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Abstract— Gaussian Processes (GPs) are powerful non-
parametric Bayesian models for scalar-field regression, typically
assuming perfectly known measurement locations and Gaussian
measurement noise. In many real-world mapping applications,
however, sensor-equipped mobile robots collect measurements
under imperfect localization, causing discrepancies between es-
timated and true measurement locations that degrade GP mean
and covariance estimates. To address this issue, we propose a
method for updating GP models as improved location estimates
become available. By exploiting the differentiability of the GP
kernel, we develop a second-order correction algorithm based
on precomputed Jacobians and Hessians of the GP mean and
covariance, enabling real-time refinement from measurement-
location discrepancy data. Simulation results show improved
prediction accuracy and lower computational cost than full
retraining.

I. INTRODUCTION

Mapping unknown fields is important in many scien-
tific and engineering applications, including environmental
monitoring, search and rescue, and autonomous underwater
exploration [1]. Among available methods, Gaussian Pro-
cesses (GPs) are widely used because they capture complex
spatial correlations and provide uncertainty quantification
[2]. Standard GP regression assumes known measurement
locations and Gaussian measurement noise.

In many mapping applications, a sensor-equipped robot
navigates the environment and collects field measurements
to construct a map [3]. The true location of the robot
is often unknown and needs to be estimated to ensure
accurate mapping [4], [5]. Due to unmodeled dynamics and
environmental disturbances, location estimates of the robot
become corrupted, resulting in biased and noisy datasets
for GP training [2], [6], [7]. Robots often rely on global
positioning system (GPS) for localization during measure-
ment collection. However, GPS signals can be unavailable
or unreliable in environments with occlusions, interference,
or other challenging conditions [8]–[10].

To model an unknown field, Girard [11] developed a GP
framework for propagating input uncertainty by modeling
the input as a Gaussian random variable and exploiting the
analytical structure of the squared exponential (SE) kernel
to obtain closed-form expressions for the predictive mean
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and variance. This approach is well-suited to discrete-time
nonlinear models [12] and iterative k-step-ahead forecasting
[11], where uncertainty accumulates over time. Although the
SE kernel admits closed-form derivatives, the framework in
[11], [12] is restricted to the SE kernel and assumes Gaussian
uncertainty. When these assumptions are violated, one must
rely on computationally expensive approximations, which
further complicate hyperparameter estimation, particularly in
high-dimensional settings.

As an alternative, McHutchon and Rasmussen introduced
the noisy input Gaussian process (NIGP) model, which
provides an approximate analytical treatment of input uncer-
tainty [13]. NIGP uses a first-order Taylor expansion at each
noisy input to recast input uncertainty as an additive output-
variance term proportional to the squared gradient of the
posterior mean, without requiring a specific kernel. Its hyper-
parameters, including the input noise variances, are learned
jointly by maximizing the marginal likelihood. However,
the first-order approximation may lose accuracy for strongly
nonlinear functions [13], while the added hyperparameters
increase training complexity and the assumption of constant
input noise variance limits applicability to heteroscedastic
settings.

Most existing methods assume that measurement-location
errors are independent and identically distributed (i.i.d.) with
Gaussian distributions and compensate for Gaussian uncer-
tainty by modifying the covariance function or introducing a
corrective variance term. In many practical mapping applica-
tions, however, location errors are dominated by systematic
deterministic effects rather than random noise.

Correcting deterministic input errors in GP-based maps
without full retraining is challenging because the GP mean
and covariance depend on the inverse kernel matrix, so updat-
ing a measurement location generally costs O(T 3), where T
is the number of measurements. To overcome this, this paper
proposes a two-stage correction framework: an offline stage
that precomputes the Jacobians and Hessians of the GP mean
and covariance, and an online stage that uses them to apply
real-time corrections as improved location estimates become
available. The main contribution is a gradient-based method
for correcting deterministic measurement-location errors in
GP models.

II. PROBLEM FORMULATION

Consider a sensor-equipped robot operating in a domain
X ⊂ Rn that is tasked with visiting a set of measurement
locations to create a map of a scalar field f : X → R. The



field can be modeled by GP as

f̂ ∼ GP(µ,Σ), (1)

where µ : Rn → R is the mean function and Σ : Rn×Rn →
R is the covariance function. The robot is programmed to
follow a planned trajectory, visiting planned measurement
locations X̂ = {x̂i}Ti=1, where T ∈ N is the total number
of measurements. However, due to unmodeled dynamics
or localization errors, the robot deviates from its planned
trajectory and collects measurements at the actual locations
X = {xi}Ti=1. The corresponding measurement vector is
Y = [y1, . . . , yT ]

⊤ ∈ RT×1, where yi = f(xi) + ϵi, and
ϵi ∼ N (0, σ2

y) is zero-mean Gaussian measurement noise.
The robot ignores localization error during training and

incorrectly pairs the measurements Y with the planned
locations X̂. As a result, the corrupted GP model is trained
on the mismatched dataset {X̂,Y}. The true and planned
measurement locations satisfy

xi = x̂i + δi, ∀i = 1, 2, . . . , T, (2)

where δi ∈ Rn is the localization error for the i-th measure-
ment.

The objective is to use the known errors δi to correct the
corrupted GP model so that it approximates the predictive
performance of an ideal GP trained on {X,Y}, without
full retraining or additional measurements. The following
assumptions are made to keep the problem tractable.

Assumption 1: ϵi is i.i.d. zero-mean Gaussian with vari-
ance σ2

y , i.e., ϵi ∼ N (0, σ2
y), and E[ϵiϵj ] = 0 for i ̸= j.

Assumption 2: The localization error satisfies ∥δi∥ ≤
δmax for all i = 1, 2, . . . , T .

III. GAUSSIAN PROCESS REGRESSION

The unknown function f is modeled as a GP with squared
exponential (SE) kernel [2],

k(x̂, x̂′) := α2 exp

(
−∥x̂− x̂′∥2

2β2

)
, (3)

where α2 and β denote the signal variance and characteristic
lengthscale, respectively, and x̂, x̂′ ∈ X . The SE kernel is
selected due to its smoothness properties [2] and its universal
approximation property [14]. The algorithm developed in
this paper is compatible with other smooth kernels, such as
Matérn-type kernels.

Let Xe = {xe,1, . . . ,xe,M} ⊂ X denote the test locations
for GP posterior evaluation. Because these locations are
fixed, the test–test kernel matrix Ke−e ∈ RM×M is constant
and given by

Ke−e[i, j] = k(xe,i,xe,j). (4)

For an arbitrary set of T training locations Z = {zt}Tt=1 ∈
X T , where X T := X × · · · × X , define

Ke−T(Z)[i, k] := k(xe,i, zk), (5)
KT−T(Z)[j, k] := k(zj , zk), (6)

where Ke−T : X T → RM×T and KT−T : X T → RT×T .
For any Z, these mappings produce the corresponding test–
train and train–train kernel matrices.

The GP mean and covariance mappings m : X T → RM

and S : X T → RM×M are computed as

m(Z) := Ke−T(Z)
(
KT−T(Z) + σ2

yIT
)−1

Y, (7)

S(Z):=Ke−e−Ke−T(Z)
(
KT−T(Z)+σ2

yIT
)−1

Ke−T(Z)
⊤,
(8)

where m(Z) ∈ RM and S(Z) ∈ RM×M denote the pre-
dictive mean and covariance, respectively. Evaluating these
mappings at the planned measurement locations X̂ gives the
corrupted GP posterior

M̂ := Ke−T(X̂)
(
KT−T(X̂) + σ2

yIT

)−1

Y, (9)

Ŝ:=Ke−e−Ke−T(X̂)
(
KT−T(X̂)+σ2

yIT

)−1

Ke−T(X̂)⊤.

(10)
A sensitivity analysis is then performed with respect to
perturbations in the training locations. Specifically, a second-
order Taylor expansion about X̂ is derived to approximate
the corrected GP posterior under localization error.

IV. TAYLOR SERIES APPROXIMATION OF MEAN AND
COVARIANCE FUNCTIONS

In GP regression, the mean function m is formed as a
linear combination of the observed measurements Y, with
weights determined by the correlation between the test and
training locations. These weights depend on the test–train
kernel matrix Ke−T in (5) and the inverse of the train–
train kernel matrix KT−T in (6), both of which make the
predictive mean sensitive to perturbations in the measure-
ment locations. Similarly, the covariance S, which quantifies
predictive uncertainty, depends on Ke−e, Ke−T, and KT−T,
and therefore also varies with changes in the correlation
structure induced by the measurement locations.

To quantify the effect of the discrepancy between the true
measurement locations X and the planned locations X̂ on the
GP posterior, a second-order Taylor expansion is taken about
X̂. Accordingly, the corrected mean vector M := m(X) ∈
RM×1 is approximated as

M ≈ M̂+

T∑
i=1

Ji
Mδi +

1

2

T∑
i=1

T∑
j=1

 δ⊤i Hi,j
M [1, ·, ·]δj

...
δ⊤i Hi,j

M [M, ·, ·]δj

 ,

(11)
where δi ∈ Rn×1 is the error at location x̂i. The Jacobian and
Hessian matrices are defined as Ji

M := ∂m
∂zi

∣∣∣
Z=X̂

∈ RM×n,

and Hi,j
M := ∂2m

∂zi∂z⊤
j

∣∣∣
Z=X̂

∈ RM×n×n, respectively. Here,

Hi,j
M [t, :, :] ∈ Rn×n denotes the Hessian matrix of the t-th

component of m with respect to zi and zj .
Similarly, the corrected covariance matrix S := S(X) ∈

RM×M is approximated using a second-order Taylor expan-
sion around X̂ as



S := Ŝ +

T∑
i=1

Ji
Sδi

+
1

2

T∑
i=1

T∑
j=1

 δ⊤i Hi,j
S [1, 1, :, :]δj · · · δ⊤i Hi,j

S [1,M, :, :]δj
...

. . .
...

δ⊤i Hi,j
S [M, 1, :, :]δj · · · δ⊤i Hi,j

S [M,M, :, :]δj

,
(12)

where Ji
S := ∂S

∂zi

∣∣∣
Z=X̂

∈ RM×M×n denotes the Jacobian

and Hi,j
S := ∂2S

∂zi∂z⊤
j

∣∣∣
Z=X̂

∈ RM×M×n×n denotes the
Hessian tensor of the covariance function.

Although the corrected mean and covariance expressions
in (11) and (12) involve first- and second-order derivatives
with respect to every measurement location, their computa-
tional cost is mitigated by substantial sparsity in the Jacobian
and Hessian tensors. As shown in the next section, this
sparsity follows from the kernel structure. In particular, dif-
ferentiating the kernel with respect to a specific measurement
location zk affects only the k-th column of Ke−T and the
k-th row and column of KT−T.

A. Gradient of the Test-Train Kernel Matrix

To compute the gradient of the kernel matrix Ke−T, first
consider the gradient of the kernel function k(x, z) with
respect to its second argument z. For the SE kernel in
(3), the gradient, ∂k(x,z)

∂z ∈ Rn, is computed as ∂k(x,z)
∂z =

1
β2 (x− z) k(x, z).

The derivative of the test–train kernel matrix Ke−T with
respect to a single training input zk is a tensor in RM×T×n.
Because only the k-th column of Ke−T depends on zk, the
tensor is sparse, and computed as

[
∂Ke−T

∂zk

]
i,j,:

∣∣∣∣
Z=X̂

=


(
∂k(xe,i, z)

∂z

∣∣
z=x̂k

)⊤

, j = k,

0⊤
n , otherwise,

where [·]i,j,: denotes the 1× n vector at position (i, j).

B. Gradient of the Training Kernel Matrix

For the training kernel matrix KT−T ∈ RT×T , differen-
tiation with respect to the training location zk ∈ Rn affects
only the k-th row and k-th column. Thus, the gradient tensor
∂KT−T

∂zk

∣∣∣
Z=X̂

∈ RT×T×n is sparse, with entries

[
∂KT-T

∂zk

]
j,l,:

∣∣∣∣
Z=X̂

=


(

∂k(x̂j ,z)
∂z

∣∣
z=x̂k

)⊤
, l = k, j ̸= k,(

∂k(x,x̂l)
∂x

∣∣
x=x̂k

)⊤
, j = k, l ̸= k,

0⊤
n , otherwise.

V. GRADIENT OF THE GP MEAN AND COVARIANCE

The Jacobians of the GP mean function m and covariance
function S with respect to the training location zi, evaluated
at X̂, define the terms Ji

M and Ji
S in the Taylor expansions

(11) and (12). These Jacobians simplify considerably because
the gradients of the kernel matrices are sparse, with nonzero
entries only in the i-th row or column.

A. Gradient of the GP Mean Function

The Jacobian of m as defined in (7) with respect to the i-
th training location zi, evaluated at Z = X̂, is Ji

M ∈ RM×n.
Let K(Z) = KT−T(Z)+σ2

yIT, and define K := K(X̂) and
Ke−T := Ke−T(X̂) for brevity.

Applying the chain rule and the matrix inverse identity,
∂K(Z)−1

∂zi
= −K(Z)−1 ∂K(Z)

∂zi
K(Z)−1 yields

Ji
M =

(
∂Ke−T

∂zi

∣∣∣∣
X̂

)
K−1Y −Ke−TK

−1

(
∂KT−T

∂zi

∣∣∣∣
X̂

)
K−1Y.

Let c := K−1Y ∈ RT×1 and P := Ke−TK
−1 ∈

RM×T . Let Ji
e−T := ∂Ke−T

∂zi

∣∣
X̂

∈ RM×T×n and Ji
T−T :=

∂KT−T

∂zi

∣∣
X̂

∈ RT×T×n. Using the sparsity of Ji
e−T (non-zero

only at column i), the Ji
M Jacobian simplifies to

Ji
M = Ji

e−T [·, i, ·]c[i]−PJi
T−T c, (13)

where Ji
e−T [·, i, ·] ∈ RM×n is the i-th slice of the kernel

gradient tensor, c[i] is the i-th element of c, and the second
term denotes a full tensor contraction resulting in an M ×n
matrix.

B. Gradient of the GP Covariance Function

The Jacobian of S as defined in (8) with respect to zi,
evaluated at Z = X̂, is Ji

S ∈ RM×M×n. Since Ke−e is
constant, its gradient is zero. Let A(Z) = Ke−T(Z) ∈
RM×T and A := A(X̂). Applying the product rule for
matrix gradients yields

Ji
S = −

(
∂A
∂zi

)
K−1A⊤ −A

(
∂K−1

∂zi

)
A⊤ −AK−1

(
∂A⊤

∂zi

)
.

Using the identity ∂K−1

∂zi
= −K−1 ∂K

∂zi
K−1, and noting that

the first and third terms are transposes of each other, the
Jacobian Ji

S is simplified. Let P := AK−1 ∈ RM×T , Ji
A :=

∂A
∂zi

∣∣
X̂

∈ RM×T×n and Ji
K := ∂K

∂zi

∣∣
X̂

∈ RT×T×n.

Ji
S = −

(
Ji
AK−1A⊤)− (

Ji
AK−1A⊤)⊤ +PJi

KP⊤, (14)

where JAi and JKi denote the kernel gradient tensors,
which are sparse and have non-zero entries only in column i
for JAi and in row and column i for JKi. The term PJi

KP⊤

represents a full tensor contraction, yielding an output tensor
of dimension M ×M × n.

VI. OFFLINE COMPUTATION OF GP GRADIENTS FOR
EFFICIENT ONLINE UPDATES

The structure of the GP moments reveals a critical prop-
erty: the dependence on the measurement vector Y is sep-
arable from the dependence on the planned measurement
locations X̂. This separation is key to avoiding the O(T 3)
computational bottleneck of a full GP retraining when the
measurement data set is corrected. The mean function m(Z),
and in particular its evaluation M̂ = Ke−TK

−1Y, is linear
in the measurement vector Y. Therefore, all derivatives of
the mean with respect to the training locations, including the
Jacobian Ji

M and Hessian Hi,j
M , are also linear in Y.

The GP covariance in (8) is independent of Y. There-
fore, its derivatives, including Ji

S and Hi,j
S , depend only



on the training locations X̂, test locations Xe, and the
kernel hyperparameters. This observation motivates a two-
stage framework. In the offline stage, the expensive location-
dependent parts of the Jacobians and Hessians are precom-
puted using automatic differentiation. In the online stage,
these precomputed tensors are combined with Y to assemble
the required derivatives, enabling real-time GP correction.

A. Mean Function Update

The Jacobian Ji
M ∈ RM×n can be expressed as a tensor

contraction Ji
M = Fi(X̂,Xe)Y, where Fi ∈ RM×n×T

is the Y-independent structural tensor that is precomputed
offline. Similarly, the Hessian Hi,j

M ∈ RM×n×n is given by
Hi,j

M = Gi,j(X̂,Xe)Y, where Gi,j ∈ RM×n×n×T is the
corresponding precomputed fourth-order tensor.

By substituting these tensors into the original Taylor series
expansion in (11) and (12), we get

M := M̂+

T∑
i=1

(
FiY

)
δi +

1

2

T∑
i=1

T∑
j=1

 δ⊤i
(
Gi,jY

)
[1, ·, ·]δj

...
δ⊤i

(
Gi,jY

)
[M, ·, ·]δj

.
As a result, the online computation only involves tensor
contractions between the precomputed structural components
(Fi, Gi,j), Y and {δi}Ti=1.

B. Covariance Function Update

An analogous correction is applied to the covariance
function S. Its value and derivatives, including the Jacobian
Ji
S ∈ RM×M×n and cross-Hessian Hi,j

S ∈ RM×M×n×n,
are independent of the measurement vector Y. Instead, these
tensors depend only on the planned measurement locations
X̂, the test locations Xe, and the kernel hyperparameters,
and can therefore be precomputed offline.

The corrected covariance matrix S is then obtained online
by combining these precomputed tensors with the localiza-
tion errors {δi}Ti=1. Using a second-order Taylor expansion,

S := Ŝ +

T∑
i=1

Ji
Sδi +

1

2

T∑
i=1

T∑
j=1

(
δ⊤i Hi,j

S δj

)
, (15)

where Ŝ is the covariance computed using the planned loca-
tions X̂. The term PJi

KP⊤ denotes a full tensor contraction,
resulting in an output tensor of dimension M×M×n, where
the terms Ji

Sδi and δ⊤i Hi,j
S δj denote the tensor contractions

required to produce the M ×M correction matrices.
By precomputing all structural components

(Fi,Gi,j ,Ji
S ,H

i,j
S ), online evaluation of both M and

S is reduced to a series of tensor products, bypassing full
GP recomputation.

C. Computational Complexity Analysis

Full GP retraining, used as the baseline, is dominated
by inversion of the T × T covariance matrix and thus
requires O(T 3) operations. The developed framework avoids
this online cost by precomputing the Jacobian and Hessian
tensors offline.

Online, the first- and second-order mean corrections re-
quire O(TMn) and O(T 2Mn2) operations, respectively.

The corresponding covariance corrections require O(TM2n)
and O(T 2M2n2). Therefore, the worst-case online complex-
ity is O(T 2M2n2). Since the derivative tensors are highly
sparse, the practical cost is often much lower.

Remark 1: This bound corresponds to correcting all T
measurement locations simultaneously. In practical settings
such as robotic SLAM or loop closure, only a small sub-
set K ≪ T is usually updated. In that case, the online
complexity reduces to O(KM2n + K2M2n2), which is
substantially lower than both full retraining and the worst-
case O(T 2M2n2) cost.

Algorithm 1 GP Correction under Location Errors
1: Input: Planned locations X̂ ∈ RT×n, Actual measurements

Y ∈ RT×1, Test locations Xe ∈ RM×n, GP hyperparameters
α, β

2: Offline Phase:
3: Compute and store gradient tensors
4: Compute initial kernel matrices: KT−T, Ke−T, Ke−e

5: Compute gradient operators: {Fi}Ti=1, {Gi,j}Ti,j=1,
{Ji

S}Ti=1, {Hi,j
S }

T
i,j=1

6: Online Phase:
7: Input: Full set of location perturbations {δi}Ti=1

8: Compute initial GP moments: M̂, Ŝ
9: Instantiate Jacobians/Hessians using Fi,Gi,j and current Y.

10: Ji
M ← FiY (for all i = 1, . . . , T )

11: Hi,j
M ← Gi,jY (for all i, j = 1, . . . , T )

12: Update M using Ji
M ,Hi,j

M and {δi}Ti=1 (Eq. 11)
13: Update S using Ji

S ,H
i,j
S and {δi}Ti=1 (Eq. 12)

14: Output: M, S

VII. CONVERGENCE ANALYSIS

In the preceding sections, the GP mean m was defined
as a function of the training locations Z = {zi}Ti=1. For
the convergence analysis, m is viewed instead as a function
of the stacked vector z = vec(z1, . . . , zT ) ∈ RnT , with
admissible training locations in a compact set D ⊂ RnT .
Likewise, define the stacked planned and actual locations as
x̂ = vec(x̂1, . . . , x̂T ) ∈ RnT and x = vec(x1, . . . ,xT ) ∈
RnT , respectively. The resulting perturbation is δ ∈ RnT .

Theorem 1: Given the GP mean function m : D → RM ,
if the kernel function k is analytic on X ⊂ Rn, then m is an-
alytic on D. Hence, the true mean value M := m(x) admits
the multivariate Taylor expansion about x̂, with perturbation
δ = x − x̂, given by M =

∑∞
N=0

1
N !∇

Nm(x̂) [δN ],
where ∇Nm(x̂) denotes the N -th order gradient tensor of
m at x̂, and [δN ] denotes the N -fold tensor application
of the perturbation vector δ. Furthermore, the Taylor series
converges uniformly to m on any compact subset of D.

Proof: The GP mean function m(z) is given by (7).
Since k is analytic on X , each entry of the kernel matrices
Ke−T and KT−T is analytic in the components of z. Matrix
addition and multiplication preserve analyticity, and matrix
inversion is analytic wherever the inverse exists. Therefore,
the composite function m(z) is real analytic on D.

By definition of real analyticity, m(z) admits a Taylor
series expansion about any point x̂ ∈ D. Let V ⊂ D be com-
pact. Then the perturbation δ = x− x̂ is uniformly bounded



on V , that is, ∥x−x̂∥ ≤ Lf for all x ∈ V . By the multivariate
Taylor theorem, the remainder RN (x) = m(x) − TN (x),
where TN is the N -th order Taylor polynomial, satisfies

∥RN (x)∥ ≤ MN+1L
N+1
f

(N+1)! , where MN+1 > 0 bounds the
(N+1)-th order gradient tensor on V . Since (N+1)! grows
faster than LN+1

f , it follows that ∥RN (x)∥ → 0 as N → ∞
[15, Theorem 5.15].

Theorem 1 shows that the mean function m is infinitely
differentiable and admits a convergent Taylor series. As-
sumption 2 also yields a bound on the total perturbation
vector δ = x − x̂. In particular, if ∥δi∥ ≤ δmax for all
i = 1, . . . , T , then the L2-norm of the stacked perturbation
satisfies

∥δ∥ ≤

√√√√ T∑
i=1

(δmax)2 = δmax

√
T . (16)

Building on Theorem 1 and the bound in (16), the following
theorem establishes bounds on the number of higher-order
gradients required to achieve a prescribed approximation
accuracy on a compact subset of the input domain.

Theorem 2: Let V ⊂ D be compact, and suppose ∥x −
x̂∥ ≤ β for all x ∈ V , where β := δmax

√
T . Given a

desired accuracy ϵ > 0, the minimum order N of the Taylor
polynomial TN (x) required to ensure

∥m(x)− TN (x)∥ ≤ ϵ, ∀x ∈ V, (17)

is the smallest integer N satisfying MN+1β
N+1

(N+1)! ≤ ϵ, where
MN+1 ≥ supκ∈V ∥∇N+1m(κ)∥ bounds the (N + 1)-th
order gradient tensor.

Proof: From the proof of Theorem 1, the remain-
der RN (x) = m(x) − TN (x) satisfies ∥RN (x)∥ ≤
MN+1∥x−x̂∥N+1

(N+1)! .
Using the bound ∥x−x̂∥ ≤ β, it follows that ∥RN (x)∥ ≤

MN+1β
N+1

(N+1)! . Therefore, to guarantee ∥m(x) − TN (x)∥ ≤ ϵ
for all x ∈ V , it suffices to choose N as the smallest integer
satisfying MN+1β

N+1

(N+1)! ≤ ϵ.

VIII. SIMULATION RESULTS

Two simulations are used to validate the developed cor-
rection method for GP models trained on corrupted datasets.
The first, in a 1D domain, introduces spatially varying
perturbations in the measurement locations. The second, in
a 2D domain, applies a constant offset δ to all locations,
representing a uniform sensor bias.

A. 1-Dimensional Example

Consider f1(x) = 2 + x sin(6πx), with x ∈ [0, 1]. The
planned measurement locations are X̂ = {0, 0.1, 0.2, . . . , 1}.
An SE kernel is used with α = 1 and β = 0.1. The
Jacobians and Hessians in (13) and (14) are computed using
CasADi [16]. Predictions are evaluated at M = 100 uni-
formly spaced query points. A baseline GP is trained on the
original locations and measurements. The training locations
are then corrupted by Gaussian noise ϵ ∼ N (0, 0.012).
The corrupted and corrected GP models are shown in Fig-
ures 2 and 3, respectively. The error norm in Table I is
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Fig. 1. Baseline GP model prediction trained on the original, non-corrupted
1D measurement locations. The true function is shown in blue.
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Fig. 2. GP model prediction trained on corrupted 1D measurement
locations, demonstrating the model shift relative to the true function and
original training points.

the L2 prediction error over all query points Xe,∥e∥M =√∑M
i=1

(
f1(xi)−Mi

)2
, with ∥e∥M̂ defined similarly for

the corrupted GP prediction M̂. Figure 4 compares the
pointwise absolute errors of the corrupted and corrected GP
models relative to the reference GP. Average error norms and
computational times over 100 Monte Carlo trials are reported
in Tables I and II, respectively.

B. 2-Dimensional Example

The second simulation considers the scalar field f2(x) =
sin(2πx) cos(2πy), where x = (x, y) ∈ [0, 1]2.

To model a uniform sensor bias, the x-coordinates of all
measurement locations are shifted by a constant offset δi =
0.1, as illustrated in Figure 5. A GP model is then trained
on these corrupted locations using the true field values. The
corrected GP predictions are obtained using the gradient-
based update. Figure 6 shows the error trajectories of the
corrupted and corrected mean functions, demonstrating the
reduction in error after correction.

TABLE I
AVERAGE ERROR NORM (||e||) FROM 100 SIMULATIONS.

Improvement 1D Sim 2D Sim

||e||M̂ 0.65 2.04
||e||M 0.20 0.50
Improvement Percentage 67.83 % 75.38 %

TABLE II
AVERAGE COMPUTATIONSL TIME FOR 100 SIMULATIONS.

Method Time (secs) 1D Time (secs) 2D

Full Retraining 1.16 · 10−4 8.26 · 10−4

Gradient Correction 3.17 · 10−5 3.25 · 10−5
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Fig. 3. Corrected GP prediction in the 1D simulation, showing the gradient-
corrected mean (red) and 2σ confidence band with actual function (blue).
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Fig. 4. Absolute error of the mean for the 1D simulation, comparing the
corrupted GP against the corrected GP across the test domain.

IX. DISCUSSION

The developed framework corrects deterministic input
errors in GP models without full retraining. By separating
derivative computation from the online update, it enables
real-time correction using precomputed Jacobian and Hessian
tensors. As shown in Table II and Table I, this improves
both computational efficiency and accuracy relative to GP
models that ignore location error. While the results here
use the SE kernel because of its infinite differentiability,
the framework applies to any kernel that is at least twice
differentiable. Its main limitation is memory scalability, since
the stored derivative tensors grow with the number of training
points and input dimensions. This motivates future work on
compression and structure-exploiting approximations.

X. CONCLUSION

A gradient-based correction framework has been devel-
oped for efficient real-time GP updates under deterministic
input perturbations. By precomputing and storing derivative
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Fig. 5. Top-down view of the 2D scalar field, showing the true measurement
locations (black dots) and the corrupted locations (red dots).
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Fig. 6. Absolute mean error in the 2D simulation at 100 test points,
comparing the corrupted and corrected GP predictions.

tensors offline, the method corrects the mean and covariance
without recomputing the kernel inverse. This improves both
accuracy and computational efficiency, making the frame-
work well suited for robotic mapping, sensor fusion, and con-
trol in localization-uncertain or GPS-denied environments.
Future work will address high-dimensional and large-scale
settings using low-rank and sparsity-aware representations
of the derivative tensors.
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