controller
are implemented to guarantee safety in a minimally in-
vasive fashion. The technique developed in this paper
differs from [15] due to its use of a recentered robust
Lyapunov-like control barrier function (RLCBF) to pro-
mote safety by incorporating the barrier function into
the cost function. Re-centering of the barrier function,
first developed in [56], guarantees system convergence
to a desired equilibrium point regardless of safety objec-
tives. The SLOC technique employed in this paper also
differs from the strategies in [19] and [14], where a user-
defined smooth scheduling function is employed to selec-
tively penalize trajectories near the boundary of the safe
set, whereas our formulation imposes safety as a hard
constraint rather than a soft penalty, ensuring safety
without relying on trajectory-dependent penalization.

More recently, [6, 10] proposed a novel approach to
SLOC by minimizing a Lagrangian that includes both
the cost function and a user-defined barrier Lya-
punov function (BLF) to enforce state constraints.
Specifically, [6] minimizes the constrained generalized
Hamilton-Jacobi-Bellman (HJB) equation using a mod-
ified Galerkin successive approximation approach to ap-
proximate the value function and synthesize the safe
controller. Conversely, [10] introduced an Actor-Critic-
Identifier-Lagrangian algorithm designed to learn opti-
mal control policies online while ensuring safety.

Recent advances in multi-objective safety-critical con-
trol seek to balance safety with other performance objec-
tives. The authors in [4,5] achieve this through the use of
barrier states (BaS) to embed safety conditions directly
into control design, creating safety-embedded systems
where stabilizing the augmented system ensures safe
operation of the original system. The safety-embedded
system framework in [5] allows the use of existing con-
trol techniques to synthesize safe controllers that en-
force safety, handle input constraints, and guarantee
input-to-state safe stability. In [4], the BaS framework
was combined with the State-Dependent Riccati Equa-
tion (SDRE) approach, yielding the BaS-SDREmethod,
which synthesizes safe, nearly optimal feedback laws in
real time.

While effective, the existing SLOC methods described
above utilize full-state feedback and cannot be trivially
extended to systems where full state information is un-
available. For example, as demonstrated in Section 4,
the methods in [15, 16] cannot ensure safety if näıvely
implemented using state estimates.

SLOC using output-feedback

Early output-feedback optimal control methods devel-
oped in results such as [57, 58] assume that the pseu-
doinverse of the output matrix exists, which implicitly
restricts the technique to systems where the number of
outputs is larger than the number of states. More recent
output-feedback SLOC techniques such as [34] also rely
on structural restrictions imposed on the output matrix
so that each output is a direct measurement of a state
variable.

To avoid assumptions on the form or rank of the output
matrix, our preliminary work in [40,41] developed an ob-
server for control-affine nonlinear systems using the mul-
tiplier matrix approach, a technique introduced in works
such as [39,43,45,46,51,52,60–62]. For certain nonlinear
systems, this approach guarantees asymptotic conver-
gence of estimation errors under Lyapunov-derived con-
ditions. For example, [45] established sufficient stability
conditions using eigenvalues and eigenvectors of the lin-
ear stability matrix for Lipschitz systems. Building on
this, [61] reformulated the error dynamics as an LPV
system via the differential mean value theorem (DMVT)
and applied Lyapunov analysis to derive linearmatrix in-
equalities (LMIs) for observer gains. Later works [43,52]
developed LMI-based designs for bounded Jacobian sys-
tems. In particular, [52] extended the Luenberger-type
observer [8] by adding a third gain to cancel nonconvex
terms in the LMI stability condition. Although LMI-
based methods [39, 51, 52] ensure uniform asymptotic
convergence, they remain restricted to specific classes
of nonlinear systems. More recently, [24] exploited the
combined benefits of matrix multipliers-based LMIs and
NNs to develop an exponentially stable neuro-adaptive
observer for state and nonlinear function estimation in
Lipschitz systems with partially modeled process dy-
namics.

In our previous work, we developed novel observers for
control-affine systems whose dynamics have bounded Ja-
cobians. The observer developed in [41] was integrated
with an online critic-only adaptive control architecture
to learn a controller that keeps an input-constrained non-
linear system stable during the learning phase. The ar-
chitecture in [41] differs from the existing neural network
(NN)-based observers in literature like [1, 20, 30, 57, 58]
whose convergence analysis relies solely on negative
terms that result from a σ−modification-like term added
to the weight update laws. In these results, similar to
adaptive control, the convergence of the observer weights
to their true values cannot be expected, and the conver-
gence of state estimates to the true state is not robust
to disturbances and approximation errors.

While our previous works [41] and [40] extend the LMI-
based observer design to a broader class of nonlinear sys-
tems in the control-affine form, they do not address sys-

2



tem safety. Incorporating state estimators into SLOC ar-
chitectures is challenging, as estimation errors can prop-
agate through value function updates, potentially desta-
bilizing the learning process or resulting in suboptimal
policies. The fact that safety constraints must be sat-
isfied even in the presence of estimation errors necessi-
tates robust formulations.While robustification of CBFs
to ensure safety in the presence of estimation errors has
been studied in results such as [3, 17], to the best of
our knowledge, there are no existing output-feedback
SLOC methods that incorporate observer-based state
estimation with formal safety guarantees under input
constraints. The development of a unified framework
that couples observer design with robust CBF-based
safety filters for safe learning of optimal controllers un-
der partial observations and input constraints is thus
well-motivated.

Contribution

This paper focuses on extending our preliminary work
in [41] and [40] to address the problem of safety guar-
antees in online nonlinear output-feedback optimal con-
trol. To estimate the unknown states of the nonlinear
control-affine system required to compute the controller,
we design a nonlinear observer and use Lyapunov-based
analysis to develop LMIs that characterize the observer
gain matrices. Due to the use of state estimates in the
control law, CBFs fail to guarantee safety of the closed-
loop system, as demonstrated in Figure 1 of Section 4.
In this paper, a robust control barrier function (RCBF)
is developed to guarantee safety in the presence of state
estimation errors using a time-varying robustifying term
that relies on a shrinking bound on the state estimation
error.

The time-varying term avoids an overly conservative
controller behavior, which is a common pitfall of many
robust CBF-based controllers [17,18]. The key technical
challenge in the use of RCBFs to solve SLOC problems is
the fact that the incorporation of the RCBF constraint
results in a time-varying optimization problem. Due to
non-stationarity, such problems are difficult to solve on-
line. In this paper, we address this technical challenge by
utilizing the fact that the optimal control problem can
be made time-invariant by using an augmented system
state. We then develop a critic-only SLOC architecture
to learn the optimal value function as a function of the
augmented state to yield a safe and approximately op-
timal controller. Unlike actor-critic methods popular in
the literature [26, 27], the framework in this paper uti-
lizes a critic-only structure to provide an approximate
solution to the HJB equation, which requires identifying
fewer free parameters.

Organization

The rest of the paper is organized as follows: Section 2
contains the problem formulation which introduces the
system and some key assumptions about the system,
Section 3 presents the design of the state observer for
the nonlinear output-feedback system with a linear mea-
surement model, Section 4 introduces the concept of ro-
bust barrier functions and develops conditions sufficient
to guarantee safety despite state measurement errors,
Section 5 presents the control design using an observer-
based SLOC method, Section 6 contains stability anal-
ysis of the developed control architecture, Section 7
presents simulation studies on two systems with distinct
safety constraints and we compare the effectiveness of
our approach against similar methods in the literature,
and Section 8 concludes the paper.

1.1 Notation

In this paper, the symbol ∥ ·∥ represents the 2−norm for
vectors and the induced 2−norm for matrices. In denotes
an n× n identity matrix and 0n denotes the n× n zero
matrix. For a square matrix A ∈ Rn×n, λmax(A) and
λmin(A) denote its maximum and minimum eigenvalues,
respectively; A⊤ denotes its transpose; A > 0 (A < 0)
indicates that A is a positive definite (negative definite)
matrix; and A ≥ 0 (A ≤ 0) indicates that A is a positive
semi-definite (negative semi-definite) matrix. The total

derivative ∂f(x)
∂x is denoted by ∇xf(x) and the partial

derivative ∂f(x,y)
∂x is denoted by ∇xf(x, y). The convex

hull of a set O is denoted as Conv(O). The symbol (·)(·)
denotes the elements of the function or variable (·) at
the indices indicated by the subscript.

2 Problem Formulation and Preliminaries

2.1 System description

Consider nonlinear dynamical systems of the form

ẋ = f(x) + g(x)u, y = Cx, (1)

where x ∈ Rn is the system state, u ∈ Rm is the control
input, C ∈ Rq×n is the output matrix, and y ∈ Rq is
the measured output. The functions f : Rn → Rn and
g : Rn → Rn×m denote the drift vector and the control
effectiveness matrix, respectively. The following assump-
tions on the functions f and g are needed to facilitate the
development and analysis of the method in this paper.

Assumption 1 The functions f and g are known, dif-
ferentiable functions. Given any compact ball X ⊂ Rn

and a compact set U ⊂ Rm the partial derivatives satisfy
the element-wise bounds

(Kf1)i,j ≤ ∇(x)j (f(x))i ≤ (Kf2)i,j , (2)
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(Kg1)i,j ≤ [∇(x)j (g(x))i,k]uk ≤ (Kg2)i,j , (3)

for all x ∈ X ⊕ X , u ∈ U , i, j = 1, . . . , n, and k =
1, . . . ,m, where the operator ⊕ denotes the Minkowski
sum. Furthermore, the function f satisfies f(0) = 0.

Remark 2 Conditions similar to those in Assumption 1
are commonly required in several observer design schemes
(see, e.g., [46, 52, 61, 62]). However, while Jacobian
bounds are typically assumed to be global in those papers,
here the bounds are assumed to be local, which is a less
conservative assumption.

To develop the notion of safety, consider the set S ⊂
Rn defined as the zero super-level set of a continuously
differentiable function h : Rn → R such that

S = {x ∈ Rn : h(x) ≥ 0}, (4)

∂S = {x ∈ Rn : h(x) = 0}, (5)

Int (S) = {x ∈ Rn : h(x) > 0}, (6)

where ∂S and Int (S) represent the boundary and inte-
rior of the set S, respectively.

The objective is to design an observer to estimate the
system state online, using input-output measurements,
and to simultaneously synthesize and utilize a con-
troller that minimizes the cost functional defined in
(30), under the saturation constraint |(u)k(t)| ≤ u >
0 for all t ≥ t0 and k = 1, . . . ,m (i.e., u ∈ U where U is
them−dimensional hypercube with side length 2u), and
the safety constraint xu(t; t0, x0) ∈ S for all t ≥ t0, and
sufficiently small x0 (see Theorem 12), while ensuring
local uniform ultimate boundedness of the trajectories
of the closed-loop system.

In the following section, a state observer inspired by the
extended Luenberger observer [8, 9, 44, 52] is developed
to generate estimates of x.

3 Observer design using Jacobian bounds

The state observer is designed under the assumption that
the system state remains within a compact convex set
X and that the control input also remains within a com-
pact set U . CBFs and control saturation are employed
in the following sections to ensure that the control signal
remains in U and the system state remains in X , thus
ensuring that the Jacobian bounds in Assumption 1 re-
main valid along the system trajectories.

3.1 State observer

Using the fact that f(x) = Kf1x + (f(x) − Kf1x) and
g(x) = Kg1x + (g(x) − Kg1x), the nonlinear dynamics
in (1) can be expressed in the form ẋ = Ax + F(x) +

Gu(x, u), where A := Kf1 + Kg1 ∈ Rn×n, F(x) :=
−Kf1x+f(x), and Gu(x, u) := −Kg1x+

∑m
i=1 gi(x)(u)i.

Under Assumption 1, the derivatives of F and G satisfy
the element-wise inequalities

0 ≤ ∇(x)j (F(x))i ≤ (Kf2)i,j − (Kf1)i,j , and (7)

0 ≤ ∇(x)j (Gu(x, u))i ≤ (Kg2)i,j − (Kg1)i,j , (8)

where i, j = 1, . . . , n. Since the Jacobian bounds speci-
fied in Assumption 1 are local, even if the system state x
remains within the compact ball X for all t ≥ t0 through
the use of CBFs, there is no guarantee that the state es-
timate x̂ ∈ Rn will remain in X for all t ≥ t0. Inspired
by the results of [62], a state observer which utilizes the
well-known Hilbert projection theorem [36] is designed
as

˙̂x = f [Pr(x̂)+L1

(
y−C Pr(x̂)

)
]

+g[Pr(x̂)+L2

(
y−C Pr(x̂)

)
]u+L3

(
y−C Pr(x̂)

)
, (9)

where L1, L2, and L3 ∈ Rn×q are observer gains,
L1

(
y − C Pr(x̂)

)
and L2

(
y − C Pr(x̂)

)
are injection

terms, L3

(
y − C Pr(x̂)

)
is a linear correction term, and

Pr : Rn → X is the Hilbert projection, which is defined
as Pr(x̂) = argmins∈X ∥x̂− s∥ . The following Hilbert
projection theorem ensures the existence and uniqueness
of Pr(x̂).

Theorem 3 [36, Hilbert projection theorem] Let X be a
closed convex subset of Rn. For any x̂ ∈ Rn, there exists
a unique element Pr(x̂) ∈ X such that

∥∥x̂−Pr(x̂)
∥∥ =

infs∈X ∥x̂− s∥ .

Properties of Pr(x̂), highlighted in [62, Lemma 1],
are used in this development to guarantee that the
local Jacobian bounds remain valid for all t ≥
t0, notwithstanding that the bounds on the Jaco-
bian of the functions f and g are not global. The
state estimation error is defined as x̃ := x − x̂,
and the estimation error dynamics can be expressed
as ˙̃x = (A− L3C) (Pr(x) − Pr(x̂)) + F(Pr(x)) +
Gu(Pr(x), u) − F [Pr(x̂) + L1C

(
Pr(x)−Pr(x̂)

)
] −

Gu[Pr(x̂) + L2C
(
Pr(x)−Pr(x̂)

)
, u]. If x ∈ X , then

Ax = APr(x), y − C Pr(x̂) = C(Pr(x) − Pr(x̂)),
F(x) = F(Pr(x)) and Gu(x, u) = Gu(Pr(x), u). Propo-
sition 1 from [62] implies that there exists a function
(Φ)i,j : Rn×Rn → R such that for all x ∈ X and x̂ ∈ Rn

Pr(x)−Pr(x̂) =
[∑n

i=1

∑n
j=1(Φ(x, x̂))i,j(H)i,j

]
(x−x̂),

and |
(
Φ(x, x̂)

)
i,j

| ≤ 1, where (H)i,j := e(i)e⊤(j) and

e(i) ∈ Rn denotes the i-th standard basis vector in Rn.
Therefore, the observer error dynamics can be equiva-
lently expressed as

˙̃x = Ac(θ)x̃+∆F (x, x̂) + ∆Gu
(x, x̂, u), (10)
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where Ac(θ) := (A − L3C)θ with the matrix pa-
rameter θ(t) :=

∑n
i=1

∑n
j=1(Φ(x, x̂))i,j(H)i,j belong-

ing to the set O which is defined as O := {M ∈
Rn×n : M =

∑n
i=1

∑n
j=1(Φ(x, x̂))i,j(H)i,j , 0 ≤(

Φ(x, x̂)
)
i,j

≤ 1}, ∆F (x, x̂) := F(Pr(x)) −
F [Pr(x̂) + L1C

(
Pr(x)−Pr(x̂)

)
], and ∆Gu

(x, x̂, u) :=

Gu(Pr(x), u)− Gu[x̂+ L2C
(
Pr(x)−Pr(x̂)

)
, u].

3.2 Formulation of LMI conditions

The functions F and Gu can be equivalently
be expressed as F(x) =

∑n
i=1 e(i)(F(x))i,

and Gu(x, u) =
∑n

i=1 e(i)(Gu(x, u))i, respec-
tively. By the DMVT [61, Theorem 2.3], for
all x ∈ X and x̂ ∈ Rn, there exist (sf )i,j ∈
Conv(Pr(x),Pr(x̂)+L1C(Pr(x)−Pr(x̂))) such that the
difference function ∆F can be expressed as ∆F (x, x̂) =[∑n

i=1

∑n
j=1(H)i,j(φf (x, x̂))i,j

]
(In − L1C) (x − x̂),

where the function (φf )i,j : Rn × Rn → R is defined as

(φf )i,j(x,x̂):=

{
0, if (x)j=(x̂)j ,
Pr((x)j)−Pr((x̂)j)

(x)j−(x̂)j
∇(x)j (F((sf )i,j))i, if (x)j ̸=(x̂)j .

(12)

The subsequent development requires the property that
for all x ∈ X and x̂ ∈ Rn,

L1C(Pr(x)− Pr(x̂)) ∈ X ⊕ X and

L2C(Pr(x)− Pr(x̂)) ∈ X ⊕ X . (13)

Since X ⊕ X is a ball, if the induced 2-norm of L1C
and L2C is less than 1, then L1C and L2C map X ⊕ X
to itself, and (13) follows. These norm constraints have
been incorporated into the LMI condition developed in
Theorem 4 to ensure the validity of (13), and as a result,
the inequalities in (15) and (16).

Under Assumption 1, the partial derivative
∇(x)j (F((sf )i,j))i is bounded, element-wise, by
the bounds in (7) (i.e 0 ≤ ∇(x)j (F((sf )i,j))i ≤
(Kf2)i,j − (Kf1)i,j ,∀i, j = 1, . . . , n). 1 Similarly, by
the DMVT, for all x ∈ X and x̂ ∈ Rn, there exist
(sg)i,j ∈ Conv(Pr(x),Pr(x̂) + L2C(Pr(x) − Pr(x̂)))
such that the difference function ∆Gu

can be expressed

as ∆Gu
(x, x̂, u) =

[∑n
i=1

∑n
j=1(H)i,j(φg(x, x̂, u))i,j

]
×

(In − L2C) (x− x̂), where (φg)i,j : Rn × Rn × Rm → R
is defined as

(φg)i,j :=

{
0, if (x)j=(x̂)j ,
Pr((x)j)−Pr((x̂)j)

(x)j−(x̂)j
∇(x)j (Gu((sg)i,j ,u))i, if (x)j ̸=(x̂)j ,

(14)

1 The notation Pr((x)j) is a slight abuse of notation used
to simplify the expression. To be precise, Pr((x)j) should be
considered as Pr((x)je(j)) and Pr((x̂)j) should be consid-
ered as Pr((x̂)je(j)).

and under Assumption 1, the partial derivative
∇(x)j (Gu((sg)i,j , u))i is bounded element-wise by the
bounds in (8). Using the monotonicity and 1-
Lipschitz property of the Hilbert projection [62], 0 ≤
Pr((x)j)−Pr((x̂)j)

(x)j−(x̂)j
≤ 1. The representations in (12) and

(14) both leverage the DMVT to ensure the existence
of points (sf )ij and (sg)ij , which lie along convex paths
between Pr(x) and affine perturbations of Pr(x̂), de-
termined by the matrices C, L1, and L2, at which the
Jacobian of F and Gu are evaluated, respectively.

Using Assumption 1, the DMVT, and the bounds in (7),
the difference function ∆F is bounded as (cf. [41])

0n ≤ ∆F (x, x̂) ≤
(
Kf2−Kf1

)
(In−L1C) (x−x̂) , (15)

and similarly, using the bounds in (8), the difference
function ∆Gu

is bounded as

0n ≤ ∆Gu(x, x̂, u) ≤
(
Kg2−Kg1

)
(In−L2C) (x−x̂). (16)

In the following theorem, a bound on the Lie derivative
of a candidate Lyapunov function along the flow of the
observer error system in (10) is derived. The bound is
subsequently used in Theorem 12 to establish local ulti-
mate boundedness of the closed-loop system.

Theorem 4 Let Vx (x̃) := x̃⊤Px̃ be a candidate Lya-
punov function where P ∈ Rn×n is a symmetric positive
definite matrix. If

H1 Assumption 1 holds and
H2 there exist a symmetric positive definite matrix P ∈

Rn×n, and observer gains L1, L2, and R ∈ Rn×q

that satisfy the constraints ∥L1C∥ ≤ 1, ∥L2C∥ ≤ 1,
and the matrix inequality,

M < 0, ∀θ ∈ O, (17)

where M is defined in (11) at the top of Page 6,
α ∈ R>0 is a constant learning rate, Aθ := Aθ and
Cθ := Cθ,

then for all x̃ ∈ Rn, x ∈ X , and u ∈ U , the Lie derivative
of Vx along the flow of (10) satisfies

V̇x (x̃, x, u) ≤ −2αVx (x̃) . (18)

PROOF. Note that Vx satisfies the inequality
λmin(P ) ∥x̃∥2 ≤ Vx (x̃) ≤ λmax(P ) ∥x̃∥2 . Taking the
Lie derivative of Vx along the flow of (10) yields

V̇x (x̃, x, u) = x̃⊤ (A⊤
c (θ)P +Ac(θ)P

)
x̃+∆⊤

F (x, x̂)Px̃+

x̃⊤P∆F (x, x̂)+∆⊤
Gu

(x, x̂, u)Px̃+ x̃⊤P∆Gu(x, x̂, u). Us-
ing the Cauchy-Schwarz inequality and Young’s in-
equality, it can be concluded that ∆⊤

F (x, x̂)Px̃ +
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M :=

 A⊤
θ P+PAθ−C⊤

θ R⊤−RCθ+2αP
√
2P+(In−L1C)⊤(Kf2−Kf1)

⊤+(In−L2C)⊤(Kg2−Kg1)
⊤

√
2P+(Kf2−Kf1)(In−L1C)+(Kg2−Kg1)(In−L2C) −3In

. (11)

x̃⊤P∆F (x, x̂) ≤ ∥Px̃∥2 + ∥∆F (x, x̂)∥2. By applying the
bound from (15), it can be concluded that for all x ∈ X
and x̂ ∈ Rn

∆⊤
F (x, x̂)Px̃+x̃⊤P∆F (x, x̂) ≤ x̃⊤P 2x̃+x̃⊤ (In − L1C)

⊤

×
(
Kf2 −Kf1

)⊤ (
Kf2 −Kf1

)
(In − L1C) x̃. (19)

Following the same steps, by using Cauchy-Schwarz,
Young’s inequality and applying the bound in (16), it
can be concluded that for all x ∈ X , x̂ ∈ Rn and u ∈ U ,

∆⊤
Gu

(x, x̂, u)Px̃+ x̃⊤P∆Gu(x, x̂, u) ≤ ∥Px̃∥2

+ ∥∆Gu(x, x̂, u)∥2 ≤ x̃⊤P 2x̃+ x̃⊤ (In − L2C)
⊤

×
(
Kg2 −Kg1

)⊤ (
Kg2 −Kg1

)
(In − L2C) x̃. (20)

Therefore, if the algebraic Ricatti inequality (ARI)

A⊤
c (θ)P +Ac(θ)P + 2P 2 + (In − L1C)

⊤ (
Kf2 −Kf1

)⊤
×
(
Kf2 −Kf1

)
(In − L1C)+(In − L2C)

⊤ (
Kg2 −Kg1

)⊤
×
(
Kg2 −Kg1

)
(In − L2C) < 0 (21)

is satisfied, then the Lie derivative is negative defi-
nite. Splitting the ARI in (21) into three inequalities
and applying the Schur complement Lemma [11] on
each inequality, the first quadratic inequality,A⊤

c (θ)P +
Ac(θ)P +2P 2 < 0, can be equivalently expressed in ma-
trix form asA⊤

c (θ)P +Ac(θ)P
√
2P

√
2P −In

 < 0, (22)

the second inequality, (In −L1C)⊤(Kf2 −Kf1)
⊤(Kf2 −

Kf1)(In − L1C) ≤ 0, can be expressed as 0n (In−L1C)
⊤(

Kf2−Kf1

)⊤(
Kf2−Kf1

)
(In−L1C) −In

≤0, (23)

and the third inequality, (In−L2C)⊤(Kg2−Kg1)
⊤(Kg2−

Kg1)(In − L2C) ≤ 0, can be expressed as 0n (In−L2C)
⊤(

Kg2−Kg1

)⊤(
Kg2−Kg1

)
(In−L2C) −In

≤0. (24)

Combining the matrix inequalities in (22), (23), and

(24), it can be concluded that if the LMI in (17) is satis-
fied for some constant α ∈ R>0, then the Lie derivative
is bounded as described in (18).

Remark 5 The observer gain L3 can be obtained via the
typical variable substitution L3 = P−1R.

4 Safe control using RCBFs

The state-feedback SLOC techniques developed by [14]
and [35], which embed the CBF in the cost function of the
optimal control problem to enforce safety constraints,
fail in the output-feedback case when implemented via
näıve certainty equivalence without introducing a robus-
tifying term. Figure 1 illustrates this failure using the
system from the simulation study in Section 7.

Inspired by RCBF techniques utilized in [3, 18, 23, 31,
33, 49] to ensure safety in the presence of state estima-
tion errors, this section introduces RLCBFs which will
be utilized in this paper to achieve safety objectives. The
purpose of this section is to motivate the design of the
RLCBF introduced in (33) and to provide the rationale
behind its selection. It should be noted that the stability
results presented herein are not directly utilized in the
control design; they only justify the choice of the final
RLCBF used in the control design, as detailed in Sec-
tion 5.

4.1 Control Barrier Functions

The following definitions from [7] formalize the concept
of CBFs, which are employed to enforce the safety con-
straints.

Definition 6 [7] Given a set S ⊂ X ⊂ Rn as de-
fined in (4)–(6) and the set U ⊂ Rm, a continu-
ously differentiable function h : X → R is a CBF
for (1), if there exist a class K function ν such that,
supu∈U ∇xh(x)

(
f(x) + g(x)u

)
≥ −ν

(
h(x)

)
,∀x ∈ S.

The following theorem from [7], stated here for complete-
ness, establishes conditions that must be satisfied for the
existence of control policies that guarantee safety.

Theorem 7 [7, Theorem 1] Given the sets S ⊂ X ⊂ Rn

and U ⊂ Rm, along with a continuously differentiable
CBF h : X → R for the system in (1) such that ∇h(x) ̸=
0 for all x ∈ ∂S and a set defined as

KCBF :=
{
u∈U :∇xh(x)

(
f(x)+g(x)u

)
≥−ν

(
h(x)

)}
, (25)
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any control policy πϕ : X ×R≥0 → U that is locally Lip-
schitz continuous in x, piecewise continuous in t, and
satisfies πϕ(x, t) ∈ KCBF for all x ∈ X and t ≥ t0, guar-
antees forward invariance of the set S.

4.2 Safety using RCBFs

Since state estimates are used for feedback instead of the
true state, the performance of CBFs in guaranteeing the
safety of the system in (1) may be degraded. A RCBF
[33] can provide robustness despite the error resulting
from the difference between the exact and approximate
controller.

Even if a given control policy satisfies πϕ(x, t) ∈ KCBF

for all (x, t) ∈ X × R≥0, the implemented controller re-
lies on the estimated state, u(t) = πϕ(x̂, t). Since x̂ ̸= x
in general, the resulting control input may not guaran-
tee the safety of the actual system (1). By using the ob-
server designed in Section 3 and the bound on the state
estimation error in (28), an RCBF can be developed to
guarantee the safety of the controller u(t) = πϕ(x̂, t) re-

gardless of the state estimation error. To that end, let Ŝ
denote a set of state estimates defined as

Ŝ(t) :=
{
x̂ ∈ Rn : hr(x̂, t) ≥ 0

}
, (26)

where the function hr ∈ Rn × R≥0 → R is defined as
hr(x̂, t) = h(x̂)−ℓξ(t), where ℓ ∈ R>0 is a Lipschitz con-
stant that satisfies |h(x)− h(x̂)| ≤ ℓ ∥x− x̂∥ , ∀x, x̂ ∈
Rn,where ξ : R≥0 → R is a non-increasing robustifying
term defined as

ξ(t) :=

√λmax(P )

λmin(P )

 ϵ0 exp(−αt), (27)

where ϵ0 ∈ R>0 is a constant such that∥∥x(t0)− x̂(t0)
∥∥ ≤ ϵ0. The robustifying term in (27)

depends on the symmetric positive definite matrix P ,
which is obtained by solving the LMI in (17). The
robustifying term in (27) is inspired by approaches
such as [3, 23, 33, 53], but it is redesigned to integrate
with our observer design. The robustifying term is
obtained using the fact that if the control signal u(·)
and the corresponding trajectory x(·) of the system in
(1) satisfy x(t) ∈ X and u(t) ∈ U for all t ≥ t0 such
that the bound in (18) holds, then the Comparison
Lemma [29, Lemma 3.4] can be invoked to develop the
bound∥∥x̃(t)∥∥ ≤ ξ(t), ∀t ≥ t0. (28)

The following definition formalizes the concept of an
RCBF for nonlinear systems with partial state measure-
ment.

Definition 8 Given a set S ⊂ Rn defined in (26), a

continuously differentiable function hr : X × R≥0 → R
is a RCBF for (1) with an observer (9) of known er-
ror bound (28), if there exists a class K function ν such
that, supu∈U ∇xhr(x, t)

(
f(x) + g(x)u

)
+ ∇thr(x, t) ≥

ν
(
hr(x, t0)

)
, for all x ∈ S and t ≥ t0.

The RCBF in Definition 8 is motivated by similar defi-
nitions in [3, 23,53].

Lemma 9 Given the set S ⊂ X ⊂ Rn, an RCBF hr :
Rn×R≥0 → R that satisfies Definition 8, and the control
set U ⊂ Rm, if Assumption 1 holds, Hypothesis H2 of
Theorem 4 holds, and x(t) ∈ X ,∀t ≥ t0, then any control

policy that ensures x̂0 ∈ Ŝ(t0) =⇒ hr(x̂(t), t) ≥ 0 for
all t ≥ t0 guarantees the safety of the system in (1) with
respect to S.

PROOF. By Lipschitz continuity of h and using the
triangle inequality |h(x)−h(x̂)| ≤ ℓ∥x− x̂∥ =⇒ h(x̂)−
ℓ∥x − x̂∥ ≤ h(x) ≤ h(x̂) + ℓ∥x − x̂∥. Since hr(x̂, t) ≥ 0
and ℓ∥x − x̂∥ ≤ ℓξ(t) for all x, x̂ ∈ Rn, and t ≥ t0, it
can be concluded that the inequality 0 ≤ h(x̂)− ℓξ(t) ≤
ℓ∥x−x̂∥ ≤ h(x) holds for all t ≥ t0. As a result, h(x) ≥ 0
for all t ≥ t0, which implies that x ∈ S from (4) and
thus, the system in (1) safe.

In the following section, a safe control policy that uti-
lizes RCBFs in the cost function of the output-feedback
optimal control problem will be designed, so that trajec-
tories of the system in (1) remain in a given set S despite
the lack of full state measurement.

5 Control Design

5.1 ADP-Based Safe and Stabilizing Optimal Control

The developed technique uses a cost function that in-
cludes the RCBF to meet the safety constraints. Since
the RCBF depends on the robustifying term ξ in (27),
so does the value function. To address this dependency,
a state augmentation technique similar to [25] is used.
Let ζ := [x⊤, ξ]⊤ ∈ Rn+1 be a concatenated vector such
that the augmented dynamics are given by

ζ̇ = F (ζ) +G(ζ)u, (29)

where the augmented functions F : Rn+1 → Rn+1

and G : Rn+1 → R(n+1)×m are defined as F (ζ) :=[
f⊤(x), −αξ

]⊤
and G(ζ):=

[
g⊤(x), 0m×1

]⊤
, respec-

tively.

The optimal control problem is formulated using ap-
proximate dynamic programming (ADP)-based design
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techniques to develop a control signal, u : R≥0 → Rm,
online, that minimizes the cost functional defined as

J
(
ζ, u(·)

)
:=

ˆ ∞

t

r
(
ζu(t0; τ, ζ0), u(τ)

)
dτ, (30)

over the set of piecewise continuous functions u : R≥0 →
U , where ζu(t0; t, ζ0) is a solution of (29) under control
signal u(·) starting from initial condition ζ(t0) = ζ0 ∈
Rn+1, and r : Rn+1×Rm → R is the instantaneous cost
defined as

r (ζ, u) := Q(ζ) + U (u) +Br(ζ) (31)

where the function Q : Rn+1 → R is defined as
Q([x⊤, ξ]⊤) := Q(x),∀x ∈ X and ∀ξ ∈ R with Q :
X → R representing a continuous positive definite func-
tion. By [29, Lemma 4.3], Q satisfies q

(
∥x∥
)
≤ Q(x) ≤

q
(
∥x∥
)
, where q, q : R≥0 → R≥0 are class K functions.

The function U : Rm → R, introduced to enforce the
saturation constraint on the control input, is defined as

U (u) := 2

ˆ u

0

(
u tanh−1

(
υ

u

))⊤

Rdυ, (32)

where R := diag(r1, . . . , rm). In this development, the
function Br is selected as an RLCBF of the form

Br(ζ) :=
(
br(ζ)− br (0)

)2
, (33)

where br(ζ) := − ln
(

κhr(ζ)
κhr(ζ)+1

)
and κ ∈ R>0 is a user-

defined constant that determines the magnitude of the
barrier penalty as the trajectories approach the bound-
ary of S. Assuming the optimal controller exists, the op-
timal value function, V ∗ : Rn+1 → R can be expressed
as

V ∗(ζ) := min
u(τ)∈U,τ∈R≥t

ˆ ∞

t

r
(
ζu(t0; τ, ζ0), u(τ)

)
dτ. (34)

Assuming that the optimal value function is continu-
ously differentiable, it can be shown to be the unique
positive definite solution of the HJB equation, [28, The-
orem 1.5],

min
u∈U

(
∇ζV (ζ)

(
F (ζ) +G(ζ)u

)
+ r (ζ, u)

)
= 0. (35)

Therefore, the optimal stabilizing controller is given by
the feedback policy u (t) = u∗(ζu(t0; τ, ζ0)), where u

∗ is
given by

u∗(ζ) := −u tanh
(
D∗(ζ)

)
, (36)

where D∗(ζ) := R−1G⊤(ζ)
2u ∇ζ(V

∗(ζ))⊤ ∈ Rm. When
the true states x are available, the robustifying term
in (27) vanishes because ϵ0 ≡ 0 when x = x̂. In this
case, the RLCBF-based SLOC in (36) reduces to the
input-constrained version of existing CBF-based SLOCs
(e.g., [14, 35]).

5.2 Value Function Approximation

Solving the HJB equation in (35) is generally infeasi-
ble for nonlinear systems; hence, to find an approximate
solution, estimates of the value function and the con-
trol policy are introduced. Let B(0, χ) be a closed ball
of radius χ containing the origin, where χ, defined as

χ :=

(√
λmax(P )
λmin(P )

)
ϵ0, is obtained from the bound on

the state estimation error in (28). The unknown differ-
ence between the optimal value function V ∗ and the
barrier function Br can be expressed using a NN for
local parametric approximation over the compact set
Ω ⊂

(
X ⊕ B(0, χ)

)
× B(0, χ) containing the origin as

V ∗(ζ)−Br(ζ) = W⊤ϕ(ζ) + ϵ(ζ), ∀ζ ∈ Ω, (37)

where W ∈ RL is an unknown vector of bounded
weights, ϕ : Rn+1 → RL is a vector of continu-
ously differentiable nonlinear activation functions that
satisfy ϕ (0) = 0 and ∇ζϕ (0) = 0, L is the num-
ber of basis functions, and ϵ : Rn+1 → R is the re-
construction error. Invoking Stone-Weierstrass Theo-
rem [48, Theorem 1.5], the activation functions ϕ can
be selected so that the weights and the approxima-
tion errors satisfy supζ∈Ω ∥W∥ ≤ W , supζ∈Ω ∥ϕ(·)∥ ≤
ϕ, supζ∈Ω ∥∇ζϕ(·)∥ ≤ ∇ϕ, supζ∈Ω ∥ϵ(·)∥ ≤ ϵ and

supζ∈Ω ∥∇ζϵ(·)∥ ≤ ∇ϵ, where the notation (·) :=
supζ∈Ω ∥(·)∥ is a positive constant.

Since the actual state ζ is unknown and the ideal weights

W are unknown, let ζ̂ :=
[
x̂⊤, ξ

]⊤
∈ Ω be an estimate

of the concatenated state ζ and let the estimates of the
optimal value function and the optimal controller de-
noted as V̂ : Rn+1×RL → R and û : Rn+1×RL → Rm,
respectively, be defined as

V̂ (ζ̂, Ŵc) := Ŵ⊤
c ϕ(ζ̂) +Br(ζ̂) and (38)

û(ζ̂, Ŵc) := −u tanh
(
D̂(ζ̂, Ŵc)

)
, (39)

for all ζ̂ ∈ Ω, where D̂(ζ̂, Ŵc) :=
R−1G(ζ̂)⊤

2u (∇ζ̂ϕ(ζ̂)
⊤Ŵc +∇ζ̂B

⊤
r (ζ̂)) ∈ Rm and Ŵc ∈ RL

are estimates of the ideal weights W .
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5.3 Bellman Error and Simulation of Experience

By substituting the approximations of the optimal value
function and optimal controller from (38) and (39), re-
spectively, into the HJB equation in (35), the residual

term δ̂ : Rn+1 × RL → R, referred to as the Bellman
error (BE), is obtained as

δ̂(ζ̂, Ŵc) = ∇ζ̂ V̂ (ζ̂, Ŵc)
(
F (ζ̂) +G(ζ̂)û(ζ̂, Ŵc)

)
+Q(ζ̂) + U (û) + Br(ζ̂). (40)

To accurately approximate the value function, online
SLOC methods require the persistence of excitation
(PE) condition [26, 37], which is difficult to guarantee
in practice. However, through BE extrapolation for ex-
citation via simulation, stability and convergence of on-
line SLOC can be established [26]. To simulate experi-
ence using BE extrapolation, select a set of trajectories{
ζk : R≥0 → Ω : k = 1, · · · , N

}
and extrapolate the BE

along these trajectories to yield the extrapolated BEs,

δ̂k : Rn+1 × RL → R, given by

δ̂k(ζk, Ŵc) := ∇ζk V̂ (ζk, Ŵc)
(
F (ζk) + Ĝ(ζk)û(ζk, Ŵc)

)
+Q(ζk) + U (û) + Br(ζk). (41)

The control objective is achieved by updating the critic
NNweights Ŵc online tominimize the BE using an adap-
tive update law developed from the subsequent stability
analysis in Section 6.

5.4 Update laws for Critic weights

To guarantee that the estimated value function weights,
Ŵc, converge to their ideal values in (37), the estimated
value function weights are updated based on the stability
analysis in Section 6 as

˙̂
Wc = −kc

N
Γ

N∑
k=1

ωk

ρk
δ̂k, Γ̇ = βΓ− kc

N
Γ

N∑
k=1

ωkω
⊤
k

ρ2k
Γ, (42)

with Γ (t0) = Γ0, where Γ : R≥0 → RL×L

is a time-varying least-squares gain matrix, ωk :=
∇ζkϕk(ζk)(F (ζk) +G(ζk)û(ζk, Ŵc)), ρk := 1 + γcω

⊤
k ωk,

γc ∈ R>0 is a constant normalization gain, β ∈ R>0 is
a constant forgetting factor, and kc ∈ R>0 is a constant
adaptation gain. Note that the update laws in (42) rely
on randomly sampled off-policy states ζk, not the actual
state ζ. To guarantee the safety of the closed-loop sys-
tem in (1), the control signal is then designed as

u(t) = û(ζ̂(t), Ŵc(t)), ∀t ≥ t0. (43)

The following section analyzes the convergence proper-
ties of the closed-loop system and establishes local uni-
form ultimate boundedness of its trajectories.

6 Stability Analysis

In this section, stability analysis of the safe observer-
based SLOC architecture is carried out using Lyapunov
methods. To facilitate the stability analysis, the follow-
ing rank condition is necessary.

Assumption 10 There exists a constant
c1 such that the finite set of trajectories{
ζk : R≥0 → Ω | k = 1, . . . , N

}
satisfies

0 < c1 ≤ inf
t∈[0,∞)

λmin

 1

N

N∑
k=1

ωk (t)ω
⊤
k (t)

ρ2k (t)

 . (44)

As described in [34], since ωk is a function of ζk and Ŵc,
Assumption 10 cannot be guaranteed a priori. However,
unlike the PE condition utilized in results such as [50],
Assumption 10 can be verified online. Furthermore, since

λmin

(∑N
k=1

ωk(t)ω
⊤
k (t)

ρ2
k
(t)

)
is non-decreasing in the num-

ber of samples, N , Assumption 10 can be met, heuristi-
cally, by increasing the number of extrapolation trajec-
tories. The calculation of a precise bound on the num-
ber of extrapolation trajectories required is outside the
scope of this paper.

The following lemma presents an alternate form of the
BE to facilitate the stability analysis. For notational

brevity, let F̂ := F (ζ̂), Ĝ := G(ζ̂), ∇ζ̂ϕ := ∇ζ̂ϕ(ζ̂),

∇ζ̂Br := ∇ζ̂Br(ζ̂), and ∇ζ̂ϵ := ∇ζ̂ϵ(ζ̂). Furthermore,

the dependence on ζ̂, ζk, Ŵc, and t is omitted henceforth
whenever it is clear from context.

Lemma 11 Given the critic NN weight estimation error
W̃c := W − Ŵc, the BE can alternatively be expressed in
its unmeasurable form as

δ̂ := −ω⊤W̃c +∆, (45)

where ω := ∇ζ̂ϕ(F̂ + Ĝû(ζ̂, Ŵc)), ∆ :=

−∇ζ̂ϵ(F̂ + Ĝu∗(ζ̂)) + ∇ζ̂Br(F̂ + Ĝû(ζ̂, Ŵc)) +

uW⊤∇ζ̂ϕĜ(tanh(D∗(ζ̂)) − tanh(D̂(ζ̂, Ŵc))) +

2u2R(c∗D − ĉD) + u2R(ϵ̂D − ϵ∗D), c∗D and ĉD
are bounded approximation errors defined as

c∗D := D∗(ζ̂) sgn(D∗(ζ̂))−D∗(ζ̂) tanh(D∗(ζ̂)) and ĉD :=

D̂ζ̂, Ŵc) sgn(D̂(ζ̂, Ŵc)) − D̂(ζ̂, Ŵc) tanh(D̂(ζ̂, Ŵc)),
respectively, and ϵ∗D and ϵ̂D are errors obtained when
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approximating the sgn(·) function with the tanh(·) func-
tion, which satisfy ∥ϵ∗D∥ ≤ ln(4) and ∥ϵ̂D∥ ≤ ln(4) so that

ln(1− tanh2(D∗(ζ̂))) = ln(4)− 2D∗(ζ̂) sgn(D∗(ζ̂))+ ϵ∗D
and ln(1 − tanh2(D̂(ζ̂, Ŵc))) = ln(4) −
2D̂(ζ̂, Ŵc) sgn(D̂(ζ̂, Ŵc)) + ϵ̂D, respectively.

PROOF. Substituting ζ̂ for ζ in (37) and taking its

gradient with respect to ζ̂, followed by taking the gradi-

ent of (38) with respect to ζ̂, then substituting ζ̂ for ζ in
the HJB equation in (35) and subtracting it from (40),
and finally substituting the gradients into the resulting
expression, yields

δ̂(ζ̂, Ŵc)=Ŵ⊤
c ∇ζ̂ϕ

(
F̂+Ĝû(ζ̂, Ŵc)

)
+U(û(ζ̂, Ŵc))

+∇ζ̂Br

(
F̂+Ĝû(ζ̂, Ŵc)

)
−W⊤∇ζ̂ϕ

(
F̂+Ĝu∗(ζ̂)

)
−∇ζ̂Br

(
F̂+Ĝu∗(ζ̂)

)
−∇ζ̂ϵ

(
F̂+Ĝu∗(ζ̂)

)
−U(u∗(ζ̂)). (46)

Substituting equation (36) and (39) in (32) yields al-
ternate representations of the optimal and approximate
forms of the function U(u), given by

U(u∗(ζ̂)) = u∇ζ̂V
∗(ζ̂)G(ζ̂) tanh

(
D∗(ζ̂)

)
+ u2R ln

(
1− tanh2

(
D∗(ζ̂)

))
and (47)

U(û(ζ̂, Ŵc)) = u∇ζ̂ V̂ (ζ̂, Ŵc)G(ζ̂) tanh
(
D̂(ζ̂, Ŵc)

)
+ u2R ln

(
1− tanh2

(
D̂(ζ̂, Ŵc)

))
, (48)

respectively, where R := [r1, . . . , rm] ∈ R1×m and 1 ∈
Rm denotes a column vector having all of its elements
equal to one. Subtracting (47) from (48) yields

U(û(ζ̂, Ŵc))− U(u∗(ζ̂)) = uŴ⊤
c ∇ζ̂ϕĜ tanh(D̂(ζ̂, Ŵc))

+ 2u2R
(
D∗(ζ̂) sgn(D∗(ζ̂))− D̂(ζ̂, Ŵc) sgn(D̂(ζ̂, Ŵc))

)
+ u∇ζ̂BrĜ tanh(D̂(ζ̂, Ŵc))− uW⊤∇ζ̂ϕĜ tanh(D∗(ζ̂))

− u∇ζ̂BrĜ tanh(D∗)− u∇ζ̂ϵĜ tanh(D∗(ζ̂))

+ u2R (ϵ̂D − ϵ∗D) , (49)

where ϵ∗D and ϵ̂D are approximation errors introduced
in (45). By using the approximation errors c∗D and ĉD
obtained when approximating the sgn(·) function with a
tanh(·) function introduced in (45) (cf. [37]), therefore,

D∗(ζ̂) sgn(D∗(ζ̂))−D̂(ζ̂, Ŵc) sgn(D̂(ζ̂, Ŵc)) =

R−1

2u

(
W⊤∇ζ̂ϕ+∇ζ̂Br+∇ζ̂ϵ

)
Ĝ tanh(D∗(ζ̂))+c∗D

−R−1

2u

(
Ŵ⊤

c ∇ζ̂ϕ+∇ζ̂Br

)
Ĝ tanh(D̂(ζ̂, Ŵc))−ĉD. (50)

After substituting (50) into (49) and then substituting
(38), (39) and (49) into (46), the BE can be expressed
as given in (45).

Note that, the residual term ∆ in (45) is bounded for all

ζ̂ ∈ Ω and Ŵc ∈ RL as

∆ ≤ (F+uG)(∇ϵ+∇Br)+2W⊤∇ϕG

+2u2
∥∥R∥∥∥∥(c∗D−ĉD)

∥∥+u2
∥∥R∥∥∥∥(ϵ̂D−ϵ∗D)

∥∥ =: ∆, (51)

where F ∈ R>0 and G ∈ R>0 are upper bounds sat-

isfying supζ̂∈Ω ∥F (ζ̂)∥ ≤ F and supζ̂∈Ω ∥G(ζ̂)∥ ≤ G,

respectively, which follows since the derivatives of the
functions f and g are bounded from Assumption 1 and

since Br is continuously differentiable in ζ̂ ∈ Ω, its
gradient∇ζBr is both continuous and bounded within
the compact set Ω. Hence, by the Extreme Value The-
orem, there exist some constant ∇Br ∈ R>0 such that

supζ̂∈Ω ∥∇ζ̂Br(ζ̂)∥ ≤ ∇Br. For notational brevity, let

Fk := F (ζk), Gk := G(ζk), u∗
k := u∗(ζk), ûk :=

û(ζk, Ŵc), D
∗
k := D∗(ζk), D̂k := D̂(ζk, Ŵc), ∇ζkϕk :=

∇ζkϕ(ζk), ∇ζkBrk := ∇ζ̂Br(ζk), and ∇ζkϵk := ∇ζ̂ϵ(ζk).

Following the same argument as Lemma 11, by substi-
tuting (38) and (39) into (35), and subtracting from (40),
the extrapolated BE can be expressed in an unmeasur-
able form as

δ̂k := −ω⊤
k W̃c +∆k, (52)

where ωk is introduced below (42), ∆k :=
−∇ζkϵ

⊤
k (Fk + Gku

∗
k) + ∇ζkB

⊤
rk
(Fk + Gkûk)) +

uW⊤∇ζkϕkGk(tanh(D
∗
k) − tanh(D̂k)) + 2u2R(c∗Dk

−
ĉDk

)+u2R(ϵ̂Dk
− ϵ∗Dk

), and c∗Dk
, ĉDk

, ϵ̂Dk
, and ϵ∗Dk

∈ R
are bounded approximation errors. Similar to (51),
note that supζ̂∈Ω ∥∆k(·)∥ ≤ ∆k for all t ≥ t0, where

∆k ∈ R>0 is a constant.

Let Z ∈ R2n+L represent the concatenated state
vector of the closed-loop system, defined as Z :=[
x⊤ x̃⊤ W̃⊤

c

]⊤
, and let VL : R2n+L × R≥0 → R be a

continuously differentiable candidate Lyapunov function
defined as

VL (Z, t) := V(Z, t) + Θ(W̃c, t), (53)

where Θ : RL × R≥0 → R be defined as Θ(Ŵc, t) :=
1
2W̃

⊤
c Γ−1 (t) W̃c and V : R2n+L × R≥0 → R is defined

as V(Z, t) = V ∗
t (x, t) + x̃⊤Px̃. The function V ∗

t is the
positive definite non-autonomous form of the optimal
function V ∗, defined as V ∗

t (x, t) := V ∗([x⊤, ξ(t)⊤]⊤),
which according to [25, Lemma 1] serves as a valid Lya-
punov function, being both positive definite and decres-
cent. In addition, similar to the results of [25, Lemma 2],
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the function Vt satisfies the properties V ∗
t (0, t) = 0

and v(∥x∥) ≤ V ∗
t (x, t) ≤ v(∥x∥) for all x ∈ Rn and

t ∈ [0,∞), where v, v : R≥0 → R≥0 are K functions. The
choice of V ∗

t as a candidate Lyapunov function is moti-
vated by the unsuitability of the optimal value function
due to its positive semi-definiteness.

Since the candidate Lyapunov function is positive defi-
nite, [29, Lemma 4.3] and the bound in (58) can be used
to conclude that it is bounded as

υl

(
∥Z∥

)
≤ VL (Z, t) ≤ υl

(
∥Z∥

)
, (54)

for all t ≥ t0 and for allZ ∈ R2n+L, where υl, υl : R≥0 →
R≥0 are class K functions.

The Lie derivative of V is given by

V̇(Z, t) = ∇ζV
∗(F +Gu∗(ζ)

)
+ V̇x (x̃, x, u)

+∇ζV
∗G
(
û(ζ̂, Ŵc)− u∗(ζ)

)
. (55)

Note that, by the Cauchy-Schwarz inequality, Young’s
inequality, and the triangle inequality, the norm of the
difference between the approximate control policy û and
the optimal policy u∗ is given by,∥∥û(ζ̂, Ŵc)− u∗(ζ)

∥∥
=
∥∥u tanh(D∗(ζ))− u tanh(D̂(ζ̂, Ŵc))

∥∥
≤ ℓgϕrW

∥∥∥x̃∥∥∥+GϕR

∥∥W̃c

∥∥+ λmax(R
−1)G

2
∇ϵ, (56)

for all ζ, ζ̂ ∈ Ω and Ŵc ∈ RL, where supζ∈Ω GϕR(·) :=
R−1G(·)⊤

2 ∇(·)ϕ(·)⊤ ≤ GϕR, ℓgϕr ∈ R>0 is a constant

bound over the set Ω such that ∥GϕR(ζ) − GϕR(ζ̂)∥ ≤
ℓgϕr∥x̃∥ and G ∈ R>0 is a positive bound such that

supζ∈Ω ∥G(ζ)∥ ≤ G. Thus, provided that the basis func-
tions ϕ are selected such that the weights W , the value
function approximation error ϵ, the basis itself ϕ, and

their gradients with respect to ζ and ζ̂ are bounded on
the compact set Ω as described below (37), by substi-
tuting the bounds in (18) and (56), using the fact that
∇ζV

∗(ζ)(F (ζ) + G(ζ)u∗(ζ)) = −r(ζ, u∗(ζ)) from the
substitution of (34) and (36) into (35), and using the
positive definiteness of the functions U and Br, the Lie
derivative of the function V is bounded by

V̇(Z,t) ≤ −q
(
∥x∥
)
−αλmin(P )∥x̃∥2+ϖ1

∥∥W̃c

∥∥+ι1, (57)

for all t ≥ t0, x ∈ X , x̃ ∈ B(0, χ), and

W̃c ∈ RL, where ϖ1 := GW∇ϕGϕR + GGϕR∇ϵ

and ι1 := G
2
λmax(R

−1)
2 W∇ϕ∇ϵ + G

2
λmax(R

−1)
2 ∇ϵ

2
+

(ℓgϕrGW∇ϕW+GℓgϕrW∇ϵ)2

4αλmin(P ) . Note that the bound in (57)

relies on the fact that x ∈ X and x̃ ∈ B(0, χ) implies

that ζ, ζ̂ ∈ Ω.

As shown in [26, Lemma 1], provided (10) holds and
λmin{Γ−1

0 } > 0, the update laws in (42), ensure that the
least squares update law satisfies

ΓIL ≤ Γ ≤ ΓIL, (58)

for all t ≥ t0 and some Γ,Γ ∈ R>0, where IL is a L by L
identity matrix. Using the least square gain update law
in (42) and the bound in (58), the normalized regressor
ωk

ρk
is bounded as supt≥t0 ∥

ωk

ρk
∥ ≤ 1

2
√

γcΓ
. The Lie deriva-

tive of Θ along the flow of (42) is given by

Θ̇(W̃c, t) := −W̃⊤
c Γ−1 ˙̂

Wc −
1

2
W̃⊤

c Γ−1Γ̇Γ−1W̃c. (59)

Substituting the update laws in (42) into the derivative
and simplifying yields

Θ̇(W̃c, t) = −kc
N

W̃⊤
c

N∑
k=1

ωkωk

ρk

⊤
W̃c +

kc
N

W̃⊤
c

N∑
k=1

ωk

ρk
δ̂k

− 1

2
βW̃⊤

c Γ−1W̃c +
kc
2N

W̃⊤
c

N∑
k=1

ωkω
⊤
k

ρ2k
W̃c. (60)

Provided Assumption 10 holds and using the fact that
ωkωk

⊤

ρ2
k

≤ ωkωk
⊤

ρk
, the Lie derivative of Θ is bounded, by

Θ̇(W̃c, t) ≤ −kcc
∥∥W̃c

∥∥2 +ϖ2

∥∥W̃c

∥∥, (61)

for all t ≥ t0 and W̃c ∈ RL, where c ∈ R>0 be a constant

defined as c := β

2Γkc
+

c1
2 , ϖ2 := kc∆k

2
√

γcΓ
.

To facilitate the development of Theorem 12, let
ι ∈ R>0 be a constant defined as ι :=
G

2
λmax(R

−1)
2 ∇ϵ

2
+ G

2
λmax(R

−1)
2 W∇ϕ∇ϵ + (ϖ1+ϖ2)

2

2kcc
+

(ℓgϕrGW∇ϕW+GℓgϕrW∇ϵ)2

4αλmin(P ) and let υl : R2n+L → R be a

class K function defined as

υl :=
q
(
∥x∥
)

2
+

αλmin(P )

2
∥x̃∥2 + kcc

4

∥∥W̃c

∥∥2. (62)

The following theorem establishes local uniform ultimate
boundedness of the trajectories of the closed-loop sys-
tem.

Theorem 12 Let χ > 0 be such that B(0, χ) ⊂ X ×
B(0, χ)× RL. Given the system in (29) controlled using
the controller designed in (39), if

H1: Assumptions 1 and 10 hold,
H2: Hypothesis H2 of Theorem 4 holds,

11



H3: the state estimate (1) is obtained using the state
observer in (9),

H4: the barrier-like function Br is selected such that it
satisfies the properties highlighted above (33),

H5: the control gains are selected large enough based on
the sufficient condition 2

υl
−1 (ι) ≤ υl

−1
(
υl(χ)

)
, (63)

H6: and the weights Ŵc and least squares gain matrix Γ
are updated according to the update laws in (42),

then the concatenated state Z is locally uniformly ulti-
mately bounded.

PROOF. The Lie derivative of VL along the flow of (1),
(10), and (42) is given by

V̇L (Z, t) = V̇(Z, t) + Θ̇(W̃c, t) (64)

By substituting (18), (57) and (61) into (64) and apply-
ing completion of squares, the Lie derivative in (64) can
be bounded as

V̇L(Z,t)≤−q
(
∥x∥
)
−αλmin(P )∥x̃∥2−kcc

2

∥∥W̃c

∥∥2+ι, (65)

for all t ≥ t0, x ∈ X , x̃ ∈ B(0, χ), and W̃c ∈ RL. Using
(62), the Lie derivative can be bounded as

V̇L(Z, t) ≤ −υl
(
∥Z∥

)
, (66)

for all Z such that Z ∈ B(0, χ) and ∥Z∥ ≥ υl
−1(ι). Us-

ing the sufficient conditions stated in (63) and the bound
in (54), [29, Theorem 4.18] can be invoked to conclude
that Z is locally uniformly ultimately bounded. In par-
ticular, all trajectories starting from initial conditions
that satisfy ∥Z(t0)∥ ≤ υ−1

(
υl(χ)

)
remain in B(0, χ) for

all t ≥ t0 and satisfy lim supt→∞ ∥Z (t) ∥ ≤ υ−1
(
υl (ι)

)
.

Therefore, provided ∥Z(t0)∥ ≤ υ−1
(
υl(χ)

)
, the state

and the state estimates, under the controller in (39)
and the observer in (9), remain within the compact ball
B(0, χ).

7 Simulation Results

In this section, a simulation study is performed to
demonstrate the effectiveness of the developed method

2 Although ι generally increases with increasing ζ, the con-
dition in (63) can be satisfied provided the points for BE ex-
trapolation are selected such that c, introduced and control
gain, kc is large enough, and the basis for the value func-

tion approximation are selected such that ϵ and ∥∇ϵ∥ are
sufficiently small.

−1.5 −1 −0.5 0

0

0.5

1

(x)1(t)

(x
) 2

(t
)

Obstacle

x(t) (No CBF)

x̂(t) (No CBF)

x(t) (CBF)

x̂(t) (CBF)

Fig. 1. Trajectories of the state and estimated state for the
system in (67) when the SLOC framework from [14] is used
to solve the obstacle avoidance problem in Section 7.2. It
can be observed that while the state estimate trajectory x̂(t)
remains outside the obstacle boundary, the actual state tra-
jectory x(t) breaches it. The failure of the actual system at
avoiding the obstacle when using a controller with state esti-
mates highlights the limitations of relying solely on CBFs to
guarantee the safety of an output feedback nonlinear system
without the augmentation of the CBF with a robustifying
term.

using a control-affine nonlinear system of the form (1)
with state x = [(x)1, (x)2]

⊤, where

f(x) =

 −(x)1+(x)2

− 1
2 (x)1−

1
2 (x)2(1−(cos(2(x)1)+2)2)

 , (67)

g(x) = [0, cos
(
2(x)1

)
+ 2], and C = [0, 1]. In this study,

the system state is not available for measurement, but
the output is measurable. The control objective is to
minimize the infinite horizon cost in (30) and to drive
the trajectories of the nonlinear system in (67) to the
origin while ensuring safety. To demonstrate the efficacy
of the developed method and to show the robustness
of the controller to errors due to the lack of full state
measurement, two simulation studies using the dynamics
in (67) are performed.

7.1 Ensuring safety by staying within a given set

The first study shows that the developed method can
ensure that trajectories of the system remain within a
given safe set S as defined in (4)–(6) where h(x) =
−(x)22−(x)1+1 (cf. [23]). The basis for value function ap-
proximation is selected as a polynomial basis given by 3

ϕ(ζ̂) := [(ζ̂)21, (ζ̂)1(ζ̂)2, (ζ̂)
2
2, (ζ̂)1(ζ̂)3, (ζ̂)1(ζ̂)3, (ζ̂)

2
3]

⊤.
Initial conditions of the state and the estimated state

3 The selection of a polynomial basis is motivated by the
Weierstrass Approximation Theorem (see [48, Theorem 1.5])
and the specific monomials used here are obtained using trial
and error.

12



−3 −2 −1 0

−2

0

2

(x)1(t)

(x
) 2
(t
)

Safe Set

x(t) (RLCBF)

x̂(t) (RLCBF)

x(t) (LCBF)

x̂(t) (LCBF)

x(t) (No CBF)

x̂(t) (No CBF)

Fig. 2. Ensuring safety by staying within a given set (enclosed
by a thick green boundary).
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Fig. 3. Ensuring safety by avoiding a circular obstacle.

for the first study are selected as x(0) = [−3, 1.5]⊤

and x̂(0) = [−1.5, 1]⊤, respectively, with the state
and the control penalty in (31) selected as Q = I2
and R = 1, respectively. The Jacobian bounds for
the functions f and g are selected by assuming that
(x)1 ∈ [−3, 3] and (x)2 ∈ [−3, 3] throughout the simu-
lation, and the barrier function ensures that the bounds
remain valid. To obtain the symmetric positive defi-
nite matrix, P , and the three observer gains, L1, L2,
and L3 that satisfy the stability conditions developed
in Section 3, the LMI in (17) is solved using Sedumi
in YALMIP [32] with the learning rate α = 2 to get
the matrices P = [0.27222, 0.15875; 0.15875, 0.40954],
L3 = [−8.82113, 11.5823]⊤, L1 = [0.14719, 0.14719]⊤,
and L2 = [0.045396, 0.045396]⊤. The gain for the robust
barrier function in (33) is selected as κ = 0.01. Since
the true values of the value function weights are un-
known, the initial estimate of the weights is selected as
Ŵc(0) = [0.5, 1, 0.8, 0.1, 0.1, 0.1]⊤ with the initial least
squares gain matrix selected as Γ(0) = I6. The satu-
ration constraint on the control input is considered as
u = 10, the LMI parameter is selected a θ = I2, and the
learning gains are selected as kc = 5, ν = 0.7, β = 0.01,
κ = 0.1, ℓ = 0.1, and e0 = 2.5. The simulation uses 100

0 2 4 6 8 10

−2

0

2

t[s]

x
(t
)

(x)1
(x̂)1
(x)2
(x̂)2

Fig. 4. The trajectories of the actual state x and estimated
state x̂ for the ensuring safety within a given set.
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(Ŵc)2

(Ŵc)3

(Ŵc)4

(Ŵc)5

(Ŵc)6

Fig. 5. The trajectories of the estimated critic NN weights
for ensuring safety within a given set.
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−4
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−2
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û
(t
)

û

Fig. 6. The trajectory of constrained control input for en-
suring safety within a given set.

fixed Bellman error extrapolation points selected from a
1× 1 square centered around the origin of the system.

7.2 Obstacle Avoidance

For the second study, an obstacle avoidance problem is
considered (33), where the nonlinear system in (67) is
tasked with the safety objective of avoiding a circular
obstacle while being regulated to the origin using the
approximate controller defined in (43), where the safe set
in (4)–(6) is defined using h(x) := ∥x− z∥2 − r2, where
z = [(z)1, (z)2]

⊤ represents the center of the circular
obstacle and r ∈ R>0 is the radius of the set.

Initial conditions of the state and the estimated state
are selected as x(0) = [−1, 1]⊤ and x̂(0) = [−1.5, 1.5]⊤

with the state and the control penalty in (31) se-
lected as Q = I2 and R = 1, respectively. The gain
for the robust barrier function in (33) is selected as
κ = 2.5. The Jacobian bounds for the functions f
and g are selected by assuming that (x)1 ∈ [−2, 2]
and (x)2 ∈ [−2, 2] throughout the simulation. Using
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Fig. 7. The trajectories of the actual state x and estimated
state x̂ for the obstacle avoidance problem.
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Fig. 8. The trajectories of the estimated critic NN weights
for the obstacle avoidance problem.
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Fig. 9. The trajectory of constrained control input for the
obstacle avoidance problem.

this assumption, the values P , L1, L2, and L3 are ob-
tained as P = 0.47897, 1.0306; 1.0306, 2.6555], L3 =
[−99.6211, 41.064]⊤, L1 = [0.3956, 0.13187]⊤, and L2 =
[0.15735, 0.15735]⊤, respectively. The center of the cir-
cular obstacle is selected to be z = [−0.5, 0.6]⊤ and the
radius of the obstacle is selected as r = 0.2. The simu-
lation uses 100 fixed Bellman error extrapolation points
selected from a 2× 2 square centered around the origin
of the system. The simulation parameters are ℓ = 0.175,
ϵ0 = 0.7, and the rest of the initial conditions, param-
eters, and gains for the second simulation study are se-
lected to be the same as the first study in Section 7.1.

7.3 Results

For the first study in Section 7.1, focused on ensuring
safety within the set S, it is evident from Figure 2 that
the RLCBF-based controller, developed in this study,
adheres to the safety constraints even when utilizing the
approximate controller designed in (39). This robust per-
formance stems from adding the robustifying term in
(27) to account for any difference between the exact and
approximate feedback control policy. In contrast, rely-

ing solely on LCBFs, as depicted in Figure 2, proves in-
adequate in guaranteeing safety. For the obstacle avoid-
ance problem, Figure 3 shows that the LCBF approach
also falls short of circumventing the red circular obsta-
cle. Conversely, it can be observed in Figure 3 that the
RLCBF-based method ensures that system trajectories
in (67) steer clear of the red obstacle while regulating
towards the origin.

Figures 4 and 7 show that the trajectories of the actual
state and state estimates converge to the same values and
are regulated to the origin for both problems, thereby
demonstrating the effectiveness of the designed LMI-
based observer for state estimation of output-feedback
nonlinear systems and validating the stability results
developed in Section 3. The weight estimates, as de-
picted in Figures 5 and 8, are shown to be UUB. While
Figures 5 and 8 show that the learning algorithm con-
verges quickly, it cannot be claimed that the estimates of
the weights converge to their true values since the true
value function and hence the exact critic weights are un-
known. Figures 6 and 9 show that the trajectory of the
approximate safety-aware controller remains bounded
while maintaining the stability of the closed-loop system
as it simultaneously learns the optimal value function.

8 Conclusion

In this paper, an observer-based SLOC framework for
input-constrained nonlinear systems is developed using
an RLCBF-based penalty introduced in the cost func-
tion of the optimal control problem. LMIs are formu-
lated to obtain observer gain matrices, and an observer-
based safe adaptive near-optimal controller is developed
that guarantees safety and maintains stability during
the learning phase as it seeks to find an approximate so-
lution to the optimal control problem.

While the simulation results demonstrate the efficacy of
our method and validate the results from the Lyapunov-
based stability analysis, certain limitations to the devel-
oped method exist. The computational complexity in-
troduced by RCBFs, sensitivity to model uncertainties,
numerical issues that occur if the LMI is poorly condi-
tioned, and the inherently conservative nature of safe
controllers that utilize barrier functions to enforce safety
constraints are ongoing areas of investigation. Future re-
search will involve exploring techniques involving tun-
able CBFs like those in [42] to improve system safety
while being sufficiently far from the boundary of the
safe set. Additionally, the integration of current adaptive
techniques to address model uncertainties holds promise
for advancing the robustness of the proposed framework.
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