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Scalar-field mapping is an important problem in robotic sensing, where mobile agents

estimate an unknown, spatially distributed quantity from sparse and noisy measurements in

applications such as environmental monitoring, wildfire assessment, autonomous exploration, and

others. In these settings, centralized mapping methods can be difficult to use. This thesis develops

a decentralized Gaussian-process mapping framework that allows multiple sensing agents to

improve their local field estimates through minimal neighbor-to-neighbor information exchange.

The proposed method uses overlapping local sensing domains as the interface for

decentralized cooperation. Each agent maintains a local Gaussian-process model using its own

measurements and selected information received from neighboring agents. When neighboring

agents estimate the same overlap region using different local datasets, their posterior means and

variances may disagree. This disagreement is used as a signal for deciding which information

should be exchanged. Instead of transmitting full local datasets, agents exchange minimal

inducing-point packets containing a location, posterior mean, and posterior variance. Selected

packets are then retained as fictitious measurements in the local model of receiving agent.

The method is evaluated in simulation on a decentralized scalar-field mapping problem with

four agents. The results show that minimal packet exchange can improve prediction accuracy

while preserving decentralized computation and avoiding full data sharing. Overall, this thesis

demonstrates that overlap-based posterior disagreement can provide a practical mechanism for

communication-efficient decentralized scalar-field mapping.
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CHAPTER 1
INTRODUCTION

1.1 Motivation

Scalar-field mapping involves estimating a spatially distributed physical quantity across a

domain using a finite, often sparse, set of localized measurements. In multi-agent robotics, this task

is typically executed by dispersing mobile sensors to sample the environment and cooperatively

reconstruct the underlying field. This framework is essential for missions where human entry is

unsafe or impractical, such as radar-based spatial mapping, smoke concentration, radiation-field

mapping, bathymetry, and chemical concentration fields. Related spatial prediction problems also

appear in urban and coastal environment, where climate impacts, land-cover change, and shoreline

vulnerability must be assessed using finite, sparse, and often incomplete spatial observations

[35, 28, 34, 11, 26, 8, 2]. In multi-agent robotics, this task is typically executed by dispersing

mobile sensors to sample the environment and cooperatively reconstruct the underlying field.

While centralized mapping algorithms offer a straightforward approach by pooling all

measurements at a central base station, they scale poorly. As the operational environment expands,

the communication bandwidth required to transmit raw data back to a central node quickly becomes

a bottleneck. Furthermore, centralized systems introduce a single point of failure, making them

poorly suited for hazardous deployments. While decentralized alternatives mitigate these scaling

issues, they introduce severe coordination challenges. Previous work has highlighted that

independent, single-agent mapping suffers from poor spatial coverage, whereas existing multi-agent

frameworks often demand excessive data sharing to maintain consistency across the network [24].

1.2 Gaussian Processes for Scalar-Field Estimation

Scalar-field estimation focuses on reconstructing an unknown continuous function that maps a

spatial coordinate to a scalar physical quantity. Let 𝑔 : X → R represent this unknown field over a

bounded domain X ⊂ R𝑑 , where 𝑔(𝑥) denotes a spatially varying property such as local

temperature or another spatially varying physical quantity. In robotic applications, this field is

sampled selectively via sparse, noise-corrupted measurements gathered by mobile platforms. A

8



single observation taken at a location 𝑥 𝑗 is modeled as

𝑦 𝑗 = 𝑔(𝑥 𝑗 ) + 𝜀 𝑗 , (1-1)

where 𝜀 𝑗 ∼ N(0, 𝜎2
𝑛 ) isolates the stochastic measurement noise. The fundamental objective is to

reliably infer the true state of field 𝑔 at unobserved query locations using only this highly restricted,

finite data array.

A Gaussian process[38]is a nonparametric Bayesian model, and is a distribution defined over

functions, 𝑓 (𝑥), where 𝑓 (𝑥) is a function mapping the input space Ω𝑥 to,

𝑔(𝑥) : Ω𝑥 → R, 𝑥 ∈ Ω𝑥 . (1-2)

A non-parametric GP is defined by its mean function 𝑚(𝑥) and covariance kernel 𝑘 (𝑥, 𝑥′):

𝑔(𝑥) ∼ GP (𝑚(𝑥), 𝑘 (𝑥, 𝑥′)) . (1-3)

The choice of the covariance kernel 𝑘 (𝑥, 𝑥′) embeds fundamental physical assumptions regarding

the field, including spatial correlation lengths, structural smoothness, and signal variance [27].

Because environmental features rarely follow clean analytical profiles, this non-parametric flexibility

is useful. Rather than selecting a fixed, low-dimensional basis model, a GP acts as a flexible prior

that updates into a posterior distribution upon conditioning on real-world measurements. Critically,

this posterior representation gives both a predicted mean and a predictive variance at each query

location, making GPs useful not only for interpolation but also for quantifying uncertainty.

This ability to represent uncertainty makes GPs useful for active sensing. Autonomous

platforms cannot simply sample blindly; they must actively compute where to deploy their sensors

to yield the highest informational return. The local GP posterior variance acts as an explicit

exploratory metric. By mapping this variance across the domain, agents can pinpoint data-starved

regions, drive targeted motion planning, and strike a mathematically grounded balance between
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exploring unmapped zones and exploiting known areas of high intensity [32, 3, 1]. Consequently,

GPs have become a cornerstone in adaptive multi-UAV sampling, environmental tracking, and

safety-critical hazard mapping [24, 6, 21, 5]. For instance, a drone swarm can use local GP

uncertainty bounds to actively avoid blind spots while simultaneously tracking the peak intensity of

a hazardous plume without requiring exhaustive grid searches [24].

Furthermore, the strength of the GP framework lies in its data efficiency. Real-world robotic

deployments are limited by flight times, hardware costs, and dangerous terrains, making dense,

exhaustive sampling impractical. GPs address this data sparsity by leveraging the spatial correlation

defined by the kernel; a single measurement updates the model’s confidence about the entire local

neighborhood. When hyperparameters are properly tuned, the posterior smoothly interpolates

across unobserved gaps while letting the variance naturally widen as queries move further from

known data tracks. This makes GPs a natural fit for limited-pass sensing paradigms, where an agent

might only have a single opportunity to traverse a corridor or wildfire front.

Despite these clear benefits, exact GP inference becomes difficult as the number of

measurements increases. Training a standard GP model on 𝑁 total measurements requires the

inversion or Cholesky decomposition of an 𝑁 × 𝑁 covariance matrix, scaling cubically at O(𝑁3),

while predictions scale at O(𝑁2) [27, 18]. While these overheads are trivial for small, static

datasets, they become computationally challenging for online, real-time mapping over large areas.

This computational bottleneck is severely compounded in multi-agent networks; requiring

resource-constrained edge computers to process or transmit a large global measurement history is

often impractical.

Sparse GP formulations resolve this bottleneck by representing the full dataset using a smaller

set of pseudo-inputs, commonly referred to as inducing points. The objective here is to capture the

underlying covariance structure while reducing the size of the matrices that require inversion. These

approximate methods offer a structured, mathematically sound trade-off between absolute predictive

accuracy and computational runtime [23, 31, 36, 30, 14]. As synthesized by Quinonero-Candela

and Rasmussen, these diverse sparse techniques can be understood as exact inference over modified,
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approximate priors [23]. This inducing-point view is useful for scalable multi-robot applications: it

shows that a compact set of artificial measurements can summarize much of the information in a

larger raw dataset.

Spatially structured sensing data is uniquely suited for these local and sparse approximations.

Because spatial correlation decays with distance, localized GP variants exploit the fact that distant

observations have a negligible statistical impact on local predictions compared to immediate

neighbors [12, 7]. Modern nearest-neighbor architectures and covariance-based block selection

strategies use this correlation to drop irrelevant data points entirely, reducing computational cost

[19]. These local approximations are attractive for environmental robotics, allowing localized

chunks of a map to be updated rapidly without triggering a global re-computation of the entire field.

In the context of this thesis, Gaussian processes serve as the main probabilistic model for

decentralized field estimation. The posterior mean gives each robot its local operational map, while

the posterior variance offers a continuous diagnostic tool to monitor local map quality. Sparse

inducing-point representations provide a mechanism for compressing local posterior information

into lightweight, edge-specific data packets. This thesis builds directly on these principles. Rather

than attempting to replace or bypass the GP framework, this work reshapes it for a decentralized

landscape where agents must reduce local map disagreements over overlapping domains through the

exchange of compact, low-dimensional summaries.

1.3 Decentralized Multi-Agent Mapping

A centralized approach to scalar-field mapping assumes that all measurements collected by all

agents are transmitted to a single processing unit, where a global model is trained and predictions

are generated for the entire domain. In principle, this architecture is attractive because the central

unit can use all available data simultaneously and avoid inconsistencies between local models. For

Gaussian-process-based mapping, a centralized model can exploit correlations across the entire

dataset and produce a unified posterior distribution over the field. However, centralized mapping

becomes difficult in large-scale or time-critical deployments because it requires reliable

communication from every agent to the central node, sufficient bandwidth to transmit all
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measurements, and enough computation to train or update the global model. Since exact GP

training scales cubically with the number of observations, the computational burden grows rapidly

as agents collect more data [27, 18].

These limitations motivate the move from single-agent or centralized mapping to

decentralized multi-agent mapping. Multi-agent systems are useful because multiple robots can

collect measurements from different parts of the environment simultaneously, improving spatial

coverage and reducing the time required to observe a large domain. Prior work on scalar-field

mapping has emphasized that single-agent approaches face limited spatial coverage, while

multi-agent systems can improve the speed and accuracy of field estimation by allowing agents to

collect data in parallel and use information from neighboring agents [24]. Multi-agent teams have

been used in environmental sensing, coverage control, active search, adaptive sampling,

mobility-on-demand modeling, and field learning problems [6, 21, 5, 13, 33, 15].

In decentralized mapping, each agent maintains its own local dataset and computes a local

estimate of the scalar field. Let 𝐷𝑖 = (𝑥𝑖
𝑗
, 𝑦𝑖

𝑗
)𝑛𝑖
𝑗=1

denote the dataset collected by agent 𝑖. Instead of

constructing a global dataset 𝐷 = ∪𝑖𝐷𝑖 at a central node, agent 𝑖 trains or updates a local GP using

𝐷𝑖 and possibly limited information received from nearby agents. This architecture reduces the

need for global data transmission and allows agents to continue operating when communication

with a central node is unavailable. Such a structure is especially important in GPS-denied,

underwater, underground, or disaster-response where communication range may be limited or

time-varying [25, 16, 18].

A major line of prior work has studied decentralized or distributed GP prediction by

decomposing the full GP problem across agents or data blocks. For example, decentralized data

fusion and active sensing methods distribute the computational load of approximate GP prediction

among mobile sensors while providing predictive performance comparable to a centralized partially

independent training conditional approximation [6]. This type of approach shows that decentralized

GP prediction can be theoretically connected to centralized sparse approximations, allowing the

computational cost to be shared among sensors. However, the method still requires a carefully
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chosen support set and may introduce communication overhead as the support set grows.

Other approaches use product-of-experts, Bayesian committee machines, nested aggregation,

or nearest-neighbor aggregation to combine local GP predictions. Distributed GP methods partition

data across local experts and aggregate their predictions, reducing computation per agent but

introducing challenges in uncertainty calibration and consistency [9, 16, 19]. Product-of-experts

methods can become overconfident when local experts are combined without careful variance

correction, while generalized or robust Bayesian committee methods attempt to correct this effect by

weighting expert predictions [37, 20, 19]. Nested GP aggregation and covariance-based

nearest-neighbor methods further reduce computation and communication by selecting only

statistically relevant agents for prediction [16, 19]. These methods are useful comparison points for

this thesis because they address the same broad goal of scalable multi-agent GP prediction, but they

generally focus on aggregating predictions or hyperparameters rather than exchanging

overlap-targeted inducing-point packets.

Federated GP learning provides another related direction. In federated learning, agents

collaborate to learn a shared model without exchanging raw local datasets. Recent federated and

decentralized GP training methods use distributed optimization, such as ADMM, to estimate GP

hyperparameters while preserving local data privacy [18, 29, 19]. These methods are important

because GP performance depends strongly on kernel hyperparameters, and inaccurate

hyperparameter estimates can degrade prediction quality. Federated GP methods therefore address a

different but complementary problem: how agents can agree on a global or shared model structure

without pooling all raw measurements. However, these methods may require multiple

communication rounds, consensus iterations, or global coordination of model parameters, which

can be difficult in time-limited mapping missions.

Sparse and online GP approaches have also been developed for multi-agent coverage and

adaptive sampling. Distributed online sparse GP regression has been used to estimate unknown

environmental density functions while simultaneously controlling agents for coverage [13].

Multi-agent adaptive estimation and coverage control methods model an unknown sensory function
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as a Gaussian random field and design control laws that balance coverage and estimation [5]. These

approaches highlight the close coupling between estimation and motion planning in multi-agent

mapping. In contrast, the focus of this thesis is not primarily on optimizing coverage trajectories,

but on improving decentralized GP map quality through compact communication between

neighboring agents.

The key challenge in decentralized multi-agent mapping is that local computation and limited

communication create fragmented information. Each agent observes only a subset of the domain,

and its GP posterior is shaped by its local measurements, local hyperparameters, and any

information received from neighbors. If agents do not communicate, their local maps may be

accurate near their own measurements but poor elsewhere. If they communicate all raw data, the

method becomes expensive and may approach centralized data fusion. Therefore, a practical

decentralized method should share enough information to improve predictive performance, but not

so much that it loses the scalability and robustness advantages of decentralization.

This thesis addresses this challenge through compact, edge-specific information exchange.

Instead of requiring each agent to transmit its full dataset or participate in a global aggregation

procedure, neighboring agents whose local domains overlap exchange compact inducing-point

packets. These packets summarize the information collected over covered region of each agent,

rather than being limited to the overlapping area alone. This design is motivated by the observation

that the most useful information for a neighbor is not necessarily the sender’s entire dataset, but

rather a compact representation of the sender’s posterior behavior in the region where both agents

make predictions. This efficient communication strategy allows the method to preserve

decentralized computation while still improving consistency and accuracy in shared regions of the

field. In Chapter 3, this approach can be compared against several classes of existing methods:

local-only GP baselines, centralized or approximate centralized GP fusion, decentralized

data-fusion methods such as D2FAS [6], expert-aggregation methods such as PoE, BCM, and

NPAE [4, 9], federated GP training methods [17, 18], and distributed sparse GP methods for

coverage control [10, 22].
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1.4 Overlapping Domains and Posterior Disagreement

In decentralized scalar-field mapping, agents often operate over local subdomains rather than

the entire environment. Let X𝑖 ⊂ X denote the local domain assigned to agent 𝑖. In many

multi-agent deployments, neighboring local domains are not disjoint. Instead, they overlap:

O𝑖 𝑗 := X𝑖 ∩ X 𝑗 ≠ ∅.

These overlap regions are important because they represent portions of the field where more than

one agent may have data. Overlap can arise naturally from coverage requirements, communication

geometry, safety margins, sensor footprints, or partitioning strategies that intentionally include

shared boundaries between neighboring agents. In a centralized GP, all data are processed together,

so the posterior over an overlap region is unique. In a decentralized setting, however, each agent

constructs its own GP posterior using only its local dataset and locally available information.

Consequently, two neighboring agents may produce different predictions for the same physical

location.

This mismatch can be described as posterior disagreement. Suppose agent 𝑖 and agent 𝑗 both

model the scalar field over an overlap point 𝑥 ∈ O𝑖 𝑗 . Local GP of Agent 𝑖 posterior may produce

(𝑔(𝑥) | 𝐷𝑖) ∼ N (𝜇𝑖 (𝑥), 𝜎2
𝑖 (𝑥)),

while local GP posterior of agent 𝑗 may produce

(𝑔(𝑥) | 𝐷 𝑗 ) ∼ N (𝜇 𝑗 (𝑥), 𝜎2
𝑗 (𝑥)).

Even though both agents are estimating the same underlying scalar field, their posterior means and

variances may differ because their local datasets contain different measurements. Agent 𝑖 may have

observed points near one side of the overlap region, while agent 𝑗 may have observed points near

the other side. Their local kernels, hyperparameters, noise estimates, or sparse approximations may
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also differ. Therefore, the overlap region becomes a place where decentralized information

fragmentation is directly visible.

Posterior disagreement is not necessarily a failure of the GP framework. Instead, it is a natural

consequence of local Bayesian inference using different data. A GP posterior is conditioned on the

data available to the model; if neighboring agents condition on different datasets, then their

posterior distributions need not agree. This is one of the central distinctions between centralized

and decentralized mapping. In the centralized case, all measurements are pooled and there is a

single posterior conditioned on 𝐷 = ∪𝑖𝐷𝑖. In the decentralized case, each posterior is conditioned

on a partial view of the field. Thus, disagreement over O𝑖 𝑗 can be interpreted as a symptom of

missing cross-agent information.

Several existing approaches address this issue indirectly. Decentralized data fusion methods

attempt to approximate the predictions of a centralized GP model by distributing computation

across mobile sensors [6]. Expert aggregation methods combine local GP experts to form a joint

prediction at a query location [9, 16, 19]. Federated GP training methods encourage agents to agree

on shared hyperparameters or global model structure without sharing raw data [18, 29]. Distributed

sparse GP methods use inducing variables or pseudo-representations to reduce the cost of sharing

information [23, 31, 36, 29]. These methods provide important tools for scalable GP inference, but

they do not always focus explicitly on the overlap region between neighboring local maps as the

primary object of communication. Section 3.2 provide a comprehensive comparison detailing how

our method addresses the limitations of these approaches.

The overlap region provides a useful opportunity because it is both local and informative. It is

local because only neighboring agents need to coordinate over O𝑖 𝑗 , avoiding global communication.

It is informative because disagreement in this region indicates that the agents have complementary

information about the same part of the field. If posterior of agent 𝑖 is confident in a portion of the

overlap where posterior of agent 𝑗 is uncertain, then information from agent 𝑖 may be valuable to

agent 𝑗 . Conversely, if both agents are uncertain or if their predictions already agree,

communication may be less useful. This suggests that posterior disagreement can be used not only
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as a diagnostic quantity but also as a guide for targeted information exchange.

This thesis uses overlapping local domains as the interface for decentralized cooperation.

Instead of transmitting full datasets or requiring global aggregation, neighboring agents whose local

domains overlap exchange compact, edge-specific inducing-point packets. Each packet is

constructed from the local Gaussian-process model of sender, which is based on measurements

collected over the covered region of sender, rather than being restricted to the overlapping area

alone. The receiver then evaluates candidate packets and retains selected packet information as

fictitious measurements in its local GP model. In this way, overlap between neighboring domains

provides a mechanism for identifying useful communication links, while the exchanged packets

allow local models to improve without requiring full data sharing.

This perspective differs from standard global sparse GP approximations because the inducing

points are not selected only to approximate a single global GP. Instead, they are selected in an

edge-specific way for communication between a sender and a receiver. It also differs from expert

aggregation methods because the receiver does not merely combine final predictions from multiple

GP experts at query time; instead, it incorporates selected information into its own local model so

that the predictions can benefit from previous exchanges. This retained-information mechanism is

important in limited-pass sensing scenarios because each communication event can have a

cumulative effect on the local posterior.

The overlap-based view also provides a clear basis for comparison in Chapter 3. A local-only

GP baseline represents the case where no cross-agent information is used, so posterior disagreement

in overlap regions is not corrected. A centralized GP represents the idealized case where all data are

available, reducing disagreement but requiring full communication. Decentralized data fusion

methods approximate centralized prediction through support sets and distributed computation.

Expert aggregation methods combine local predictions but may suffer from overconfidence,

conservative uncertainty, or dependence on aggregation assumptions. Federated GP methods

coordinate model parameters but may not directly exchange overlap-specific field information. The

proposed method can be evaluated against these alternatives by measuring not only global
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prediction accuracy, such as RMSE, but also probabilistic calibration, such as NLPD, and local

consistency over overlapping regions.

Thus, overlapping domains are not merely a geometric detail of decentralized mapping. They

define the interface where neighboring local models meet, disagree, and potentially improve each

other. By treating posterior disagreement as useful information rather than only as an inconsistency,

this thesis develops a decentralized GP mapping approach that uses compact, targeted

communication to improve local estimates while preserving the scalability of multi-agent operation.

1.5 Research Problem

This thesis studies decentralized scalar-field mapping over a compact domain X ⊂ R𝑛, where

a network of mobile sensing agents estimates an unknown field 𝑓 : X → R from noisy local

measurements. Each agent 𝑖 is assigned to a local subdomain X𝑖, maintains a local dataset D𝑖
𝑡 , and

builds a local Gaussian-process model using the information available to it. Since the agents do not

have access to the full network dataset, the main challenge is to improve local and network-level

prediction accuracy without relying on centralized computation or full data exchange.

For two agents 𝑖 and 𝑗 , the overlap region is defined as

O𝑖 𝑗 := X𝑖 ∩ X 𝑗 .

In this shared region, both agents are estimating the same physical field, but their local GP

posteriors may be different because they are conditioned on different datasets. Agent 𝑖’s posterior

mean and variance over the overlap are shaped by D𝑖
𝑡 , while agent 𝑗’s posterior is shaped by D 𝑗

𝑡 . As

a result, the two agents may disagree about the value of the field or the uncertainty associated with

that value. This disagreement is not simply an error; it is useful information. It indicates that one

agent may have local information that can improve the estimate of another agent.

The research problem is therefore to design a decentralized information-exchange mechanism

that uses overlap-based disagreement between neighboring local GP models to improve the

predictive accuracy of the network, without requiring full data sharing or centralized computation.

In this thesis, each agent maintains an augmented information set consisting of its own local
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measurements and selected fictitious measurements received from neighboring agents. Each

in-neighbor generates a library of candidate packets using its own local data and local GP model,

together with the overlap geometry between the sender and receiver. A packet has the form

u = (𝑢, 𝑚, 𝑠),

where 𝑢 is a location, 𝑚 is the sender’s posterior mean at that location, and 𝑠 is the sender’s

posterior variance at that location. The receiver then applies a local selection rule to decide which

candidate packet should be assimilated into its own GP model.

The key question studied in this thesis is whether the disagreement between local GP models

on overlapping subdomains can be used as a decentralized metric for deciding which compact

packet should be transmitted and retained. More specifically, the goal is to determine whether a

receiver-side selection rule, based on the uncertainty and consistency of candidate inducing-point

packets, can improve local and network-level prediction performance compared with a local-only

GP baseline. This question is important because it connects three competing requirements: the

agents should improve their estimates by using information from neighbors, the communication

should remain compact, and the computation should remain local.

The research problem can be summarized as follows: given a network of mobile sensing

agents with local datasets, overlapping subdomains, and limited communication, design sender-side

packet-generation rules and receiver-side packet-selection rules that allow agents to improve their

local GP estimates through compact fictitious-measurement assimilation. The desired approach

should preserve the decentralized structure of the network, avoid transmission of full local datasets,

and use overlap-based posterior disagreement as a practical signal for deciding which neighbor

information is most useful.

1.6 Organization

The remainder of this thesis is organized as follows. Chapter 2 presents the main technical

contribution of the thesis in manuscript form. This chapter develops the decentralized

Gaussian-process mapping framework used in this work. It first formulates the scalar-field mapping

19



problem for a network of sensing agents with local subdomains, local measurements, and

overlapping regions. Then, it introduces the Gaussian-process models used by each agent to

estimate the unknown field from noisy measurements. The chapter also presents the sparse

inducing-point representation used to construct compact communication packets, the greedy

selection procedure used to generate candidate packets, and the receiver-side selection rule used to

decide which packet should be assimilated as a fictitious measurement. Through this structure,

Chapter 2 shows how local GP models can be improved through compact neighbor-to-neighbor

communication without requiring full data sharing or centralized computation.

Chapter 2 also includes the simulation study used to evaluate the proposed method. The

simulations compare the proposed decentralized packet-based approach with a local-only

Gaussian-process baseline. The comparison is based on prediction accuracy and uncertainty quality,

using metrics such as root-mean-square error and negative log predictive density. These results are

used to examine whether selected fictitious measurements from neighboring agents can improve

local and network-level scalar-field estimates.

Chapter 3 concludes the thesis. It first summarizes the overall problem, the proposed

decentralized GP mapping approach, and the main results obtained from the simulation study. It

then presents the major findings of the thesis and discusses the main contributions of the proposed

method in relation to existing approaches. Chapter 3 also identifies the limitations of the current

framework, including assumptions related to communication, overlap geometry, packet selection,

and simulation-based validation. Finally, the chapter outlines possible directions for future work,

such as improving packet-selection rules, extending the approach to more complex communication

settings, considering time-varying fields, and evaluating the method in more realistic robotic

sensing scenarios. The thesis ends with a final conclusion that summarizes the significance of

compact information exchange for decentralized scalar-field mapping.
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CHAPTER 2
DECENTRALIZED SCALAR FIELD MAPPING USING GAUSSIAN PROCESSES

2.1 Introduction

This chapter presents the decentralized Gaussian-process mapping framework used in this

thesis. The method considers a network of agents that collect local measurements, maintain local

GP models, and exchange compact information packets with neighboring agents. The main

objective is to improve local and network-level prediction without constructing a centralized GP or

sharing full local datasets. The chapter first formulates the decentralized scalar-field mapping

problem, then develops the local GP model, the edge-specific inducing-point packet-generation rule,

and the receiver-side packet-selection rule. The chapter concludes with a simulation study

comparing the proposed packet-based method with a local-only GP baseline.

2.2 Problem Formulation

Let X ⊂ R𝑛 be a compact domain, and let 𝑓 : X → R denote the unknown scalar field to be

estimated. A network of 𝑁 mobile sensing agents, indexed by V = {1, . . . , 𝑁}, communicates over

a connected directed graph G = (V, E), where E ⊆ V ×V denotes the set of communication

links. For each agent 𝑖 ∈ V, the out-neighbor and in-neighbor sets are defined as

Nout
𝑖 := { 𝑗 ∈ V | (𝑖, 𝑗) ∈ E}, N in

𝑖 := { 𝑗 ∈ V | ( 𝑗 , 𝑖) ∈ E}.

Each agent 𝑖 is assigned a local sensing subdomain X𝑖 ⊆ X, and the collection of local

subdomains covers the full domain,

X ⊆
⋃
𝑖∈V

X𝑖 .

For any pair of agents 𝑖, 𝑗 ∈ V, the overlap region is defined as

O𝑖 𝑗 ≔ X𝑖 ∩ X 𝑗 .

∗ This chapter is based on the manuscript “Decentralized Scalar Field Mapping using Gaussian Process” by Hossein
Papi1, Muzaffar Qureshi1, Kyle Volle2, and Rushikesh Kamalapurkar1. 1Department of Mechanical and Aerospace
Engineering, University of Florida, Gainesville, Florida, USA; 2Torch Technologies, Shalimar, Florida, USA.
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These overlap regions are important because they identify portions of the domain where

neighboring agents may estimate the same physical field using different local datasets.

The agents operate on a synchronized measurement clock indexed by 𝑡 ∈ N. Let D𝑖
𝑡 ⊆ X𝑖 × R

denote the set of measurements collected by agent 𝑖 up to time 𝑡. Each measurement pair

(𝑥𝑖𝜏, 𝑦𝑖𝜏) ∈ D𝑖
𝑡 satisfies

𝑦𝑖𝜏 = 𝑓 (𝑥𝑖𝜏) + 𝜖 𝑖𝜏,

where 𝑥𝑖𝜏 ∈ X𝑖 and 𝜖 𝑖𝜏 ∼ N(0, (𝜎𝑖)2). The measurement noises is assumed to be independent across

agents and i.i.d. over time for each fixed agent.

In addition to its own local measurements, agent 𝑖 may receive candidate data packets C 𝑗→𝑖
𝑡

from its in-neighbors. Each in-neighbor 𝑗 ∈ N in
𝑖

generates candidate packets using its local dataset

D 𝑗
𝑡 , local GP model, and the overlap geometry O 𝑗𝑖 associated with receiver 𝑖, given by

C 𝑗→𝑖
𝑡 = Φ

𝑗→𝑖
𝑡

(
D 𝑗
𝑡 ,O 𝑗𝑖

)
,

where Φ
𝑗→𝑖
𝑡 denotes the sender-side packet-generation rule. Each packet has the form

u = (𝑢, 𝑚, 𝑠) ∈ U := X × R × R≥0, (2-1)

where 𝑢 is a location, 𝑚 is the posterior of sender mean at 𝑢, and 𝑠 is the posterior of sender

variance at 𝑢. The pooled candidate packet library available to agent 𝑖 is

C̄𝑖𝑡 ≔
⋃
𝑗∈N in

𝑖

C 𝑗→𝑖
𝑡 .

Agent 𝑖 applies a local selection rule

𝜓𝑖𝑡 : T𝑖𝑡 → U

which selects one packet from the pooled candidate library for assimilation into its local GP model.
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Let

M𝑖
𝑡 ≔

{(
𝑢𝑖ℓ,𝑡 , 𝑚

𝑖
ℓ,𝑡 , 𝑟

𝑖
ℓ,𝑡

)}𝑀 𝑖
𝑡

ℓ=1
⊆ X × R × R>0 (2-2)

denote the set of packets selected for assimilation by agent 𝑖 up to time 𝑡. These selected packets are

treated as fictitious measurements. Defining the augmented information set

A𝑖
𝑡 :=

(
D𝑖
𝑡 ,M𝑖

𝑡

)
,

the local GP maintained by agent 𝑖 is conditioned on both its local measurements and selected

fictitious measurements:

𝑓 | A𝑖
𝑡 ∼ GP

(
𝜇𝑖𝑡 (·), Σ𝑖𝑡 (·, ·)

)
, (2-3)

where 𝜇𝑖𝑡 and Σ𝑖𝑡 denote the local posterior mean and covariance functions, respectively.

The objective of this chapter is to test whether discrepancies between neighboring local GP

models over overlapping subdomains can be used as a decentralized metric for improving

network-level predictive performance. To this end, the chapter develops packet-generation and

packet-selection rules that use overlap-based consistency to guide which compact information

should be transmitted and assimilated. The following sections first describe the local GP models,

then introduce sparse inducing-point approximations for reduced-order packet generation, and

finally present the receiver-side selection rule used to choose which packets are retained as fictitious

measurements.

2.3 Methodology

This section illustrates the local GP models maintained by each agent from its augmented

information set. Later Section 2.4 describes the optimal selection of inducing points to construct

targeted communication packets for neighboring agents.

2.3.1 Gaussian Process Regression

We first make precise the local GP model that each agent 𝑖 ∈ V generates from its augmented

information set A𝑖
𝑡 = (D𝑖

𝑡 ,M𝑖
𝑡). This GP model is the object that the transmission rule Φ

𝑗→𝑖
𝑡 and

the selection rule 𝜓𝑖𝑡 are ultimately intended to improve. The raw dataset D𝑖
𝑡 contains locally
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collected measurements, while M𝑖
𝑡 contains packets selected for assimilation from received packet

libraries C̄𝑖𝑡 . Each agent 𝑖 employs a squared exponential covariance kernel of the form

𝑘 𝑖 (𝑥, 𝑥′) = 𝛼𝑖 exp
(
−∥𝑥 − 𝑥′∥2

2(ℓ𝑖)2

)
, 𝑥, 𝑥′ ∈ X, (2-4)

where 𝛼𝑖 > 0 and ℓ𝑖 > 0 denote the signal variance and length-scale hyperparameters of agent 𝑖,

respectively.

Let 𝑆𝑖𝑡 :=
��D𝑖

𝑡

�� , 𝑀𝑖
𝑡 :=

��M𝑖
𝑡

�� , and write the local measurements of agent 𝑖 at clock step 𝑡 as

D𝑖
𝑡 =

{(
𝑥𝑖
𝑗 ,𝑡
, 𝑦𝑖

𝑗 ,𝑡

)}𝑆𝑖𝑡
𝑗=1

, where 𝑥𝑖
𝑗 ,𝑡

∈ X𝑖 and 𝑦𝑖
𝑗 ,𝑡

∈ R. Likewise, write the packets selected for

assimilation as (2-2) where 𝑢𝑖
ℓ,𝑡

∈ X, 𝑚𝑖
ℓ,𝑡

∈ R, and 𝑟𝑖
ℓ,𝑡
> 0 are the location, mean and variances

estimates associated with the selected packet, respectively. For compactness of notation, define

𝑋 𝑖raw,𝑡 :=
[
𝑥𝑖1,𝑡 , . . . , 𝑥

𝑖

𝑆𝑖𝑡 ,𝑡

]⊤
, 𝑌 𝑖raw,𝑡 :=

[
𝑦𝑖1,𝑡 , . . . , 𝑦

𝑖

𝑆𝑖𝑡 ,𝑡

]⊤
,

𝑈𝑖𝑡 :=
[
𝑢𝑖1,𝑡 , . . . , 𝑢

𝑖

𝐿𝑖𝑡 ,𝑡

]⊤
, 𝑀

𝑖,fic
𝑡 :=

[
𝑚𝑖1,𝑡 , . . . , 𝑚

𝑖

𝐿𝑖𝑡 ,𝑡

]⊤
, and the augmented input and output

arrays 𝑋 𝑖𝑡 :=


𝑋 𝑖raw,𝑡

𝑈𝑖𝑡

 , 𝑌 𝑖𝑡 :=


𝑌 𝑖raw,𝑡

𝑀
𝑖,fic
𝑡

 .
Finally, define the associated diagonal noise matrix

𝑅𝑖𝑡 := diag
(
(𝜎𝑖)2, . . . , (𝜎𝑖)2, 𝑟𝑖1,𝑡 , . . . , 𝑟

𝑖

𝐿𝑖𝑡 ,𝑡

)
. (2-5)

Conditioned on A𝑖
𝑡 = (D𝑖

𝑡 ,M𝑖
𝑡), the local GP posterior of agent 𝑖 at a test point 𝑥∗ ∈ X𝑖 is given by

𝑓 (𝑥∗) | A𝑖
𝑡 ∼ N

(
𝜇𝑖𝑡 (𝑥∗),

(
𝜎𝑖𝑡 (𝑥∗)

)2
)
, where 𝜇𝑖𝑡 (𝑥∗) and 𝜎𝑖𝑡 (𝑥∗) denote the posterior mean and

posterior standard deviation of agent 𝑖, respectively.

Given the augmented information set A𝑖
𝑡 , define the kernel vector k𝑖𝑡 (𝑥∗) ∈ R𝑆

𝑖
𝑡+𝐿𝑖𝑡 and kernel

matrix 𝐾 𝑖𝑡 ∈ R(𝑆𝑖𝑡+𝐿𝑖𝑡 )×(𝑆𝑖𝑡+𝐿𝑖𝑡 ) by k𝑖𝑡 (𝑥∗) :=
[
𝑘 𝑖 (𝑥∗, 𝑋 𝑖𝑡 (1, :)), . . . , 𝑘 𝑖 (𝑥∗, 𝑋 𝑖𝑡 (𝑆𝑖𝑡 + 𝐿𝑖𝑡 , :))

]⊤
,[

𝐾 𝑖𝑡
]
𝑗 ,ℓ

:= 𝑘 𝑖 (𝑋 𝑖𝑡 ( 𝑗 , :), 𝑋 𝑖𝑡 (ℓ, :)), 𝑗 , ℓ = 1, . . . , 𝑆𝑖𝑡 + 𝐿𝑖𝑡 .

Using k𝑖𝑡 (𝑥∗), 𝐾 𝑖𝑡 , and the noise matrix 𝑅𝑖𝑡 in (2-5), the posterior mean and variance of agent 𝑖

are computed as

𝜇𝑖𝑡 (𝑥∗) = k𝑖𝑡 (𝑥∗)
⊤ (
𝐾 𝑖𝑡 + 𝑅𝑖𝑡

)−1
𝑌 𝑖𝑡 , (2-6)

24



and (
𝜎𝑖𝑡 (𝑥∗)

)2
= 𝑘 𝑖 (𝑥∗, 𝑥∗) − k𝑖𝑡 (𝑥∗)

⊤ (
𝐾 𝑖𝑡 + 𝑅𝑖𝑡

)−1 k𝑖𝑡 (𝑥∗), (2-7)

where the first 𝑆𝑖𝑡 diagonal entries of 𝑅𝑖𝑡 correspond to local sensor-noise variance, and the

remaining 𝑀 𝑖
𝑡 diagonal entries correspond to the retained fictitious measurements variances

associated with previously selected packets.

Note that the computational cost of the GP prediction grows cubically with the total size of

the augmented information set. In particular, since agent 𝑖 conditions on 𝐷𝑖𝑡 raw measurements and

𝑀 𝑖
𝑡 retained fictitious measurements, each evaluation of the posterior mean requires O

(
(𝐷𝑖𝑡 + 𝑀 𝑖

𝑡 )3)
time, and each evalaution of the posterior variance requires O

(
(𝐷𝑖𝑡 + 𝑀 𝑖

𝑡 )2) time. To reduce this

burden while preserving the agent-specific local GP structure, the next subsection introduces an

inducing-point approximation for each agent.

2.3.2 Inducing Points in Gaussian Process

To obtain a scalable local approximation of a local GP, fix an arbitrary agent 𝑖 ∈ V and clock

step 𝑡 ∈ N. Recall from Section 2.3.1 that the local posterior of agent 𝑖 is conditioned on the

augmented information set A𝑖
𝑡 = (D𝑖

𝑡 ,M𝑖
𝑡), whose total size is 𝐷𝑖𝑡 + 𝑀 𝑖

𝑡 . To generate a reduced

order representation of its GP, agent 𝑖 employs a set of 𝑝𝑖𝑡 inducing points, with 𝑝𝑖𝑡 ≪ 𝐷𝑖𝑡 + 𝑀 𝑖
𝑡 [27].

Specifically, let

𝑋̄ 𝑖𝑡 :=
[
𝑥𝑖1,𝑡 , . . . , 𝑥

𝑖

𝑝𝑖𝑡 ,𝑡

]⊤
⊂ X𝑖, (2-8)

denote the inducing-point set of agent 𝑖 at clock step 𝑡. Using the kernel 𝑘 𝑖 (·, ·), define[
𝐾 𝑖𝑝𝑝,𝑡

]
𝑟,𝑠

:= 𝑘 𝑖 (𝑥𝑖𝑟,𝑡 , 𝑥𝑖𝑠,𝑡), 𝑟, 𝑠 = 1, . . . , 𝑝𝑖𝑡 , and[
𝐾 𝑖
𝑋 𝑝,𝑡

]
𝑗 ,𝑟

:= 𝑘 𝑖
(
𝑋 𝑖𝑡 ( 𝑗 , :), 𝑥𝑖𝑟,𝑡

)
, 𝑗 = 1, . . . , 𝑀𝑖

𝑡 + 𝐿𝑖𝑡 , 𝑟 = 1, . . . , 𝑝𝑖𝑡 , where 𝑋 𝑖𝑡 ( 𝑗 , :) denotes the 𝑗-th

input location in the augmented input array 𝑋 𝑖𝑡 , while 𝑥𝑖𝑟,𝑡 denotes the 𝑟-th inducing point selected

for the sparse approximation.

The corresponding low-rank approximation of the training covariance is

𝐾 𝑖𝑡 ≈ 𝐾̃ 𝑖𝑡 := 𝐾𝑖𝑋 𝑝,𝑡
(
𝐾 𝑖𝑝𝑝,𝑡

)−1 (
𝐾 𝑖𝑋 𝑝,𝑡

)⊤
. (2-9)
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To equate the exact variance, we use the diagonal correction

Σ
𝑖,(𝑝)
𝑡 := 𝐾𝑖𝑋 𝑝,𝑡

(
𝐾 𝑖𝑝𝑝,𝑡

)−1 (
𝐾 𝑖𝑋 𝑝,𝑡

)⊤
+ Λ

𝑖,(𝑝)
𝑡 + 𝑅𝑖𝑡 , (2-10)

where Λ
𝑖,(𝑝)
𝑡 := Diag

{
𝐾 𝑖𝑡 − 𝐾 𝑖𝑋 𝑝,𝑡

(
𝐾 𝑖𝑝𝑝,𝑡

)−1 (
𝐾 𝑖
𝑋 𝑝,𝑡

)⊤}
. For a test point 𝑥∗ ∈ X𝑖, define

𝑘 𝑖𝑝,𝑡 (𝑥∗) :=
[
𝑘 𝑖 (𝑥𝑖1,𝑡 , 𝑥

∗), . . . , 𝑘 𝑖 (𝑥𝑖
𝑝𝑖𝑡 ,𝑡
, 𝑥∗)

]⊤
, Ω𝑖𝑡 := Λ

𝑖,(𝑝)
𝑡 + 𝑅𝑖𝑡 , Γ𝑖𝑡 :=

(
Ω𝑖𝑡

)−1
𝐾 𝑖
𝑋 𝑝,𝑡

, and

𝑄𝑖𝑡 := 𝐾𝑖𝑝𝑝,𝑡 +
(
𝐾 𝑖
𝑋 𝑝,𝑡

)⊤ (
Ω𝑖𝑡

)−1
𝐾 𝑖
𝑋 𝑝,𝑡

. The resulting sparse GP predictive mean and variance are

𝜇
𝑖,(𝑝)
𝑡 (𝑥∗) =

(
𝑘 𝑖𝑝,𝑡 (𝑥∗)

)⊤ (
𝑄𝑖𝑡

)−1 (
Γ𝑖𝑡

)⊤
𝑌 𝑖𝑡 , (2-11)

(
𝜎
𝑖,(𝑝)
𝑡 (𝑥∗)

)2
= 𝑘 𝑖 (𝑥∗, 𝑥∗) −

(
𝑘 𝑖𝑝,𝑡 (𝑥∗)

)⊤ [(
𝐾 𝑖𝑝𝑝,𝑡

)−1
−

(
𝑄𝑖𝑡

)−1
]
𝑘 𝑖𝑝,𝑡 (𝑥∗). (2-12)

The inducing-point construction reduces the dominant local training cost from O
(
(𝐷𝑖𝑡 + 𝑀 𝑖

𝑡 )3) to

O
(
(𝐷𝑖𝑡 + 𝑀 𝑖

𝑡 ) (𝑝𝑖𝑡)2 + (𝑝𝑖𝑡)3) , and the storage cost from O
(
(𝐷𝑖𝑡 + 𝑀 𝑖

𝑡 )2) to O
(
(𝐷𝑖𝑡 + 𝑀 𝑖

𝑡 )𝑝𝑖𝑡 + (𝑝𝑖𝑡)2) .
The computational burden in decentralized GP inference has two components: the local cost

incurred by each agent for training, storage, and prediction as its local augmented dataset evolves,

and the communication cost required to transmit candidate packets between agents. Because

received information increases the computational load of the receiving agent and incurs a high

communication cost, direct exchange of exact GP representations is not scalable.

In this thesis, we adopt the idea of inducing points to facilitate the design of the transmission

rule Φ
𝑗→𝑖
𝑡 . Commensurate with the central hypothesis of the chapter, the transmission rules are

designed to reduce the mismatch between the local GPs on the overlapping subdomains. To that end,

each sender selects a small set of inducing points for a specific receiver so that the transmitted

packets are the most informative over their overlap region O 𝑗𝑖. In the next subsection, an

edge-dependent inducing-point selection rule is developed for communication-efficient inter-agent

overlap consistency.
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2.4 Domain Targeted Inducing-Point Selection

In Section 2.2, the transmission rule Φ
𝑗→𝑖
𝑡 was introduced abstractly as a map from agent 𝑗’s

retained information and the overlap geometry to a candidate set sent to agent 𝑖. Here, we realize

that idea by constructing edge-specific inducing points that are selected not to summarize the

entirety of agent 𝑗’s subdomain, but to reduce predictive uncertainty over the portion of O 𝑗𝑖 that is

most relevant to agent 𝑖. Fix a communicating pair ( 𝑗 , 𝑖) ∈ E and a clock step 𝑡 ∈ N. Let

𝑁
𝑗
𝑡 := 𝐷 𝑗

𝑡 + 𝑀
𝑗
𝑡 denote the total size of the augmented information set of sender agent 𝑗 . Let

𝑝
𝑗→𝑖
𝑡 ∈ N denote the total number of edge-specific inducing points to be selected by sender agent 𝑗

for receiver agent 𝑖 at clock step 𝑡, and let 𝑚 ∈ {0, 1, . . . , 𝑝 𝑗→𝑖
𝑡 − 1} denote the current greedy

selection stage. The localized inducing-point method of [7] selects inducing points for a single

predictive location by minimizing a weighted integrated prediction-error criterion. Here, that

construction is extended from a single target location to a finite target set, so that agent 𝑗 selects

edge-specific inducing points to improve prediction collectively over the portion of the overlap

region that is most relevant to agent 𝑖.

For notational convenience, write the squared exponential kernel of agent 𝑗 as

𝑘 𝑗 (𝑥, 𝑥′) = 𝜈 𝑗 𝜅 𝑗 (𝑥, 𝑥′), 𝜈 𝑗 := (𝛼 𝑗 )2, 𝜅 𝑗 (𝑥, 𝑥′) := exp
(
− ∥𝑥−𝑥′∥2

𝜃 𝑗

)
, 𝜃 𝑗 := 2(ℓ 𝑗 )2, where 𝛼 𝑗 and ℓ 𝑗 are

the kernel hyperparameters already introduced in Section 2.3.1.

Let T 𝑗→𝑖
𝑡 =

{
𝑧
𝑗→𝑖

1,𝑡 , . . . , 𝑧
𝑗→𝑖

𝑞
𝑗→𝑖
𝑡 ,𝑡

}
⊆ O 𝑗𝑖 denote the discretized target evaluation set in the

overlap region, where 𝑞 𝑗→𝑖
𝑡 ∈ N is the number of target locations used for communication from

agent 𝑗 to agent 𝑖 at clock step 𝑡. Let 𝑋̄ 𝑗→𝑖
𝑚,𝑡 =

[
𝑥
𝑗→𝑖

1,𝑡 , . . . , 𝑥
𝑗→𝑖
𝑚,𝑡

]⊤
⊆ O 𝑗𝑖 be the current ordered

edge-specific inducing-point set after 𝑚 selections, and let 𝑥 𝑗→𝑖

𝑚+1,𝑡 =
[
𝑥
𝑗→𝑖

𝑚+1,1,𝑡 , . . . , 𝑥
𝑗→𝑖

𝑚+1,𝑛,𝑡

]⊤
∈ O 𝑗𝑖

denote a candidate next inducing point. The corresponding augmented inducing-point set is

𝑋̄
𝑗→𝑖

𝑚+1,𝑡 =
[
𝑥
𝑗→𝑖

1,𝑡 , . . . , 𝑥
𝑗→𝑖
𝑚,𝑡 , 𝑥

𝑗→𝑖

𝑚+1,𝑡

]⊤
.

To evaluate the utility of 𝑥 𝑗→𝑖

𝑚+1,𝑡 over the full target set T 𝑗→𝑖
𝑡 , define the weighting function

𝜔T 𝑗→𝑖
𝑡

(𝑥) =
𝑞
𝑗→𝑖
𝑡∑︁
𝑏=1

𝛼
𝑗→𝑖

𝑏,𝑡
𝜅 𝑗

(
𝑥, 𝑧

𝑗→𝑖

𝑏,𝑡

)
,

𝑞
𝑗→𝑖
𝑡∑︁
𝑏=1

𝛼
𝑗→𝑖

𝑏,𝑡
= 1, (2-13)

27



where 𝛼 𝑗→𝑖

𝑏,𝑡
≥ 0 specifies the relative importance of the target location 𝑧 𝑗→𝑖

𝑏,𝑡
.

Next, define the kernel vector 𝑘 𝑗→𝑖

𝑚+1,𝑡 (𝑥) :=
[
𝑘 𝑗 (𝑥, 𝑥 𝑗→𝑖

1,𝑡 ), . . . , 𝑘 𝑗 (𝑥, 𝑥 𝑗→𝑖

𝑚+1,𝑡)
]⊤

∈ R𝑚+1, the

Gram matrix
[
𝐾
𝑗→𝑖

𝑚+1,𝑡

]
𝑟,𝑠

:= 𝑘 𝑗 (𝑥 𝑗→𝑖
𝑟,𝑡 , 𝑥

𝑗→𝑖
𝑠,𝑡 ), 𝑟, 𝑠 = 1, . . . , 𝑚 + 1, and the cross-covariance

matrix between the sender active inputs 𝑋 𝑗
𝑡 = {𝑥 𝑗𝑢,𝑡}

𝑀
𝑗
𝑡

𝑢=1 and the augmented edge-specific inducing

set
[
𝐾
𝑗→𝑖

𝑋,𝑚+1,𝑡

]
𝑢,𝑟

:= 𝑘 𝑗 (𝑋 𝑗
𝑡 (𝑢, :), 𝑥

𝑗→𝑖
𝑟,𝑡 ), 𝑢 = 1, . . . , 𝑁 𝑗

𝑡 , 𝑟 = 1, . . . , 𝑚 + 1.

Using the exact augmented training covariance matrix 𝐾 𝑗
𝑡 from Section 2.3.1, define

Λ
𝑗→𝑖

𝑚+1,𝑡 := Diag
{
𝐾
𝑗
𝑡 − 𝐾

𝑗→𝑖

𝑋,𝑚+1,𝑡

(
𝐾
𝑗→𝑖

𝑚+1,𝑡

)−1 (
𝐾
𝑗→𝑖

𝑋,𝑚+1,𝑡

)⊤}
, Ω

𝑗→𝑖

𝑚+1,𝑡 := Λ
𝑗→𝑖

𝑚+1,𝑡 + 𝑅
𝑗
𝑡 , and

𝑄
𝑗→𝑖

𝑚+1,𝑡 := 𝐾 𝑗→𝑖

𝑚+1,𝑡 +
(
𝐾
𝑗→𝑖

𝑋,𝑚+1,𝑡

)⊤ (
Ω
𝑗→𝑖

𝑚+1,𝑡

)−1
𝐾
𝑗→𝑖

𝑋,𝑚+1,𝑡 .

The sparse predictive variance of sender agent 𝑗 , computed from the augmented information

set A 𝑗
𝑡 and the augmented edge-specific inducing set 𝑋̄ 𝑗→𝑖

𝑚+1,𝑡 , is then

(
𝜎
𝑗→𝑖

𝑚+1,𝑡 (𝑥)
)2

= 𝑘 𝑗 (𝑥, 𝑥) −
(
𝑘
𝑗→𝑖

𝑚+1,𝑡 (𝑥)
)⊤ [(

𝐾
𝑗→𝑖

𝑚+1,𝑡

)−1
−

(
𝑄
𝑗→𝑖

𝑚+1,𝑡

)−1
]
𝑘
𝑗→𝑖

𝑚+1,𝑡 (𝑥). (2-14)

We now define the batch-targeted inducing-point criterion

BTIP 𝑗→𝑖,(𝑚+1)
𝑡

(
𝑥
𝑗→𝑖

𝑚+1,𝑡 ;T
𝑗→𝑖
𝑡

)
=

∫
O 𝑗𝑖

𝜔T 𝑗→𝑖
𝑡

(𝑥)

(
𝜎
𝑗→𝑖

𝑚+1,𝑡 (𝑥)
)2

𝜈 𝑗
𝑑𝑥. (2-15)

Since 𝑘 𝑗 (𝑥, 𝑥) = 𝜈 𝑗 , the normalization by 𝜈 𝑗 removes the process scale from the variance term.

Although (2-15) is induced by the predictive variance, we interpret it as a weighted spatially

integrated surrogate of prediction error over the target region. Hence, minimizing this objective

selects inducing points that reduce uncertainty near the prescribed target set T 𝑗→𝑖
𝑡 .

Substituting (2-13) into (2-15) gives

BTIP 𝑗→𝑖,(𝑚+1)
𝑡

(
𝑥
𝑗→𝑖

𝑚+1,𝑡 ;T
𝑗→𝑖
𝑡

)
=

𝑞
𝑗→𝑖
𝑡∑︁
𝑏=1

𝛼
𝑗→𝑖

𝑏,𝑡

∫
O 𝑗𝑖

𝜅 𝑗
(
𝑥, 𝑧

𝑗→𝑖

𝑏,𝑡

) (
𝜎
𝑗→𝑖

𝑚+1,𝑡 (𝑥)
)2

𝜈 𝑗
𝑑𝑥. (2-16)

For each target point 𝑧 ∈ O 𝑗𝑖, define the matrix𝑊∗, 𝑗→𝑖

𝑚+1,𝑡 (𝑧) ∈ R(𝑚+1)×(𝑚+1) whose (𝑟, 𝑠)-entry
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is [
𝑊

∗, 𝑗→𝑖

𝑚+1,𝑡 (𝑧)
]
𝑟,𝑠

:= 1
𝜈 𝑗

∫
O 𝑗𝑖 𝜅

𝑗 (𝑥, 𝑧) 𝑘 𝑗 (𝑥, 𝑥 𝑗→𝑖
𝑟,𝑡 ) 𝑘 𝑗 (𝑥, 𝑥 𝑗→𝑖

𝑠,𝑡 ) 𝑑𝑥, (2-17)

𝑟, 𝑠 = 1, . . . , 𝑚 + 1. The corresponding batch-weighted matrix is

𝑊
∗, 𝑗→𝑖

𝑚+1,𝑡 (T
𝑗→𝑖
𝑡 ) = ∑𝑞

𝑗→𝑖
𝑡

𝑏=1 𝛼
𝑗→𝑖

𝑏,𝑡
𝑊

∗, 𝑗→𝑖

𝑚+1,𝑡 (𝑧
𝑗→𝑖

𝑏,𝑡
).

For the overlap region O 𝑗𝑖, the criterion in (2-16) admits the following closed-form

representation. Although the original BTIP formulation is presented over rectangular domains, the

packet-selection procedure in the proposed method is performed only over the overlap region O 𝑗𝑖.

To preserve the analytical closed-form expression, we evaluate the criterion over the smallest

axis-aligned rectangle that contains O 𝑗𝑖. Consequently, the rectangular bounds appear only in the

computation of the integral constants, while the optimization itself is restricted to candidate

inducing points satisfying 𝑥 ∈ O 𝑗𝑖.

BTIP 𝑗→𝑖,(𝑚+1)
𝑡

(
𝑥
𝑗→𝑖

𝑚+1,𝑡 ;T
𝑗→𝑖
𝑡

)
= 𝐶T 𝑗→𝑖

𝑡
− tr

[(
(𝐾 𝑗→𝑖

𝑚+1,𝑡)
−1 − (𝑄 𝑗→𝑖

𝑚+1,𝑡)
−1

)
𝑊

∗, 𝑗→𝑖

𝑚+1,𝑡 (T
𝑗→𝑖
𝑡 )

]
, (2-18)

where

𝐶T 𝑗→𝑖
𝑡

=

𝑞
𝑗→𝑖
𝑡∑︁
𝑏=1

𝛼
𝑗→𝑖

𝑏,𝑡

√
𝜋𝜃 𝑗

2
·
𝑛∏
ℓ=1

[
erf

(
𝑧
𝑗→𝑖

𝑏,ℓ,𝑡
− 𝑎 𝑗→𝑖

ℓ√
𝜃 𝑗

)
− erf

(
𝑧
𝑗→𝑖

𝑏,ℓ,𝑡
− 𝑏 𝑗→𝑖

ℓ√
𝜃 𝑗

)]
. (2-19)

where 𝑎 𝑗→𝑖

ℓ
and 𝑏 𝑗→𝑖

ℓ
denote the lower and upper bounds, respectively, of the smallest axis-aligned

rectangle enclosing the overlap region O 𝑗𝑖 along dimension ℓ. These bounds are introduced for

evaluating the closed-form integral in (2-16); the inducing-point optimization remains constrained

to the overlap region O 𝑗𝑖. The next inducing point is selected greedily as

𝑥
𝑗→𝑖,★

𝑚+1,𝑡 = arg min𝑥∈O 𝑗𝑖 BTIP 𝑗→𝑖,(𝑚+1)
𝑡

(
𝑥;T 𝑗→𝑖

𝑡

)
, and the edge-specific inducing-point set is updated

according to 𝑋̄ 𝑗→𝑖

𝑚+1,𝑡 =
[
𝑋̄
𝑗→𝑖
𝑚,𝑡 , 𝑥

𝑗→𝑖,★

𝑚+1,𝑡

]
.

Thus, inducing points are selected sequentially to improve prediction over the target set T 𝑗→𝑖
𝑡 .

For gradient-based optimization, the derivative of the objective with respect to coordinate
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ℓ ∈ {1, . . . , 𝑛} of the candidate point 𝑥 𝑗→𝑖

𝑚+1,𝑡 is

𝜕

𝜕𝑥
𝑗→𝑖

𝑚+1,ℓ,𝑡

BTIP 𝑗→𝑖,(𝑚+1)
𝑡

(
𝑥
𝑗→𝑖

𝑚+1,𝑡 ;T
𝑗→𝑖
𝑡

)
=

− tr

[(𝜕 (𝐾 𝑗→𝑖

𝑚+1,𝑡)
−1

𝜕𝑥
𝑗→𝑖

𝑚+1,ℓ,𝑡

−
𝜕 (𝑄 𝑗→𝑖

𝑚+1,𝑡)
−1

𝜕𝑥
𝑗→𝑖

𝑚+1,ℓ,𝑡

)
𝑊

∗, 𝑗→𝑖

𝑚+1,𝑡 (T
𝑗→𝑖
𝑡 )

]
− tr

[(
(𝐾 𝑗→𝑖

𝑚+1,𝑡)
−1 − (𝑄 𝑗→𝑖

𝑚+1,𝑡)
−1

) 𝜕𝑊∗, 𝑗→𝑖

𝑚+1,𝑡 (T
𝑗→𝑖
𝑡 )

𝜕𝑥
𝑗→𝑖

𝑚+1,ℓ,𝑡

]
, (2-20)

where
𝜕𝑊

∗, 𝑗→𝑖

𝑚+1,𝑡 (T
𝑗→𝑖
𝑡 )

𝜕𝑥
𝑗→𝑖

𝑚+1,ℓ,𝑡

=

𝑞
𝑗→𝑖
𝑡∑︁
𝑏=1

𝛼
𝑗→𝑖

𝑏,𝑡

𝜕𝑊
∗, 𝑗→𝑖

𝑚+1,𝑡 (𝑧
𝑗→𝑖

𝑏,𝑡
)

𝜕𝑥
𝑗→𝑖

𝑚+1,ℓ,𝑡

. (2-21)

A practical initialization is given by the weighted centroid

𝑧
𝑗→𝑖
𝑐,𝑡 =

𝑞
𝑗→𝑖
𝑡∑︁
𝑏=1

𝛼
𝑗→𝑖

𝑏,𝑡
𝑧
𝑗→𝑖

𝑏,𝑡
, 𝑥

𝑗→𝑖

1,𝑡 = 𝑧
𝑗→𝑖
𝑐,𝑡 . (2-22)

After the edge-specific inducing-point set 𝑋̄ 𝑗→𝑖,★
𝑡 :=

[
𝑥
𝑗→𝑖,★

1,𝑡 , . . . , 𝑥
𝑗→𝑖,★

𝑝
𝑗→𝑖
𝑡 ,𝑡

]⊤
has been selected,

sender agent 𝑗 constructs the communicated packet library for receiver agent 𝑖 by evaluating its

local posterior at those locations. Specifically, the transmitted packet is

C 𝑗→𝑖
𝑡 = Φ

𝑗→𝑖
𝑡

(
D 𝑗
𝑡 ,O 𝑗𝑖

)
=

{(
𝑥
𝑗→𝑖,★
𝑟,𝑡 , 𝜇

𝑗
𝑡

(
𝑥
𝑗→𝑖,★
𝑟,𝑡

)
, Σ

𝑗
𝑡

(
𝑥
𝑗→𝑖,★
𝑟,𝑡 , 𝑥

𝑗→𝑖,★
𝑟,𝑡

))}𝑝 𝑗→𝑖
𝑡

𝑟=1
⊆ U. (2-23)

Thus, sender agent 𝑗 does not transmit the entire local dataset or its full posterior representation.

Instead, it transmits only the edge-specific inducing locations selected by the batch-targeted rule

together with the sender posterior mean and variance predictions at those locations. These data

packets provide a novel compact communication interface tailored to the overlap region O 𝑗𝑖, and

they are the objects from which the receiver-side candidate library is formed in the next section.
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2.5 Receiver-Side Candidate Inducing-Point Selection

At every measurement step 𝑡, the receiver agent 𝑖 ∈ V has access to its local measurements

D𝑖
𝑡 and the edge-specific packets C 𝑗→𝑖

𝑡 ⊆ U received from all of its in-neighbors 𝑗 ∈ N in
𝑖

. Given

any candidate packet u = (𝑢, 𝑚, 𝑠) ∈ C̄𝑖𝑡 as defined in (2-1), receiver agent 𝑖 interprets (𝑚, 𝑠) as a

one-point fictitious measurement at location 𝑢. The corresponding updated posterior mean is

𝜇+𝑖,𝑡 (𝑥; u) = 𝜇𝑖𝑡 (𝑥) + Σ𝑖𝑡 (𝑥, 𝑢)
(
Σ𝑖𝑡 (𝑢, 𝑢) + 𝑠

)−1 ×
(
𝑚 − 𝜇𝑖𝑡 (𝑢)

)
, (2-24)

and the corresponding updated posterior covariance is

Σ+
𝑖,𝑡 (𝑥, 𝑥′; u) = Σ𝑖𝑡 (𝑥, 𝑥′) − Σ𝑖𝑡 (𝑥, 𝑢)

(
Σ𝑖𝑡 (𝑢, 𝑢) + 𝑠

)−1 × Σ𝑖𝑡 (𝑢, 𝑥′). (2-25)

The receiver agent 𝑖 selects one packet from the pooled candidate library C̄𝑖𝑡 at each 𝑡. For any

candidate packet u ∈ C̄𝑖𝑡 , define the local receiver cost

𝐽𝑖𝑡 (u) := ∥
∑︁
𝑗∈N in

𝑖

∑︁
v=(𝑣,𝑚𝑣 ,𝑠𝑣)∈C 𝑗→𝑖

𝑡

(
𝛼

��𝜇+𝑖,𝑡 (𝑣; u) − 𝑚𝑣
��2 + 𝛽

��Σ+
𝑖,𝑡 (𝑣, 𝑣; u) − 𝑠𝑣

��2 )
∥ (2-26)

where 𝛼 ≥ 0 and 𝛽 ≥ 0 are weights for mean and variance consistency, respectively. 𝐽𝑖𝑡 (u) measures

how well the receiver posterior obtained by assimilating packet u agrees, at all received packet

locations, with the GP posterior of its in-neighbors. The receiver-side packet selection rule for agent

𝑖 is therefore given as

u𝑖,★𝑡 = 𝜓𝑖𝑡 (C̄𝑖𝑡 ) = arg min
u∈C̄𝑖

𝑡

𝐽𝑖𝑡 (u). (2-27)

After the minimizing packet

u𝑖,★𝑡 = (𝑢𝑖,★𝑡 , 𝑚
𝑖,★
𝑡 , 𝑠

𝑖,★
𝑡 ) (2-28)

is selected, receiver agent 𝑖 treats it as a fictitious measurement with pseudo-noise variance

𝑟
𝑖,★
𝑡 := 𝑠𝑖,★𝑡 . The packets selected for assimilation are then updated according to

M𝑖
𝑡+1 = M𝑖

𝑡 ∪
{(
𝑢
𝑖,★
𝑡 , 𝑚

𝑖,★
𝑡 , 𝑟

𝑖,★
𝑡

)}
. Thus, the selected packet is not used only for a temporary
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posterior correction at time 𝑡, but is retained as a pseudo-measurement and incorporated into the

augmented information set used to form the local GP posterior at subsequent measurement steps.

Collecting the selected inducing points for all agents as

u𝑡 :=
(
u1
𝑡 , . . . , u𝑁𝑡

)
∈ C̄1

𝑡 × · · · × C̄𝑁𝑡 . (2-29)

and defining the network-level objective as

𝐽𝑡 (u𝑡) :=
𝑁∑︁
𝑖=1

𝐽𝑖𝑡 (u𝑖𝑡). (2-30)

Hence, the network-level packet-selection problem is

u★𝑡 ∈ arg min
u𝑡∈C̄1

𝑡 ×···×C̄𝑁
𝑡

𝐽𝑡 (u𝑡). (2-31)

Therefore, if each local problem has a unique minimizer, then the global problem also has a unique

minimizer. In summary, the receiver-side packet-selection problem is a finite exact optimization that

is globally defined but rigorously separable across receivers. Each receiver selects the packet that

minimizes its local overlap-consistency cost, and the collection of these local minimizers

simultaneously solves the network-level problem.

2.6 Simulation Results

The developed method was evaluated in a decentralized mapping simulation with 𝑁 = 4 over

the square domain [−6, 6] × [−6, 6]. The scalar field was generated from a smooth nonlinear test

function over a 41 × 41 evaluation grid. The four agent centers were placed at (−3.0,−2.6),

(2.5,−2.8), (3.0, 2.8), and (−2.7, 3.0), and each agent was assigned a circular local domain of

radius 4.4. At each clock step, every agent collected one local measurement, with a Gaussian noise

standard deviation 0.08, over a total of 20 steps.

For local GP modeling, the agent-specific length-scales are chosen as

[0.85, 1.10, 1.35, 0.95], the signal scales as [0.90, 1.15, 1.05, 0.80], and the noise standard
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deviations as [0.07, 0.09, 0.08, 0.10]. At every step, each sender generated an edge-specific

packet over each overlap region using 4 transmitted inducing points per directed edge. Each receiver

then solved the exact finite-library packet-selection problem described in Section 2.5 and retained

the selected packet as a fictitious measurement for subsequent updates. The retained

pseudo-measurement variance was formed using the sender’s predictive variance. In the

receiver-side cost, the mean- and variance-consistency terms were weighted by 𝛼 = 1.0 and

𝛽 = 0.25, respectively.

Figure 2-1 shows the true scalar field together with the four local agent domains. Figure 2-2

shows the final local GP posterior mean for each agent at the end of the simulation, along with that

agent’s measurement locations. Figure 2-3 shows the retained inducing-point packets for each agent,

where the number next to each selected packet indicates the time step at which it was incorporated.

For an evaluation set {𝑥𝑛}𝑁𝑛=1, with ground-truth field value 𝑓 (𝑥𝑛), GP predictive mean 𝜇(𝑥𝑛),

and predictive variance 𝜎2(𝑥𝑛), these metrics are defined as

RMSE =

√√√
1
𝑁

𝑁∑︁
𝑛=1

(
𝜇(𝑥𝑛) − 𝑓 (𝑥𝑛)

)2
, (2-32)

NLPD = 1
𝑁

∑𝑁
𝑛=1

[
1
2 log

(
2𝜋(𝜎2(𝑥𝑛) + 𝜎2

𝜖 )
)
+

(
𝑓 (𝑥𝑛)−𝜇(𝑥𝑛)

)2

2(𝜎2 (𝑥𝑛)+𝜎2
𝜖 )

]
, (2-33)

where 𝜎2
𝜖 denotes the observation-noise variance. RMSE measures the posterior mean accuracy,

while NLPD evaluates probabilistic calibration by jointly penalizing prediction error and

uncertainty. Figure 2-4 compares the proposed inducing-point assimilation strategy against a

self-only baseline at the network level. In the self-only baseline, each agent trains its GP using only

locally collected measurements. In contrast, the proposed method augments each local dataset with

selected inducing-point packets received from neighboring agents. This comparison highlights the

impact of inter-agent communication on predictive performance within each agent’s local domain

and in the overlap regions shared with other agents.
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2.7 Discussion

The results show that the developed method improves consistency over overlap regions while

preserving accurate local GP predictions. Since each sender transmits only a compact

overlap-targeted summary, the method remains decentralized and avoids sharing full local packets.

A key feature is that communication has a cumulative effect. The selected packets are retained as

fictitious measurements, so the local posteriors evolve using both newly collected measurements

and previously accepted data packets. In comparison with GP models trained via local data sets, the

developed algorithm performs better in the simulation studies, with results showing lower RMSE,

along with reduced NLPD in the overlap regions while keeping the estimate errors preserved in the

local map. This shows that agents improve their predictions and uncertainty estimates and reach

better consensus than when operating in isolation.

The developed method currently assumes accurate transfer of information, but in practical

scenarios, information sharing between agents can also introduce noise in the packets. This can

degrade estimates, leading to reduced accuracy and increased error in the estimate compared to the

local GP. Additionally, the framework relies on sufficient overlap between agents; with minimal

overlap, the impact of information sharing diminishes and performance approaches that of isolated

local models.
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CHAPTER 3
CONCLUSIONS AND FUTURE WORK

3.1 Major Findings

The results of this thesis show that overlap between local sensing domains can be used as

more than a geometric relationship between neighboring agents. In decentralized scalar-field

mapping, overlapping regions provide a useful place to compare local Gaussian-process models that

are built from different datasets. When two neighboring agents estimate the same portion of the

field but obtain different posterior means or posterior variances, this disagreement reveals that the

agents have different information about the environment. One major finding of this thesis is that this

disagreement can be used as a practical decentralized signal for deciding which information should

be exchanged between agents.

The results also show that compact packet-based communication can improve decentralized

GP mapping without requiring transmission of full local datasets. Instead of transmitting all local

measurements or constructing a centralized GP model, each sender communicates only a small set

of inducing-point packets. Each packet contains a location, the posterior mean of sender, and the

posterior variance of sender at that location. This representation is small enough to support

decentralized communication, but still informative enough for a receiving agent to update its own

local model. The simulation results indicate that selected packets can improve the posterior estimate

of receiver, especially when the selected information comes from a neighboring agent with useful

knowledge about a related region of the field.

Another important finding is that retaining selected packets as fictitious measurements gives

communication a lasting effect. If a received packet were used only for a temporary prediction

correction, then its influence would disappear after the current update. In the proposed framework,

the selected packet is added to the augmented information set of receiver and is used in later GP

updates. This means that information received from neighbors can continue to improve future

predictions. This retained-information structure is especially important in limited-pass sensing

scenarios, where agents may not have many opportunities to revisit the same locations or repeatedly

exchange large amounts of data.
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The simulation study also shows that the proposed approach can improve performance

compared with a local-only GP baseline. In the local-only case, each agent trains its GP using only

its own measurements, so the resulting estimate depends only on the local data collected inside that

agent’s subdomain. In contrast, the proposed method allows each agent to benefit from selected

posterior information received from neighboring agents. The comparison using root-mean-square

error and negative log predictive density shows that the packet-based method can improve both

prediction accuracy and uncertainty quality. This is important because accurate mean prediction

alone is not sufficient for GP-based mapping; the uncertainty estimate must also remain meaningful.

The results further indicate that local estimates can improve without requiring the network to

form a single global GP model. The proposed method preserves local computation and local GP

models while still allowing the network to improve through neighbor-to-neighbor communication.

This is useful because many robotic sensing applications cannot rely on constant global

communication or centralized processing. The results therefore support the main hypothesis of the

thesis: overlap-based posterior discrepancy can guide compact information exchange and improve

decentralized scalar-field mapping while maintaining the distributed structure of the multi-agent

system.

3.2 Comparison with Existing Decentralized Approaches

The proposed method is a decentralized mapping approach in which each agent maintains its

own local Gaussian-process model and exchanges selected packet information with neighboring

agents. The method keeps inference local to each agent, while communication is used to improve

local prediction quality rather than to construct a single shared posterior.

Compared with local-only GP mapping, the proposed method uses communication to reduce

the information gap between neighboring agents. In the local-only case, each agent trains its GP

only on its own measurements. This avoids communication cost, but it also ignores useful

information collected by nearby agents. As a result, local estimates can remain inconsistent in

regions where neighboring sensing domains overlap. The proposed approach keeps the

decentralized structure of the local-only method, but allows each agent to improve its local model by
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assimilating selected information from neighbors.

Compared with decentralized data-fusion methods such as D2FAS [6], the proposed method

does not try to approximate a centralized GP through a common support set or global fusion

structure. D2FAS distributes GP prediction and active sensing across mobile sensors, but it is still

built around a distributed approximation of centralized data fusion. In this thesis, each agent

maintains its own local GP model, and communication is limited to compact edge-specific packets

generated by neighboring agents.

The proposed framework also differs from expert-aggregation and federated GP methods.

Expert-aggregation approaches, such as generalized product-of-experts and distributed GP

methods [4, 9, 20, 37], combine local expert predictions at query time to form a final predictive

distribution. In contrast, this thesis does not combine final predictions from multiple experts. A

receiver selects a candidate packet and retains it inside its own GP model, so the received

information can influence future posterior estimates. Federated GP methods [17, 18] mainly focus

on learning shared hyperparameters or common model structures across agents. The focus here is

different: agents exchange compact information about the field itself, represented by inducing

locations, sender posterior means, and sender posterior variances.

Compared with distributed sparse GP and distributed coverage-control methods [10, 22], the

proposed method separates sender-side packet generation from receiver-side packet selection. The

sender compresses its local posterior information into candidate inducing-point packets for a

neighboring receiver, while the receiver decides which packet is most useful for its own local model.

Once selected, the packet is stored as a fictitious measurement and continues to influence later GP

updates. Overall, the proposed approach provides a fully decentralized compact-communication

framework that avoids centralized inference and full raw-data transmission while improving local

GP estimates through limited communication with neighboring agents.

3.3 Limitations

Although the simulation results support the proposed framework, several limitations should

be considered. First, the current framework assumes reliable communication of the selected packet
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information. In the proposed method, each packet contains a location, a posterior mean, and a

posterior variance generated by the local GP model of sender. The receiver then uses this

information as a fictitious measurement. If the packet is corrupted by communication noise, delay,

or mismatch between the sender and receiver coordinate frames, then the receiver may assimilate

information that is not fully consistent with the true field. This could increase local prediction error

instead of reducing it. Therefore, the current approach is most suitable for settings where the

transmitted packet information can be trusted or where communication errors are small.

The method also depends on the existence of useful overlap between neighboring local

domains. The overlap region is the main place where neighboring agents can compare their local

posterior behavior and identify useful information exchange. If two agents have very small overlap,

or if their overlap contains little informative variation in the field, then the benefit of communication

may be limited. In the extreme case where the local domains do not overlap, the proposed

overlap-based consistency metric cannot be applied directly. This means that the method is naturally

suited to decompositions where neighboring subdomains share enough common region to support

meaningful comparison.

The current receiver-side selection rule also selects a limited amount of information at each

measurement step. This makes the optimization simple and communication-efficient, but it may

ignore other useful packets that could improve the local posterior if they were assimilated together.

In some cases, selecting only one packet may be too conservative, especially when several

neighbors provide complementary information. Extending the method to multi-packet selection

could improve performance, but it would also increase the computational cost and require a more

careful design of the selection criterion.

Finally, the present formulation assumes fixed GP hyperparameters and a relatively simple

scalar-field model. In practice, the correct kernel parameters may not be known in advance and may

vary across agents or environments. If the length-scale, signal variance, or noise variance are poorly

chosen, the local posterior mean and uncertainty estimates may be inaccurate, which can affect both

packet generation and packet selection. Similarly, real scalar fields may be time-varying,
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discontinuous, anisotropic, or affected by external dynamics. These cases are beyond the current

scope of the thesis, but they are important for future development of the framework.

3.4 Future Work

Several extensions would make the proposed decentralized GP mapping framework more

suitable for practical robotic deployments. One important direction is to move from

simulation-based validation to experimental validation with real robotic platforms. The current

results show that compact packet exchange can improve decentralized scalar-field mapping in a

controlled setting, but real systems introduce additional challenges such as localization error,

communication delay, packet loss, sensor bias, actuator limits, and imperfect synchronization

between agents. Testing the method on physical robots or high-fidelity robotic simulators would

help evaluate how robust the proposed packet-generation and packet-selection rules are under

practical operating conditions.

Another direction is to improve the receiver-side selection rule. In the current framework,

each receiver selects one candidate packet at each measurement step and retains it as a fictitious

measurement. This keeps the decision problem simple and communication-efficient, but it may not

fully use the information available from multiple neighbors. Future work could therefore consider

an information-theoretic selection rule that evaluates each candidate packet, or candidate subset,

using the Kullback–Leibler divergence between the receiver’s current GP posterior and the

hypothetical posterior obtained after assimilating that subset. Interpreted as an expected weight of

evidence, this divergence measures how strongly the selected packets distinguish the updated

posterior from the receiver’s current belief, providing a principled measure of their information

value [38]. Because a large posterior change is not necessarily an accurate or beneficial change, the

KL information gain should be combined with reliability constraints and penalties for packet

redundancy, correlation, and overconfident uncertainty estimates.

A related extension is multi-packet selection, where a receiver chooses a small subset of

packets instead of a single packet. This would allow the receiver to combine complementary

information from different agents, especially when several neighbors observe different parts of the
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field. However, this extension would require careful control of computational cost, packet

redundancy, and possible overconfidence caused by assimilating correlated information.

The framework can also be extended by adding adaptive packet-management strategies. Since

retained packets become part of the receiver’s augmented information set, the local GP dataset

grows over time. This is useful because communication has a cumulative effect, but it may become

expensive during long missions. This could include pruning, merging, or reweighting methods for

fictitious measurements so that agents keep the most informative packets while removing packets

that become redundant or outdated. Such methods would help preserve the scalability of the

approach as the mission length and number of agents increase.

Another important extension is adaptive hyperparameter learning. In this thesis, the GP

kernel hyperparameters are treated as fixed during the simulation. In practical scalar-field mapping

problems, the correct length-scale, signal variance, and noise variance may not be known ahead of

time and may differ across agents. Future work can develop decentralized or federated

hyperparameter-learning methods so that agents can update their local GP models as more

measurements become available. This would make the framework more flexible when the field has

different smoothness properties in different regions of the domain.

Future work should also consider more realistic communication and sensing models. The

present method assumes that candidate packets are transmitted accurately and that the receiver can

directly assimilate the selected packet as a fictitious measurement. In practice, communication may

be noisy, delayed, intermittent, or affected by coordinate-frame mismatch between agents. A

disturbance-tolerant version of the method could include confidence weights, packet validation tests,

robust cost functions, or filtering methods that prevent unreliable packets from degrading the

receiver’s local GP model. This would be especially important for field deployments in cluttered,

hazardous, or communication-limited environments.

Finally, the proposed framework can be extended to time-varying scalar fields and more

complex multi-agent planning problems. Many real environmental fields, such as smoke,

temperature, chemical concentration, and pollution, change over time. Extending the method to
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spatiotemporal GPs would allow agents to model both spatial and temporal uncertainty. In addition,

future work can connect the packet-selection framework with active sensing and motion planning,

so that agents not only decide which information to exchange, but also where to move next. This

would create a more complete decentralized mapping system in which sensing, communication, and

planning are designed together.
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