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Abstract—Homography based visual servoing is an approach
that blends image based feedback with feedback that is recon-
structed from the image to control an autonomous system to
move along a desired trajectory. Adaptive control methods have
been previously developed by compensating for an unknown
parameter (i.e., the depth of a feature) in the dynamics, where
persistence of excitation assumptions are used for parameter
identification. Rather than assume persistent excitation, an aug-
mented adaptive update law that uses recorded data is utilized
in this paper to guarantee exponential tracking and parameter
identification with only finite excitation. By identifying the depth
parameter, the structure of the scene can be reconstructed,
enabling simultaneous mapping and control.

I. INTRODUCTION

The objective in visual servo control (also known as
visual servoing) is to control the motion of an autonomous
system to track a desired trajectory which is either known
or generated from camera images. Two primary methods of
visual servoing are image based (IBVS) and position based
(PBVS). In IBVS, the tracking error is quantified based
on pixel coordinates of features in the desired and actual
camera images. Although the features appear to efficiently
converge to their desired locations, the 3D trajectory of
the camera generated by IBVS can be inefficient or not
physically possible [1]–[4].

To address these shortcomings of IBVS while still only
using a single camera, PBVS utilizes known scene geometry
to determine the 6 degree of freedom (DOF) position and
orientation (pose) of the camera, and the tracking error is
quantified by the pose error. However, a drawback to PBVS
is that the fully scaled geometry of the scene must be known.
Due to the nature of image formation, scaled geometric infor-
mation is not instantaneously measurable from the camera,
and therefore additional calibration or preprocessing may be
required before this method can be applied.

An effective middle ground between these two methods
is known as homography-based (e.g., [5]–[10]) or 2.5D
(e.g., [11]–[14]) visual servoing. In planar environments, the
orientation and scaled translation of camera can be deter-
mined, up to one unknown constant (i.e., the depth of the
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homography plane with respect to the initial camera pose),
without requiring knowledge of the scene geometry. Robust
and adaptive control methods can then be used to compensate
for the unknown depth parameter and achieve the control
objective (e.g. [5]–[7], [9]). Since the error is quantified
based on both the camera pose and a feature position, the
resulting 6DOF camera trajectory is more efficient than those
produced with IBVS. See [1]–[4] for a more in-depth review
of visual servo control.

A known deficiency in adaptive control is the lack of a
guarantee of parameter convergence using instantaneous data
without persistence of excitation (PE) [15]–[17]. Specifically
considering the visual servoing problem, the unknown depth
estimate cannot be shown to converge to its true value (e.g.,
[5]–[7], [9]) without assuming PE (e.g., [18]–[21] or ), a
condition that cannot be checked a priori for nonlinear
systems, is difficult to check online, and may require restrict-
ing camera motion to satisfy (e.g., [22]–[24]). A recently
developed technique known as concurrent learning (e.g., [25],
[26]) has been shown to guarantee exponential convergence
by augmenting the adaptive update law to utilize recorded
data. This method is similar to the familiar concept in linear
least squares (LLS) where input-output data is utilized to
estimate the parameters of a function [27]. Similar to LLS,
the data must be sufficiently rich for the concurrent learning
technique to obtain a unique solution. In concurrent learning,
the richness condition is satisfied if the system is excited
for a finite duration of time, and therefore is much easier to
satisfy than PE. In addition, the richness condition can easily
be verified online by checking the minimum singular value
of an m × m matrix, where m is the number of unknown
parameters.

For the problem addressed in this paper, an adaptive update
law inspired by the concurrent learning concept is used to
identify the depth of the reference plane that induces the
homography relationship. A unique obstacle that emerges
when trying to apply the concurrent learning strategy to
visual servo control is that the uncertainties appear on both
sides of the dynamics (i.e., the uncertainties are multiplied
by both the state and state derivatives). The dynamics are
formulated in this way to avoid numerical issues associ-
ated with estimating the inverse of the uncertainties (i.e.,
the inverse range as opposed to the range), as well as to
mitigate the need for additional robust terms to compensate
for the uncertainties being multiplied by the control input.
In developing a novel adaptive update law to guarantee
parameter convergence, the outcome of this work is that



Figure 1. Geometric relationships considered in this paper.

not only is the tracking performance improved (exponential
tracking versus asymptotic for traditional gradient based
adaptive control without PE), but the structure of the plane
(i.e., the 3D coordinates of all features on the plane) is also
determined. By reconstructing the scene online, we integrate
simultaneous localization and mapping (SLAM) with control.

II. GEOMETRIC MODEL AND EUCLIDEAN
RECONSTRUCTION

The camera-in-hand problem is considered in the fol-
lowing development. In this configuration, the camera is
attached to a mobile autonomous system while observing a
fixed planar object, and the camera velocities themselves are
controlled. This work can be extended to the camera-to-hand
configuration [7] where the camera is stationary and observes
the mobile autonomous system to be controlled. Without loss
of generality1, assume a fixed object in the workspace has
at least 4 coplanar but not collinear feature points, and let π
denote the plane they lie on. Let F denote a reference frame
attached to the moving camera, with a coordinate system
defined as having its origin at the principle point of the
camera, Z-axis coincident with the optical axis of the camera
and positive outward, and X-axis parallel to the horizontal
axis of the image sensor. Let F∗ denote an inertial reference
frame, with coordinate system typically taken as coincident
with that of F at the initial time. Therefore, π is fixed with
respect to F∗. Let Fd denote a reference frame attached
to the desired pose of the camera, with coordinate system
defined in the same manner as that of F . The vectors m̄i,
m̄∗
i , m̄id ∈ R3 denote the position of a point Oi on π with

respect to the origin of each of the coordinate systems, as
shown in Figure 1, and expressed as

m̄i =
[
xi yi zi

]T
m̄∗
i =

[
x∗i y∗i z∗i

]T
m̄id =

[
xid yid zid

]T
1The virtual parallax method can be used in cases where there are at least

8 feature points in general position, with no 4 points being coplanar.

where xi, yi, zi ∈ R, x∗i , y∗i , z∗i ∈ R and xid, yid, zid ∈ R
are the Euclidean coordinates of the feature Oi expressed in
the coordinate system of F , F∗ and Fd, respectively. Then
the vectors m̄i and m̄id can be expressed in terms of the
constant m̄∗

i as
m̄i = xf +Rm̄∗

i (1)

m̄id = xfd +Rdm̄
∗
i (2)

where xf ∈ R3 denotes the vector from the origin of F to
the origin of F∗, expressed in the coordinate system of F ,
xfd ∈ R3 denotes the vector from the origin of Fd to the
origin of F∗, expressed in the coordinate system of Fd and
R ∈ SO (3) and Rd ∈ SO (3) denote the orientation of the
coordinate system of F∗ relative to F and Fd, respectively.
The constant distance from the origin of F∗ to the plane π,
denoted d∗ ∈ R, is given by

d∗ = n∗T m̄∗
i (3)

where n∗ ∈ R3 is the unit vector perpendicular to π and
passing through the origin of F∗, expressed in the coordinate
system of F∗. Using (3), (1) and (2) can be rewritten as

m̄i =
(
R+

xf
d∗
n∗T

)
m̄∗
i (4)

m̄id =
(
Rd +

xfd
d∗

n∗T
)
m̄∗
i . (5)

The normalized Euclidean coordinates, denoted mi, m∗
i ,

mid ∈ R3, are defined as

mi ,
m̄i

zi
=
[ xi

zi

yi
zi

1
]T

m∗
i ,

m̄∗
i

z∗i
=
[

x∗
i

z∗i

y∗i
z∗i

1
]T

mid ,
m̄id

zid
=
[ xid

zid

yid
zid

1
]T

which can be used to rewrite (4) and (5) as

mi =
z∗i
zi︸︷︷︸
αi

(
R+

xf
d∗
n∗T

)
︸ ︷︷ ︸

H

m∗
i (6)

mid =
z∗i
zid︸︷︷︸
αid

(
Rd +

xfd
d∗

n∗T
)

︸ ︷︷ ︸
Hd

m∗
i (7)

where αi, αid ∈ R are the time-varying depth ratios, and
H , Hd ∈ R3×3 denote the Euclidean homography matrices.
The pixel coordinates of the projection of the feature onto
the imaging sensor attached to F , F∗ and Fd, respectively,
are denoted pi, p∗i , pid ∈ R3 and defined as

pi ,
[
ui vi 1

]T
p∗i ,

[
u∗i v∗i 1

]T
pid ,

[
uid vid 1

]T
where ui, vi, u∗i , v∗i , uid, vid ∈ R. The pinhole camera model
relates the pixel coordinates to the normalized Euclidean



coordinates by the known, constant, invertible [28, Chapter
3.3] intrinsic camera calibration matrix A ∈ R3×3 as

pi = Ami, p∗i = Am∗
i , pid = Amid.

Based on (6) and (7), the homography relationship between
the pixel coordinates can be expressed as

pi = αi
(
AHA−1

)︸ ︷︷ ︸
G

p∗i

pid = αid
(
AHdA

−1
)︸ ︷︷ ︸

Gd

p∗i

where G, Gd ∈ R3×3 are the projective homography matri-
ces.

The projective homography matrix between the image at
F∗ and the images taken from F and Fd can be directly
computed from the pixel coordinates of the four coplanar
feature points [28, Chapter 5.3]. The methods described in
[28]–[30] can then be used to decompose G and Gd into
the depth ratios, αi, αid, the relative rotation matrices, R,
Rd and the unit normal vector n∗. These signals can then
be used to provide feedback in the subsequently designed
controller.

III. CONTROL OBJECTIVE

The objective is to design a controller for the camera
velocities such that the 6 DOF trajectory of the camera tracks
the trajectory of the (real or virtual) camera attached to Fd.
In addition, since the camera only provides 2D information,
Euclidean reconstruction of the features on π is desired.
Since the full scale translations xf and xfd are not available
from the homography decomposition, the tracking control
objective is expressed as the desire to achieve: R (t) →
Rd (t), m1 (t) → m1d (t) and z1 (t) → z1d (t) as t → ∞,
where feature 1 was selected for notational convenience
and without loss of generality. The Euclidean reconstruction
objective can be expressed as ẑ∗1 → z∗1 as t → ∞, where
ẑ∗1 ∈ R is the estimate of the depth of the point O1 relative
to F∗. With ẑ∗1 , the methods described in [31, Section III]
and [32, Section III] can be used to reconstruct the depth
of the homography plane and subsequently the Euclidean
coordinates of all features on π.

To quantify the translation tracking error, let ev ∈ R3 be
defined as

ev = pe − ped (8)

where pe, ped ∈ R3 are defined as

pe =
[
u1 v1 − ln (α1)

]T
ped =

[
u1d v1d − ln (α1d)

]T
.

The rotation tracking error, eω ∈ R3, is defined as

eω = Θ−Θd (9)

where Θ, Θd ∈ R3 denote the axis-angle representation2 of
R and Rd, respectively, and are defined as

Θ , uθ Θd , udθd

where u, ud ∈ R3 are unit vectors representing the rotation
axes, and θ, θd ∈ (−π, π) represent the rotation angles about
u and ud. One method for transforming from a rotation
matrix, R, to an axis-angle, u-θ, as shown in [33, Chapter
2.5], is given by

θ = arccos

(
1

2
(tr (R)− 1)

)
[u]× =

R−RT

2 sin (θ)

where tr (·) denotes the matrix trace operator, and [u]×
denotes the skew-symmetric expansion of u. The inverse map
from the axis-angle representation to the rotation matrix is
given by Rodrigues’ rotation formula. Finally, the feature
depth estimation error, z̃∗1 ∈ R, is defined as

z̃∗1 = z∗1 − ẑ∗1 . (10)

IV. CONTROL DEVELOPMENT

The open loop error dynamics for the orientation states
are developed by taking the time derivative of (9), resulting
in the following expression [7]:

ėω = −Lωωc − Θ̇d (11)

where ωc ∈ R3 is the angular velocity of the camera (i.e. the
angular velocity of F with respect to F∗) expressed in the
coordinate system of F , and Lω ∈ R3×3 is defined as

Lω , I3 −
θ

2
[u]× +

(
1− sinc (θ)

sinc2
(
θ
2

)) [u]
2
×

where I3 denotes the 3x3 identity matrix, and the function
sinc (·) : R→ R is defined as

sinc (θ) ,
sin (θ)

θ
.

The matrix Lω can be shown to be invertible for all θ ∈
(−π, π) [7]. The open loop dynamics for the translation error
can be derived as [7]

z∗1 ėv = −α1Lvvc + φz∗1 (12)

where φ ∈ R3 is a time-varying signal defined as φ ,
Lv [m1]× ωc − ṗed, vc ∈ R3 is the linear velocity of the
camera (i.e., the linear velocity of F with respect to F∗)
expressed in the coordinate system of F , Lv ∈ R3×3 is an
invertible matrix defined as

Lv ,

A−
 0 0 u0

0 0 v0
0 0 0


 1 0 −x1(t)

z1(t)

0 1 −y1(t)z1(t)

0 0 1


2Although the axis-angle orientation parametrization is considered here,

the learning strategy employed as part of the parameter adaptation law
discussed in the next section is also applicable when using the quaternion
parameterization [9].



and u0, v0 ∈ R are the principle point coordinates of the
camera, i.e. the pixel coordinates of the intersection of the
optical axis of the camera with the image sensor plane. Note
that Lv is known and can be calculated from A and m1, and
therefore, φ (t) is known.

Remark 1. Typically, in tracking control problems, the con-
troller is designed with a feedforward component based on
the desired trajectory, with an added restriction that the
desired trajectory and its derivatives are continuous. In the
visual servoing problem, the desired trajectory, encoded in
ped, ud and θd, can come from camera images, taken at a
finite frame rate (e.g., “teach-by-showing”). As described in
[7, Remark 3], a sufficiently smooth function can be fit to the
desired trajectory such that the derivatives are all known and
bounded. In the following development, ped, ud, θd, ṗed, u̇d
and θ̇d are assumed to be continuous, known, and bounded.

Based on the open loop error dynamics in (11) and (12),
and the control objective, the inputs to the system, i.e. the
camera velocities, are designed as

ωc = L−1
ω

(
Kωeω − Θ̇d

)
(13)

vc =
1

α1
L−1
v [Kvev + φẑ∗1 ] (14)

where Kω , Kv ∈ R3×3 are constant, positive definite,
diagonal gain matrices. The adaptive update law for the
feature depth estimate is inspired by the concurrent learning
method in [25] and is given by

˙̂z∗1 = γ1e
T
v φ

+ γ1γ2

N∑
k=1

(ėv (tk)− φ (tk))
T

[−α1 (tk)Lv (tk) vc (tk)]

+γ1γ2

N∑
k=1

(ėv (tk)− φ (tk))
T

[− (ėv (tk)− φ (tk)) ẑ∗1 (t)]

(15)

where γ1, γ2 ∈ R>0 are positive constant gains, N ∈ Z+is
a positive constant, tk ∈ [0, t] are time points between
the initial time and the current time, and the concurrent
learning term (i.e., the second term) in (15) represents saved
data. The principal idea behind this design is to utilize
recorded input-output data generated by the dynamics in
(12) to further improve the parameter estimate. Since the
second term uses recorded data, optimal smoothers can be
utilized to accurately estimate ėv at the past time points tk
in cases where it cannot be directly measured (i.e., optical
flow measurements are not available). Therefore, the update
law in (15) is implementable. The relationship in (12) and
the definition of z̃∗1 can then be used to rewrite (15) as

˙̂z∗1 = γ1e
T
v φ+ γ1γ2

N∑
k=1

‖ėv (tk)− φ (tk)‖2 z̃∗1 (t) . (16)

Substituting the controllers given in (13) and (14) into the
open loop error dynamics in (11) and (12) results in

ėω = −Kωeω (17)

z∗1 ėv = −Kvev + φz̃∗1 . (18)

Remark 2. When the controller is initialized, no recorded
data is available, and the concurrent learning term is zero.
Once a sufficient amount of time has passed (as described
in Assumption 1), recorded data can be used to populate the
history stack (i.e., the individual summands in the concurrent
learning term) in (15). Time points for which recorded data
is added to the history stack can be selected arbitrarily
as long as the summand in (16) is nonzero and the sum
monotonically increases with time; however, as shown in the
subsequent stability analysis, the sum should be maximized
to maximize the parameter convergence rate.

V. STABILITY ANALYSIS

Assumption 1. The system is sufficiently
excited over a finite duration of time, i.e.
T , min

{
τ ∈ [0,∞)| ‖ėv (τ)− φ (τ)‖2 > 0

}
exists

and is finite, after which the history stack is nonzero.

Remark 3. The finite excitation condition in Assumption 1 is
much easier to satisfy than the PE condition used in previous
visual servoing results (e.g., [18]–[20]) since excitation is
only required over a finite duration of time, whereas in PE,
as the name implies, excitation is required for all time. In
addition, the finite excitation condition can be checked online
by checking the minimum eigenvalue of the sum of the

regressor in (16) (i.e.,
N∑
k=1

‖ėv (tk)− φ (tk)‖2), whereas for

PE it is difficult to find the correct time window, T , to check
if the integral of the regressor is lower bounded.

Theorem 1. The controller in (13) and (14), along with
the adaptive update law given in (15), ensure the tracking
errors and parameter estimation errors are bounded during
the interval 0 ≤ t ≤ T .

Proof: During the interval 0 ≤ t ≤ T , the history stack
is empty and the concurrent learning term in (16) is zero. The
stability analysis in [7] demonstrates asymptotic stability of
the states. This implies ‖η (t)‖ ≤

√
β2

β1
‖η (0)‖, ∀t ∈ [0, T ],

where η ,
[
eTω eTv z̃∗1

]T
.

Theorem 2. The controller in (13) and (14), along with the
adaptive update law given in (15), ensure the tracking errors
and parameter estimation errors are exponentially driven to
the origin, in the sense that there exists positive constants λ,
C ∈ R>0 such that

‖η (t)‖ ≤ C ‖η (0)‖ e−λt.

Proof: Let V : R3×R3×R→ R be a positive definite
function defined as

V (eω, ev, z̃
∗
1) ,

1

2
eTωeω +

z∗1
2
eTv ev +

1

2γ1
z̃∗21 . (19)



The Lyapunov function candidate in (19) can be bounded as

β1 ‖η‖2 ≤ V ≤ β2 ‖η‖2 (20)

where β1 , min
{

1
2 ,

1
2γ1

}
and β2 , max

{
1
2 ,

1
2γ1

}
. Taking

the time derivative of (19) and substituting the expressions
in (16)-(18) results in

V̇ ≤ −eTωKωeω − eTvKvev − λzγ2z̃∗21 (21)

where λz , ‖ėv (T )− φ (T )‖2 > 0 (Assumption 1 guaran-
tees λz > 0). The expression in (21) can then be rewritten
as

V̇ ≤ −λ1V (22)

where λ1 , min {λmin (Kω) , λmin (Kv) , λzγ2} and
λmin (·) refers to the minimum eigenvalue of (·). Using the
Comparison Lemma [34, Lemma 3.4], the trajectory of V
can be upper bounded as

V ≤ V (eω (T ) , ev (T ) , z̃∗1 (T )) e−λ1(t−T ).

Using (20), the tracking and estimation errors are upper
bounded as

‖η (t)‖ ≤ β2
β1
‖η (T )‖ e− 1

2λ1(t−T ).

From Theorem 1, this can be further bounded as

‖η (t)‖ ≤ e 1
2λ1(T )

(
β2
β1

)
‖η (0)‖ e− 1

2λ1(t).

Remark 4. As mentioned in Section IV, the adaptive up-
date law in (15) utilizes state derivatives (i.e., optical flow
measurements). If state derivative measurements are not
available, an estimate can be used, and the tracking and
parameter estimation errors can be shown to be uniformly
ultimately bounded, where the residual error is proportional
to the derivative estimation error, as discussed in [25].

From Theorem 2 ‖η‖ → 0 as t → ∞, and therefore
‖ev‖ → 0 and ‖eω‖ → 0. From the definition of ev in
(8), ‖ev‖ → 0 implies pe → ped, and since the camera
calibration matrix, A, is invertible, m1 → m1d as t → ∞.
Also, ‖ev‖ → 0 implies α1d

α1
→ 1 and therefore z1 → z1d.

Since m1 → m1d and z1 → z1d, m̄i → m̄id and the position
tracking objective is achieved. Similarly, ‖eω‖ → 0 implies
Θ → Θd. Since u is a unit vector and θ has a restricted
domain, Θ → Θd implies u → ud and θ → θd. Using
the Rodrigues’ rotation formula, this implies R → Rd, and
therefore the orientation tracking objective is achieved.

VI. CONCLUSION

A novel adaptive controller for homography based visual
servoing is developed. The adaptive update law is augmented
with a concurrent learning term to identify the depth to the
homography plane, and subsequently identify the structure of
features on the plane. In addition to parameter convergence,
the control design also guarantees exponential tracking per-
formance. The development in this paper provides prelimi-
nary results for future efforts focused on integrating feature
reconstruction into concurrent SLAM and control.
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