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Abstract—Unlike traditional methods that aim to approxi-
mate a function over a large compact set, a function approxima-
tion method is developed in this paper that aims to approximate
a function in a small neighborhood of a state that travels
within a compact set. The development is based on universal
reproducing kernel Hilbert spaces over the n−dimensional
Euclidean space. Three theorems are introduced that support
the development of this state following (StaF) method. In
particular an explicit uniform number of StaF kernel functions
can be calculated to ensure good approximation as a state moves
through a large compact set. An algorithm for gradient descent
is demonstrated where a good approximation of a function can
be achieved provided that the algorithm is applied with a high
enough frequency.

I. INTRODUCTION

Over the past few decades universal reproducing kernel
Hilbert spaces (RKHSs) have been used extensively in ap-
plications. The theory of RKHSs allows the use of a wide
range of functions for approximation. In particular, the kernel
functions provide a basis set for approximating continuous
functions. Moreover, since the supremum norm is dominated
by the Hilbert space norm, finding the weights for a linear
combination of kernel functions that approximate a function
becomes easier when using the Hilbert space norm.

Kernel functions for RKHSs can take many forms, such
as polynomials, k(x, y) = (1 + xT y)d, exponential func-
tions, k(x, y) = exp(xT y), Gaussian radial basis functions,
k(x, y) = exp(−‖x − y‖2/µ), and many others. A RKHS
that is dense in the space of continuous functions over any
given compact subset, D, of the input space (with respect
to the supremum norm) is said to be universal. Given a
continuous function V , most approximation schemes aim to
achieve a good approximation of V over D. Such methods
have been thoroughly investigated, and in particular can be
found in the works of Micchelli et al. and others [1]–[4].
While approximations over D are achievable, for large sets
the approximation algorithms can become computationally
intractable. In this paper, a scheme for local approximations
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is presented where the approximation of a function is only
required to be accurate in a neighborhood of a state in
Rn. The state is controlled by a dynamical system, and
kernel functions whose centers move with the state are
used. These kernels are called state following (StaF) kernel
functions. In Section V, the developed StaF kernel method
is applied to solve a function minimization problem using
gradient descent, where a good approximation of a function
is achieved provided that the algorithm is applied with a
high enough frequency. In Part II of this paper [5], the
StaF kernel method is applied to solve an infinite horizon
optimal regulation problem online using adaptive dynamic
programming (ADP).

Many standard function approximation methods that have
been in control systems are designed for approximation on
a compact subset of the state space (e.g. neural networks
(NN), wavelets, and polynomials). The intuition behind these
approaches is that if a state has its initial position inside of
D, then the weight estimates should converge fast enough
(and to their ideal values with some form of persistence of
excitation) to provide good approximation of the function.
Such approximation methods ensure that the state does not
leave D.

One way to improve the transient response of the function
approximation is to use some knowledge about the system to
determine the basis that yields accurate function approxima-
tion. For instance, for a system that is known to be quadratic
in terms of the state components, NN basis functions can be
used as quadratic monomials in Rn.

For general nonlinear systems, generic basis functions are
used for function approximation. Possible choices are poly-
nomials, Gaussian Radial Basis Functions (RBF), universal
kernel functions and others. In adaptive systems that em-
ploy parametric function approximation, convergence of the
parameter estimates to their true values requires sufficiently
rich data. For example, adaptive control techniques (cf. [6]–
[9]) and online deterministic optimal control techniques (cf.
[?], [10]–[12]) require persistence of excitation for parameter
convergence, and data-driven adaptive and optimal control
techniques (cf. [13], [14]) establish parameter convergence
under eigenvalue conditions that quantify richness of the
recorded data.

A larger number of unknown parameters require corre-
spondingly larger amounts of excitation and richness of the
recorded data. Hence, implementation of adaptive control



techniques with smaller number of basis functions is desir-
able. Since the StaF methodology only aims to approximate a
function near the current state, much fewer basis function are
required than for approximation over a large compact set. Re-
ducing the number of basis functions reduces computational
limitations and improves scalability. The main theoretical
result of the paper establishes that there exists a collection
of centers ci that are functions of the state x and weights wi
such that an unknown function of x can be approximated to
within ε in a ball of radius r at any point in the space. The
result (see subsequent theorems) holds for any continuous
function over a compact set, but can also be extended to
apply to any function that is uniformly continuous on Rn
when an infinitely differentiable dot product kernel is used.

There are several ways that the state-following center
methodology may be implemented. The most straightforward
approach would place the centers at a permanent offset
from the state. That is, ci(x) = x + di for di ∈ Rn.
This would be the benchmark test for any other choice of
state-following techniques, since it does not add any more
dynamics than necessary to the system. However, allowing
di to be a bounded function of the state may improve the
approximation by enabling the centers to move to a more
ideal position relative to the state.

In Section II of this paper, the relevant theory of RKHSs
is reviewed to provide necessary preliminary details for the
development in Section III. Section III introduces and es-
tablishes the theoretical foundation of state following (StaF)
approximations. In particular, Theorem 1 shows that the ideal
weights (with respect to the Hilbert space norm) change
smoothly with smooth change of the centers, and Theorem 2
demonstrates that there is a bound on the number of centers
required for the approximation as the state moves within
a compact set. Section IV further develops Theorem 3 for
the exponential dot product kernel, and it demonstrates an
explict bound on the number of kernel functions required
for function approximation. As an immediate corollary to
Theorem 3, the well known result of the universality of
exponential kernel is established in a constructive manner.
In Section V, a gradient descent algorithm is developed so
that approximation of a function is maintained as a state
travels through a compact domain.

II. REPRODUCING KERNEL HILBERT SPACES

A RKHS H over a set X is a Hilbert space of real
(or complex) valued functions over a set X such that for
every x ∈ X the functional Ex(f) = f(x) (for f ∈ H) is
bounded. For each y ∈ X the Reisz representation theorem
[15] guarantees a function ky = k(·, y) ∈ H for which
〈f, ky〉 = f(y) for all f ∈ H . The function k(·, y) is called
the reproducing kernel corresponding to y, and the function
k : X ×X → C is called the kernel function corresponding
to H . Much of the theory of RKHSs can be found in the
classic article by Aronszajn [16].

Proposition 1. [16] Let X be a set. If H and k are as above,
then the following properties hold:

1) ‖kx‖2H = k(x, x) = 〈kx, kx〉 ≥ 0 for all x.
2) The kernel function satisfies1 k(x, y) = k(y, x) and

for any finite collection of points {c1, ..., cM} ⊂ X , the
matrix K = (k(ci, cj))

M
i,j=1 is self-adjoint and positive

definite.
3) Given any V ∈ H and ε > 0, there are kernel functions

kc1 , ..., kcM (the ci ∈ X are commonly referred to as
centers) and real (or complex) numbers a1, ..., aM such
that ∥∥∥∥∥

M∑
i=1

aikci − V

∥∥∥∥∥
H

< ε.

Moreover, given any function k : X ×X → C satisfying
(2) there is a unique RKHS H for which k is its kernel
function.

If a kernel function is continuous on X and D is a compact
subset of X , then for all x ∈ D and f, g ∈ H ,

|g(x)− f(x)| = |〈g − f, kx〉| ≤ ‖g − f‖H
√
k(x, x)

for all x ∈ D so that2 ‖g − f‖sup,D ≤ ‖g −
f‖H supx∈D

√
k(x, x). Thus the Hilbert space norm dom-

inates the supremum norm over compact subsets of X .
Therefore, when a good approximation is achieved with
respect to the Hilbert space norm, good approximation is
simultaneously achieved in the supremum norm.

Of particular importance are universal RKHSs where the
Hilbert space H is dense inside of the space of continuous
functions over any compact subset D of X with respect to the
supremum norm. Important examples include the exponential
kernel functions, k(〈x, y〉) = exp(〈x, y〉), and the Gaussian
RBFs k(x, y) = exp(−‖x − y‖/µ) [4]. It has been shown
that for any analytic function h(x) =

∑∞
m=0 amx

m with
am > 0 and radius of convergence R > 0, the RKHS over
B√R(0) := {x ∈ Rn : ‖x− 0‖ <

√
R} ⊂ Rn corresponding

to the kernel function k(x, y) = h(〈x, y〉) is universal and
strictly positive [1], [17].

III. STAF KERNEL DEVELOPMENT

The following development demonstrates that the ideal
weights corresponding to a collection of centers change
smoothly with smooth changes of the centers. In applications,
if the ideal weights corresponding of a collection of centers
has been found by some technique, say by gradient descent
or least squares, then for a small change of the centers the
weights need only to be adjusted slightly in order to reach the
ideal weights for the new centers. Thus, for sufficiently fast
weight updates, good local approximation of a function can
be maintained. The motivation for the use of StaF Kernels is
that for many applications involving dynamical systems only
information about the current state is needed. StaF kernels
are designed so that good local approximation around the

1The notation z denotes the complex conjugate of a complex number z,
and A denotes the closure of a set A in a metric space.

2The notation ‖ (·) ‖sup,D denotes the supremum norm of the function
(·) over the set D and the notation ‖(·)‖H denotes the Hilbert space norm
of the function (·) in the Hilbert space H .



current state is maintained, and in this way much fewer
kernel (or basis) functions are required, which can reduce the
computational load required for a control system. A similar
investigation for the continuity of the ideal weights was done
with the squared error loss and the radial basis function in
support vector machines by [18]. Here more general kernels
are investigated and for different error functions.

The continuity of the ideal weights is harder to guarantee
for the supremum norm, since there is not necessarily a
unique minimum: the function

F (w, c) =
∥∥∥∑wik(·, ci)− V (·)

∥∥∥
sup

is only convex, not strictly convex with respect to the
weights.

An alternative choice of norm would be that of a Hilbert
space, where for each V ∈ H and closed subspace S, there
is a unique function V̂ ∈ S that minimizes the distance from
V to the subspace. In this case, V̂ is simply the projection
of V onto S. In this setting, it is straightforward to prove the
continuity of the ideal weights with respect to the centers.

Theorem 1. Let H be a RKHS over a set X ⊂ Rn with a
strictly positive kernel k : X × X → C such that k(·, c) ∈
Cm(Rn) for all c ∈ X . Suppose V ∈ H . Let C be an ordered
collection of M distinct centers, C = (c1, c2, ..., cM ) ∈ DM ,
with associated ideal weights

W (C) = arg min
a∈RM

∥∥∥∥∥
M∑
i=1

aik(·, ci)− V (·)

∥∥∥∥∥
H

.

The function W (C) is m-times continuously differentiable
with respect to each component of C.

Proof: Let C = (c1, ..., cM ) ∈ DM and let ε > 0. Let
SC = span{k(·, ci)}Mi=1. The ideal weights can be computed
by finding the projection of V onto the closed subspace
SC . We will first show that the projection itself is Cm with
respect to the change of centers. To compute the projection,
an orthonormal basis for S is required.

Strict positivity of k guarantees linear independence of
the collection of k(·, ci)’s when ci 6= cj for i 6= j. From
the linearly independent set {kc1 , kc2 , ..., kcM }, the Graham-
Schmidt process can be used to find an orthonormal basis
for SC .

Let u1(·, C) = kc1/‖kc1‖H = k(·, c1)/
√
k(c1, c1). Note

that k(c1, c1) is nonzero when k is a strictly positive definite
kernel. Since k(·, ci) is Cm in ci, u1 is Cm with respect to
c1. Now consider u∗2(·, C) = k(·, c2)− 〈k(·, c2), u1〉u1. The
function u∗2 is Cm with respect to C. Moreover, the norm

‖u∗2‖2H = 〈u∗2, u∗2〉
= ‖kc2‖2H + |〈kc2 , u1〉|2 − 2|〈kc2 , u1〉|2

= ‖kc2‖2H − |〈kc2 , u1〉|2

is always positive, since kc2 is not in the span of u1 and
by an application of Bessel’s inequality [19]. Therefore, the
function u2(·, C) = u∗2(·, C)/‖u∗2‖H is Cm with respect to
the centers as well.

Now suppose that u1, u2, ..., ul is an orthonormal sequence
for 2 ≤ l < M , and that each is Cm with respect to the
centers. Consider

u∗l+1(·, C) = k(·, cl+1)−
l∑
i=1

〈k(·, cl+1), ui〉ui.

The function u∗l+1 is Cm with respect to the centers by the
induction assumption. Moreover,

‖u∗l+1‖H = ‖kcl+1
‖2H −

l∑
i=1

|〈kcl+1
, ui〉|2

is positive since kcl+1
is not in the span of u1, ..., ul and again

by Bessel’s inequality. Therefore, ul+1 = u∗l+1/‖u∗l+1‖H is
Cm with respect to the centers.

Since each ui and V is Cm with respect to the centers,
〈V, ui〉 =

∑
pi(C)V (ci) is also Cm with respect to the

centers (here pi(C) represent the rational functions resulting
from the Gram-Schmidt process). Since 〈V, ui〉 is Cm, the
projection

ProjSC V =̇

M∑
i=1

〈V, ui〉ui(·, C)

is also Cm with respect to the centers. ProjSc V can also be
expressed as ProjSc V =

∑M
i=1 wik(·, ci) where each wj is

a linear combination of 〈V, ui〉 for i = 1, 2, ...,M . Therefore
wj is Cm as is W (C).

The principle utility of using StaF kernel functions is
the reduction of the number of basis functions required to
maintain a good approximation of a function. The following
proposition justifies this statement.

Theorem 2. Let D be a compact subset of Rn. Consider a
continuous function V : Rn → R and a continuous universal
kernel function k(x, y) : Rn×Rn → R. Let ε > 0 and r > 0,
then there exists a number M such that for each x ∈ D
there exists a collection of centers {c1, ..., cM} ⊂ Br(x),
and weights {w1, ..., wM} ⊂ R such that |

∑M
i=1 wik(y, ci)−

V (y)| < ε for all y ∈ Br(x).

Proof: For each closed neighborhood Br(x) with x ∈
D, there exists a finite number of centers, c1, ..., cM , and
weights, w1, ..., wM , such that∣∣∣∣∣

M∑
n=1

wik(y, ci)− V (y)

∣∣∣∣∣ < ε

for all y ∈ Br(x). Let Mx,ε be the minimum such number.
The claim of the proposition is that the set Qε = {Mx,ε : x ∈
D} is bounded. Assume that Qε is not bounded, and take a
sequence {xn} ⊂ D such that Mxn,ε is a strictly increasing
sequence and xn → x for some x ∈ D. It is always possible
to find such a convergence sequence, since every sequence
in a compact set has a convergent subsequence.



Let c1, ..., cMx,ε/2
and w1, ..., wMx,ε/2

be the centers and
weights for which,∣∣∣∣∣∣

Mx,ε/2∑
i=1

wik(y, ci)− V (y)

∣∣∣∣∣∣ < ε/2

for all y ∈ Br(x). For convenience, each y ∈ Br(x) can be
expressed as x+ z for z ∈ Br(x). Let η > 0 so that∣∣∣∣∣∣

Mx,ε/2∑
i=1

wik(x+ z, ci)−
Mx,ε/2∑
i=1

wik(x̃+ z, ci)

∣∣∣∣∣∣ < ε/4

and
|V (x+ z)− V (x̃+ z)| < ε/4

for all ‖x − x̃‖ < η and all z ∈ Br(x). This is possible
since all continuous functions are uniformly continuous on
compact sets. Now suppose N ∈ N is such that ‖x−xn‖ < η
for all n > N . Then by two applications of the triangle
inequality:∣∣∣∣∣∣

Mx,ε/2∑
i=1

wik(xn + z, ci)− V (xn + z)

∣∣∣∣∣∣ < ε

for all n > N and z ∈ Br(x). Hence, Mxn,ε ≤ Mx,ε/2 for
all n > N , which is a contradiction.

IV. UPPER BOUND FOR NUMBER OF KERNEL
FUNCTIONS REQUIRED IN STAF IMPLEMENTATION

This section demonstrates that an explicty bound, as in
Theorem 2, can be calculated for the exponential kernel
function. The universality of the dot-product kernel function
is proved via the Weierstass theorem and uses polynomials
[4]. The following theorem also uses polynomial functions
to determine the number of kernel functions necessary for
approximation with the exponential kernel function.

The degree of such a polynomial can be calculated explic-
itly via Bernstein’s proof of the Weirstrass approximation
theorem, and therefore the number of centers can also be
calculated. This yields a concrete bound on the number of
centers required to achieve an accurate approximation of a
continuous function.

Theorem 3. Let K(x, y) = ex
T y be the exponential kernel

function, which corresponds to an universal RKHS. Let
D ⊂ Rn be compact, V : D → R be a continuous
function, and ε, r > 0. For each y ∈ D, there exists a finite
number of centers, c1, c2, ..., cMy,ε

∈ Br(y) and weights
w1, w2, ..., wMy,ε

such that∥∥∥∥∥∥V (x)−
My,ε∑
i=1

wie
xT ci

∥∥∥∥∥∥
Br(y),∞

< ε.

If p is an approximating polynomial that achieves the
same approximation over Br(y) with degree Ny,ε, then an
asymptotically similar bound can be found with My,ε kernel
functions, where My,ε <

(
n+Ny,ε+Sy,ε
Ny,ε+Sy,ε

)
for some constant

Sy,ε. Moreover, Ny,ε and Sy,ε can be bounded uniformly
over D.

Proof: First, consider the ball of radius r centered at the
origin. The statement of the theorem can be proven by finding
an approximation of monomials by a linear combination of
exponential kernel functions. Let α = (α1, α2, ..., αn) be a
multi-index, and define |α| =

∑
αi. Note that3

m|α|
n∏
i=1

(
exi/m − 1

)αi
= xα1

1 xα2
2 · · ·xαnn +O

(
1

m

)
which leads to the sum

m|α|
∑

li≤αi,i=1,2,...,n

n∏
j=1

(
αj
lj

)
(−1)|α|−

∑
i lie

∑n
i=1 xi

(
li
m

)

= xα1
1 xα2

2 · · ·xαnn +O

(
1

m

)
. (1)

The big-oh constant indicated by O(1/m) can be com-
puted in terms of the derivatives of the exponential function
via Taylor’s Theorem. The centers corresponding to this
approximation are of the form li/m where li is a nonnegative
integer satisfying li < αi. Hence, for m sufficiently large,
the centers reside in Br(0).

In order to shift the centers so that they reside in Br(y),
let y = (y1, y2, ..., yn)T ∈ Rn, and multiply both sides of
(1) by ex

T y to get

m|α|
∑

li≤αi,i=1,...,n

n∏
j=1

(
αj
lj

)
(−1)|α|−

∑
i lie

∑n
i=1 xi

(
li
m+yi

)

= ex
T y (xα1

1 xα2
2 · · ·xαnn ) +O

(
1

m

)
.

For each multi-index, α = (α1, α2, ..., αn), the centers for
the approximation of the corresponding monomial are of the
form yi+ li/m for 0 ≤ li ≤ αi. Thus by linear combinations
of these kernel functions, a function of the form ex

T yg(x)
with g a multivariable polynomial, can be uniformly approx-
imated by exponential functions over Br(y). Moreover if g
is a polynomial of degree β, then this approximation can be
a linear combination of

(
n+β
β

)
kernel functions.

Now suppose that py is polynomial with degree Ny such
that py(x) = V (x) + ε1(x) where |ε1(x)| < ‖exT y‖−1D,∞ε/2
for all x ∈ Br(y). Let qy(x) be a polynomial in Rn variables
of degree Sy,ε such that qy(x) = e−x

T y + ε2(x) where
ε2(x) < ‖V ‖−1D,∞‖ex

T y‖−1D,∞ε/2 for all x ∈ Br(x).
By our above construction there is a sequence of linear

combinations of kernel functions, Fm(x), (with a fixed
number of centers inside Br(y)) for which

Fm(x) = ex
T yqy(x)py(x) +O

(
1

m

)
.

3The notation gm(x) = O(f(m)) means that for sufficiently large m,
there is a constant C for which gm(x) < Cf(m) for all x ∈ Br(0).



After multiplication and an application of the triangle in-
equality, the following is established:

|Fm(x)− V (x)| < ε+

(
‖V ‖−1D,∞‖ex

T y‖−1D,∞
4

)
ε2+O

(
1

m

)
for all x ∈ Br(y). The degree of the polynomial qy , Sx,ε,
can be uniformly bounded in terms of the modulus of
continuity of ex

T y over D. Similarly, the uniform bound on
the polynomial degree of py , Ny,ε, can be described in terms
of the modulus of continuity of V over D. Note that the
number of centers needed for Fm(x) is determined by the
degree of the polynomial q · p (treating the y terms of q as
constant), which is sum of the two polynomial degrees. The
completes the proof.

Given that V can be well approximated in a neighborhood
by a polynomial of degree N , it can also be well approxi-
mated by

(
n+N+S
N+S

)
kernel functions where S is the uniform

bound of Sy,ε described in the Theorem 3. It follows from
Bernstein’s constructive proof of the Weierstrass theorem
[20], that as the approximation neighborhood of V shrinks,
so does the degree of the polynomial needed to achieve a
good approximation. Furthermore, this degree bound can be
calculated.

V. A NUMERICAL EXAMPLE WITH GRADIENT DESCENT

In this section, an application of StaF kernel functions
is presented. Theorem 4 indicates that with sufficiently
frequent applications of the gradient descent algorithm a
good approximation of a function can be achieved as long as
the centers are C1 with respect to the state variable x. The
development of Theorem 4 follows the standard proof of the
convergence of the gradient descent algorithm for quadratic
functions as can be found in [21], [22].

Theorem 4. Let V ∈ H , a real valued RKHS over Rn with
kernel K(x, y) = ky(x), D a compact set subset of Rn, and
x a state variable controlled by the dynamical system ẋ =
q(x, t), where q : Rn × R+ → Rn is a bounded continuous
function. Further suppose that x ∈ D for all time. Let c ∈
DM where for each i = 1, ...,M we set ci(x) = x + di(x)
where di ∈ C1(Rn), so ci depends implicitly on time, and
let a ∈ RM . Consider the function

F (a) = F (a, c) =

∥∥∥∥∥V −
M∑
i=1

aik(·, ci(x))

∥∥∥∥∥
2

H

.

At each time instance t, there is unique w(t) for which

w(t) = arg min
a∈RM

F (a, c(x(t))).

Given any ε > 0 and initial value a0 there is a frequency
τ > 0, where if the gradient descent algorithm (with respect
to a) is iterated at time steps ∆t < τ−1, then

F (ak, ck)− F (wk, ck)

will approach a neighborhood of radius ε as k →∞.

Proof: Suppose ẋ = q(x, t) where q(x, t) is bounded in
absolute value by some constant R0. Let ε̄ > 0. Note by the
Hilbert space structure of H we have

F (a, c) =

∥∥∥∥∥V −
M∑
i=1

aik(·, ci)

∥∥∥∥∥
2

H

= ‖V ‖2H − 2

M∑
i=1

aiV (ci) +

M∑
i,j=1

aiajk(ci, cj)

= ‖V ‖2H − 2V (c)Ta + aTK(c)a,

where V (c) = (V (c1), V (c2), ..., V (cM ))T and K(c) =
(K(ci, cj))

M
i,j=1 is the symmetric strictly positive definite

kernel matrix corresponding to the centers.
Let a0 be the initial condition for the weights. For

each time iteration tk we will write the updated centers
and weights as ck and ak respectively. The ideal weights
corresponding to ck are denoted by wk. It can be shown
that wk = K(ck)−1V (ck) and F (wk, ck) = ‖V ‖2H −
V (ck)TK(ck)−1V (ck).

As was proven in Theorem 1, the ideal weights change
continuously with respect to the centers which remain in the
compact set DM , so the collection of all ideal weights is
bounded. Let R > ε̄ be large enough so that BR(0) contains
both the initial value a0 and the set of ideal weights. To
facilitate the subsequent analysis, consider the constants:

R0 = maxx∈D,t∈R+ |q(x, t)|

R1 = max
a∈BR(0),c̃∈c(D)

|∇aF (a, c̃)|

R2 = maxc̃∈c(D) |∇cF (w(c̃), c̃)|,

and let ∆t < ε̄(2R0)−1 min{R−11 , R−12 }=̇τ−1.
The analysis aims to show that by using the gradient

descent law for choosing ak the following inequality can
be achieved:

F (ak+1, ck+1)− F (wk+1, ck+1)

F (ak, ck)− F (wk, ck)
<

δ +
ε̄

F (ak, ck)− F (wk, ck)

for some 0 < δ < 1. Here we set

ak+1 = ak + λg (2)

where g = −∇aF = 2V (ck)− 2K(ck)ak and λ is selected
so that the quantity F (ak + λg, ck) is minimized. Consider
the λ that minimizes this quantity is

λ =

(
gTg

2gTK(ck)g

)
which yields

F (ak+1, ck) = F (ak, ck)− (gTg)2

4gTK(ck)g
.



Since F (ak+1, ck+1) is continuously differentiable in the
second variable, we have

F (ak+1, ck+1) = F (ak+1, ck)+∇cF (ak+1, ξ)·(ck+1−ck).

By another application of the mean value theorem we find

F (ak+1, ck+1) = F (ak+1, ck) + ε1(tk),

where |ε1(tk)| ≤ ε̄/2, since the time-step is less than τ−1.
The quantity F (wk+1, ck+1) is also continuously differen-

tiable with respect to c. Thus by applying the mean value the-
orem again we find: F (wk+1, ck+1) = F (wk, ck) + ε2(tk),
for |ε2(tk)| < ε̄/2. Thus, we have the following:

F (ak+1, ck+1)− F (wk+1, ck+1)

F (ak, ck)− F (wk, ck)

=
F (ak+1, ck)− F (wk, ck) + (ε1(tk)− ε2(tk))

F (ak, ck)− F (wk, ck)

= 1− (gTg)2

(gTK(ck)g)(gTK(ck)−1g)
+

ε1(tk)− ε2(tk)

F (ak, ck)− F (wk, ck)

For each c ∈ D there is an associated bound for the first two
terms. In this case, by the Kantorovich inequality [22]

1− (gTg)2

(gTK(ck)g)(gTK(ck)−1g)
≤
(
Ac/ac − 1

Ac/ac + 1

)2

where Ac is the largest eigenvalue for K(c) and ac is
the smallest. The quantity on the right is continuous with
respect to the largest and smallest eigenvalues, and the largest
and smallest eigenvalues are continuous with respect to the
matrix K(c) (see Exercise 4.1.6 in [15]) which is continuous
with respect to c. Therefore, there is a largest value that this
obtains on the compact set c(D) and this value is less than
1. Moreover, δ is independent of ε̄, so ε̄ = ε(1− δ). Finally
we have

F (ak+1, ck+1)− F (wk+1, ck+1)

F (ak, ck)− F (wk, ck)
≤

δ +
(ε1(tk)− ε2(tk))

F (ak, ck)− F (wk, ck)
.

Therefore, if e(k) = F (ak, ck) − F (wk, ck), then we find
that

e(k + 1) ≤ δe(k) + ε(1− δ).

The conclusion follows.

VI. CONCLUSION

In this paper a new approximation methodology is intro-
duced, the so called StaF kernel method. With this method
it is shown that local approximation of a function can be
maintained as a state moves through a compact domain,
and that much fewer kernel functions are needed than are
needed in more traditional function approximation schemes.
For exponential dot product kernels, an explicit bound on the
number of kernel functions required is calculated. In Section
V, a gradient descent algorithm is developed. There it is seen
that a function may be well approximated provided that the
algorithm is applied with a high enough frequency.
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