
Abstract: This manuscript provides a theoretical foundation for the Dynamic Mode Decom-
position (DMD) of control affine dynamical systems through vector valued reproducing kernel
Hilbert spaces (RKHSs). Specifically, control Liouville operators and control occupation kernels
are introduced to separate the drift dynamics from the control effectiveness components. Given a
known feedback controller that is represented through a multiplication operator, a DMD analysis
may be performed on the composition of these operators to make predictions concerning the
system controlled by the feedback controller.
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1. INTRODUCTION

Dynamic Mode Decomposition (DMD) is a method of
system identification that casts unknown discrete or con-
tinuous time dynamics over finite dimensions into a linear
operator over an infinite dimensional space (cf. [1]). DMD
collects trajectory data from observations, or snapshots,
of a dynamical system, and the method constructs a finite
rank representation of an operator that describes the evo-
lution of the state. In the discrete time case, this linear
operator is a composition operator called the Koopman
operator [2], popularized by [3]. The finite rank representa-
tion of the dynamics is then diagonalized, and the resultant
eigenfunction and eigenvalues are used to provide a repre-
sentation of the identity function, which in turn provides
the dynamic modes via vector valued coefficients attached
to the eigenfunctions. Thereafter, a state trajectory can be
represented as a sum of exponential functions multiplied
by the dynamic modes (cf. [4,1,5]).

The primary application area of Koopman spectral anal-
ysis of dynamical systems has been fluid dynamics, where
DMD is compared with proper orthogonal decompositions
(POD) for nonlinear fluid equations (cf. [6]). DMD has
also been employed in the study of stability properties of
dynamical systems [7,8], neuroscience [9], financial trading
[10], feedback stabilization [11], optimal control [12], mod-
eling of dynamical systems [13–15], and model-predictive
control [16]. For a generalized treatment of DMD as a
Markov model, see [17].

In each of the above examples, continuous time dynamics
are studied using DMD via the discrete time dynamics
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determined through a fixed time-step. Recently, [18] im-
ported the notion of occupation measures from the Ba-
nach spaces of continuous function to that of reproduc-
ing kernel Hilbert spaces (RKHSs). It was subsequently
demonstrated in [5] that when combined with the Liouville
operator (also known as the Koopman generator), the so-
called occupation kernels provide a method for performing
a DMD analysis on the continuous time dynamic directly.

The paradigm shift afforded by occupation kernels arises
through the consideration of the state trajectory as the
fundamental unit of data, as was done in [18]. Compu-
tationally, the DMD analysis of the Liouville operator is
remarkably unchanged to that of the Koopman operator.
The only adjustment is in the computation of the Gram
matrix of occupation kernels, which requires the computa-
tion of double integrals for each entry as the inner product
of the occupation kernels with each other.

This manuscript builds on the concept of Liouville opera-
tors and occupation kernels through the incorporation of
control-affine dynamics, where the trajectory data given
by the system is accompanied by a collection of control
signals. In this context, occupation kernels are augmented
by the control signals resulting in what are called con-
trol occupation kernels, and the Liouville operator now
includes the control effectiveness matrix valued function.
The augmentations are possible through vector valued
RKHSs, which have been extensively studied in [19] and
[20].

2. VECTOR VALUED REPRODUCING KERNEL
HILBERT SPACES

This section reviews important properties of vector valued
RKHSs, and relies heavily on the discussion given in [20].
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Definition 1. Let Y be a Hilbert space, and let H be a
Hilbert space of functions from a set X to Y. The Hilbert
space H is a (vector valued) reproducing kernel Hilbert
space (RKHS) if for every v ∈ Y and x0 ∈ X, the
functional f 7→ 〈f(x0), v〉Y is bounded.

A vector valued RKHS is a direct generalization of a
“scalar” valued RKHS, where for a fixed v ∈ Y, the
collection of functions {g(x) = 〈f(x), v〉Y : f ∈ H} forms
a RKHS of scalar valued functions. Moreover, for a basis
of Y, {v1, v2, . . .} ⊂ Y, the values of functions in H may
be recovered via their individual scalar valued projections.

Through the Riesz representation theorem, for each x0 ∈
X and v ∈ Y, there is a function Kx0,v ∈ H such that
〈f,Kx0,v〉H = 〈f(x0), v〉Y for all f ∈ H. It can be seen
that the mapping v 7→ Kx0,v is linear over Y. Hence,
Kx0v := Kx0,v where Kx0 : Y → H is a linear operator.
The function Kx0 is called the kernel centered at x0 and
is an operator from Y to H.

The kernel operator has a particular representation as a
sum of rank one tensors of evaluations of an orthonormal
basis for H, {em}∞m=1, where

Kx0,v(x) =
∞∑
m=1

em(x)〈Kx0
v, em〉H

=
∞∑
m=1

em(x)〈em(x0), v〉Y =

( ∞∑
m=1

em(x)⊗ em(x0)

)
v.

Hence, the kernel operator associated with H, K : X ×
X → L(Y,Y), is defined as K(x, x0) :=

∑∞
m=1 em(x) ⊗

em(x0), where em is an orthonormal basis for H. In the
particular case that Y = Rn, K(x, x0) is a real valued
n × n matrix for fixed x, x0 ∈ X. This suggests several
examples of vector valued kernels, and indeed, for any
positive definite matrix, A, and scalar valued kernel K̃, the
kernel given as K(x, x0) = AK̃(x, x0) is a kernel operator.

Just as will scalar valued kernels, the span of the set
E := {Kx,v : v ∈ Y and x ∈ X} is dense in H.

Proposition 1. Let E be given as above, then (E⊥)⊥ =
spanE = H.

Proof. Suppose that h ∈ E⊥, then given a fixed x ∈ X,
〈h,Kx,v〉H = 〈h(x), v〉Y = 0 for all v ∈ Y. Hence,
h(x) = 0 ∈ Y. Since x was arbitrarily selected, h ≡ 0 ∈ H.
Thus, E⊥ = {0} and (E⊥)⊥ = H. 2

Hence, given ε > 0 and h ∈ H, there is a linear
combination of vector valued kernels that approximate h
to within ε.

Remark 1. The implementation of vector valued RKHSs
leveraged in this manuscript uses the vector space R1×(1+m)

of row vectors, which arises from the gradient of observ-
ables. Thus, the linear operation of Kx0 on v ∈ R1×(1+m)

will be expressed as Kx0,v = vKx0 henceforth.

3. PROBLEM STATEMENT

The objective of this paper is to provide an operator the-
oretic approach for the analysis of a closed loop nonlinear
control affine systems,

ẋ = f(x) + g(x)µ(x), (1)

with the state feedback controller µ : Rn → Rm by
using data provided by observed absolutely continuous
controlled trajectories, {γui : [0, T ] → Rn}Mi=1, and corre-
sponding bounded measurable (with respect to Lebesgue
measure) control inputs, {ui : [0, T ]→ Rm}Mi=1, satisfying

γ̇ui
(t) = f(γui

(t)) + g(γui
(t))ui(t)

in the Carathéodory sense. The observed control trajec-
tories and control inputs will allow for the construction
of a finite rank representation for a generalized Liouville
operator, called the control Liouville operator, that is
similar to that presented in [5]. Note that the terminal
time, T , may vary between trajectories with little change
to the implemenation, but it is kept constant for the sake
of clarity of presentation.

The resolution of the this problem provided by this
manuscript will yield a DMD analysis of the closed loop
system via a composition of operators that separate the
dynamics learning through observations and the known
feedback controller.

Any Euler-Lagrange system with an invertible inertia
matrix can be expressed in the control-affine form. The
Euler-Lagrange equations are used to describe a large class
of physical systems (cf. [21]), and as such, various methods
for control and identification of nonlinear systems in the
Euler-Lagrange form have been studied in detail over the
years (see, e.g., [22–24]). Since most physical systems of
practical importance; such as robot manipulators [25] and
ground, air, and maritime vehicles and vessels [26]; admit
invertible inertia matrices over large operating regions;
control-affine models encompass a large class of physical
systems.

4. CONTROL LIOUVILLE OPERATORS AND
CONTROL OCCUPATION KERNEL OPERATORS

Let f : Rn → Rn and g : Rn → Rn×m be the drift dy-
namics and the control effectiveness matrix, respectively,
for a control affine dynamical system. Let H̃ be a scalar
valued RKHS of continuously differentiable functions over
Rn and let H be a Rm+1 (row) vector valued RKHS
of continuous functions over Rn. Let K : Rn × Rn →
L(R1×(m+1),R1×(m+1)) and K̃ : Rn × Rn → R be the

kernel functions of H and H̃, respectively.

Definition 2. Let the set

D(Af,g) := {h ∈ H̃ : ∇h(x) (f(x) g(x)) ∈ H}
be the domain of the operator, Af,g : D(Af,g)→ H, given
as

Af,gh(x) = ∇h(x) (f(x) g(x)) .

The operator Af,g is called the control Liouville operator
corresponding to f and g over H.

Control Liouville operators are a direct generalization
of more traditional Liouville operators, where the drift
dynamics and control effectiveness components of the
dynamics are separated on the operator theoretic level. It
can be seen here that vector valued RKHSs arise naturally
in the context, where the gradient of h ∈ D(Af,g) is
a row vector, and through a dot product with f and
multiplication by the matrix g, the result of the operation
of Af,g on h is an m+ 1 dimension row vector.



For the purposes of this manuscript, control Liouville
operators are assumed to be densely defined over their
respective Hilbert spaces, and it follows from the methods
of [18] that control Liouville operators are closed. Hence,
the adjoint of control Liouville operators are also densely
defined [27].

Given a bounded measurable control input, u : [0, T ] →
Rm, and an absolutely continuous trajectory, γ : [0, T ] →
Rn, the functional, T : H → R, given as

Tp =

∫ T

0

p(γ(t))

(
1
u(t)

)
dt

is bounded. Hence, there is a function Γγ,u ∈ H such that
Tp = 〈p,Γγ,u〉H for all p ∈ H.

Definition 3. For a bounded measurable control input
u and absolutely continuous trajectory γ, the function
Γγ,u ∈ H is called the control occupation kernel corre-
sponding to u and γ in H.

Proposition 2. The occupation kernel corresponding to u
and γ (given above) may be expressed as

Γγ,u(x) =

∫ T

0

(
1 u(t)T

)
K(x, γ(t))dt, (2)

and the norm of Γγ,u is given as

‖Γγ,u‖22 =

∫ T

0

∫ T

0

(
1 u(t)T

)
K(γ(τ), γ(t))

(
1

u(τ)

)
dtdτ.

Proof. Consider for x ∈ X and v ∈ R1×(m+1),

〈Γγ,u(x), v〉R1×(m+1) = 〈Γγ,u, vKx〉H = 〈vKx,Γγ,u〉H

=

∫ T

0

vK(x, γ(t))

(
1
u(t)

)
dt. (3)

As (4) holds for all v ∈ R1×(m+1), (2) follows. The norm
of Γγ,u follows from ‖Γγ,u‖2 = 〈Γγ,u,Γγ,u〉H , and the
defining properties of Γγ,u. 2

As with Liouville operators over RKHSs corresponding to
nonlinear dynamical systems, there is a direction connec-
tion between the adjoints of control Liouville operators
and control occupation kernels that correspond to admis-
sible control signals, u, and their corresponding controlled
trajectories, γu, that satisfy (1).

Proposition 3. Suppose that f and g correspond to a
control Liouville operator, Af,g : D(Af,g) → H, and let
u be an admissible control signal for the control affine
dynamical system in (1) with a corresponding controlled
trajectory, γu. Then, Γγu,u ∈ D(A∗f,g) and A∗f,gΓγu,u =

K̃(·, γu(T ))− K̃(·, γu(0)).

Proof. To demonstrate that Γγu,u is in D(A∗f,g) it must be

shown that the mapping h 7→ 〈Af,gh,Γγu,u〉H is a bounded
functional. Note that

〈Af,gh,Γγu,u〉H

=

∫ T

0

∇h(γu(t)) (f(γu(t)) g(γu(t)))

(
1
u(t)

)
dt

=

∫ T

0

d

dt
h(γu(t))dt = h(γu(T ))− h(γu(0))

= 〈h, K̃(·, γu(T ))− K̃(·, γu(0))〉H̃ .

Hence, the functional h 7→ 〈Af,gh,Γγu,u〉H is bounded

with norm not exceeding ‖K̃(·, γu(T )) − K̃(·, γu(0))‖H̃ .
Moreover, the above equations yield

A∗f,gΓγu,u = K̃(·, γu(T ))− K̃(·, γu(0)).

2

5. MULTIPLICATION OPERATORS FROM VECTOR
VALUED TO SCALAR VALUED REPRODUCING

KERNEL HILBERT SPACES

The inclusion of a second operator in addition to the
control Liouville operator sets the theoretical foundations
of DMD for control-affine systems apart from the un-
controlled case in [5]. As will be seen in subsequent sec-
tions, after the determination of a representation of Af,g,
the inclusion of a state feedback controller is necessary
for a DMD procedure. The state feedback controller is
implemented via a multiplication operator. This section
established some results on multiplication operators from
vector valued RKHSs to scalar valued RKHSs. Many of
these theorems have been established for scalar valued
RKHSs (cf. [28–30]), and the results follows from similar
methods.

Let µ : X → Y be a vector valued function, and define the
multiplication operator, Mµ : D(Mµ) → H̃, with symbol
µ as Mµh = 〈h, µ〉Y , where D(Mµ) := {h ∈ H : 〈h, µ〉Y ∈
H̃} is a collection of (row) vector valued functions in H

and H̃ is a scalar valued RKHS.

Proposition 4. The function K̃(·, x) is in the domain of

M∗µ, D(M∗µ). Moreover, M∗µK̃(·, x) = Kx,µ(x)

Proof. Let h ∈ D(Mµ), then

〈Mµh, K̃(·, x)〉H̃ = 〈h(x), µ(x)〉Y = 〈h,Kx,µ(x)〉H .

Hence, the mapping h 7→ 〈Mµh, K̃(·, x)〉H̃ is a bounded

functional with norm bounded by ‖Kx,µ(x)‖H , and K̃(·, x)
is in the domain. Moreover, this demonstrates that

〈Mµh, K̃(·, x)〉H̃ = 〈h,Kx,µ(x)〉H ,
which establishes the adjoint formula. 2

Thus, the adjoint of a multiplication operator connects
occupation kernels with control occupation kernels.

Proposition 5. Multiplication operators are closed opera-
tors.

Proof. Suppose that {hn} ∈ D(Mµ), hn → h ∈ H, and
Mµhn →W ∈ H. To show that Mµ is a closed operator, it
must be shown that W (x) = 〈h(x), µ(x)〉Y for all x ∈ X,
and thus h ∈ D(Mµ) by definition and Mµh = W . Let
v ∈ Y and x ∈ X, then

W (x) = lim
n→∞

〈Mµhn, K̃(·, x)〉H
= lim
n→∞

〈hn,Kx,µ(x)〉H = 〈h,Kx,µ(x)〉H
= 〈h(x), µ(x)〉Y ,

where the convergence follows as norm convergence implies
weak convergence. 2

Hence, the adjoint of a multiplication operator is densely
defined by [27, Proposition 5.1.7].



Let for a trajectory γ : [0, T ] → X, let Γγ be the

occupation kernel corresponding to γ within H̃ (cf. [18]).

Proposition 6. The function Γγ is in the domain of Mµ,
D(Mµ). Moreover, M∗µΓγ = Γγ,µ(γ(·)).

Proof. This follows from a similar method as Proposition
4. 2

6. DYNAMIC MODES FOR CLOSED LOOP
CONTROL SYSTEMS

Dynamic mode decomposition aims to determine eigen-
functions and eigenvalues for the Liouville or Koopman
operators that correspond to a particular dynamical sys-
tem. For control Liouville operators, the dynamics given in
terms of f and g correspond to an operator whose range is
a vector valued RKHS and domain a scalar valued RKHS.
As the domain and range are different vector spaces, an
eigendecomposition of the control Liouville operator does
not make sense. Indeed, for the dynamical system itself, a
control input is required in addition to f and g to simulate
the system.

After a finite rank representation of a control Liouville
operator is determined, an additional operator is required
before a dynamic mode decomposition may be determined.
In particular, given a feedback controller, µ : Rn → Rm,
the corresponding multiplication operator Mµ : D(Mµ)→

H̃ is given as Mµh := h

(
1
µ

)
and D(Mµ) := {h ∈ H :

h
(
1 µT

)T ∈ H̃}. What differs from the previous con-
trollers that were implemented via the control occupation
kernels is that µ is a function of the state variable, x ∈ Rn,
rather than a function of time. It will be assumed that the
image of Af,g falls within the domain of Mµ.

Note that MµAf,g : D(Af,g)→ H̃, that is the composition
of Mµ with Af,g is a mapping with domain and range

within H̃. If φ is an eigenfunction of MµAf,g with eigen-
value λ, then if γµ is a controlled trajectory arising from
(1) it follows that

φ̇(γµ(t)) = ∇φ(γµ(t))(f(γµ(t)) + g(γµ(t))µ(γµ(t)))

= MµAf,gφ(γµ(t)) = λφ(γµ(t)).

Hence, φ(γµ(t)) = eλtφ(γµ(0)).

Thus, the identity function, gid : Rn → Rn given as
gid(x) := x, may be decomposed using the eigenbasis for
MµAf,g, denoted as φi with eigenvalue λi, as gid(x) =∑∞
i=1 ξiφi(x), where ξi ∈ Rn are the dynamic modes of

the closed loop system. Moreover, it follows that

γµ(t) = gid(γµ(t)) =

∞∑
i=1

ξiφi(γµ(0))eλit.

The above construction makes several assumptions about
the composition of Mµ with Af,g that are common in
the study of DMD (cf. [5,4]). It assumes that there is
a complete eigenbasis of MµAf,g that may be accessed
through finite rank representations of MµAf,g. Moreover,
it assumes that for each i = 1, . . . , n that the mapping
x 7→ xi is within H̃ or at least it may be approximated by
functions in H̃. The validity of each of these assumption
depends on both the dynamics and the respective RKHSs,

and may not always hold. Thus, DMD gives a data-driven
heuristic and operator motivated methods for the analysis
of a dynamical system.

7. FINITE RANK REPRESENTATIONS

As Mµ and Af,g are modally unbounded operators, the
use of data to give empirical representations of these
operators are not expected to give approximations Mµ

and Af,g under the operator norm. However, the only
data available concerning these operators is given through
the trajectories themselves, thus DMD produces a finite
rank representation under a data driven heuristic. The
kernel based extended DMD procedure was developed
in [4], where kernel functions were seen as a means of
computing inner products of feature maps in `2(N). The
infinite dimensional representation selected in [4] was with
respect to the feature basis itself. As the feature space is
infinite in size the final matrix for the Koopman operator’s
representation is never fully computed, and the work
perfomed is executed on a finite sized proxy. The use of a
proxy representation is also leveraged in [5] for continuous
time DMD.

However, as dynamic modes may only be extracted from
the product of Mµ with Af,g, it is necessary to give
an explicit finite rank representation of Af,g and Mµ to
determine the dynamic modes of the resultant system. It
should be noted that in the above development the feature
space has not been invoked. Indeed, all of the development
thus far occurs at the level of RKHSs.

The following subsections give two approaches to generate
finite rank representations using basis functions within the
RKHS, H̃. The results will yield finite rank representations
of MµAf,g as a product of four matrices. The SVD for
a product of matrices may be computed using iterative
methods such as [31], to complete the DMD computations.

In what follows, finite collections of linearly independent
vectors, α and β, are selected for establishing finite rank
matrices over a domain, spanα, and range, spanβ. For an
operator T , the notation [T ]βα is to be read as the matrix
representation of PβT with respect to the domain, spanα,
and range spanβ. Here Pβ is the projection onto spanβ.

7.1 A Kernel Basis

As kernels are dense in both the vector valued and scalar
valued cases, finite rank representation of each operator is
possible with respect to the kernels themselves. As only
a finite number of kernels may be leveraged in any com-
putational procedure, there is an element of imprecision
in the representation of the functions in the domain and
range of these operators. However, as kernels are dense in
their respective RKHSs, the use of an increasing number
of kernels reduces the overall error of the estimations.

The objective of this section is to select a collection of

centers, {ci}Ñi=1 ⊂ Ω, from a compact set, Ω ⊂ Rn,
containing the sampled trajectories of the system, and
to use the collection of corresponding kernel functions,

α = {K̃(·, ci)}Ñi=1 ⊂ H̃, as a basis for the matrix repre-
sentation of MµAf,g, or indirectly of A∗f,gM

∗
µ. The control



occupation kernels corresponding to the sampled trajecto-
ries will be denoted as β = {Γγui

,ui}Mi=1.

To form the various required matrices, projections will be
computed with respect to the individual bases. If h̃ ∈ H̃,
then the coefficients mapping h̃ to its projection onto

span{K̃(·, ci)}Ñi=1 are given as the solution to the following
system: K̃(c1, c1) · · · K̃(c1, cÑ )

...
. . .

...

K̃(cÑ , c1) · · · K̃(cÑ , cÑ )


 w̃1

...
w̃Ñ

 =

 h̃(c1)
...

h̃(cÑ )

 ,

which is solvable since G1 = (K̃(ci, cj))
Ñ
i,j=1, (i.e., the

Gram matrix) is positive definite for many choices of
kernel functions, and is always positive semidefinite. The
projection onto the control occupation kernels may be
computed similarly when h ∈ H by solving, 〈Γγu1

,u1 ,Γγu1
,u1〉H ··· 〈Γγu1

,u1 ,ΓγuM
,uM
〉H

...
. . .

...
〈ΓγuM

,uM
,Γγu1

,u1
〉H ··· 〈ΓγuM

,uM
,ΓγuM

,uM
〉H


w1

...
wÑ



=



∫ T

0

h(γu1
(t))

(
1

u1(t)

)
dt

...∫ T

0

h(γuM
(t))

(
1

uM (t)

)
dt

,

where each element of G2 = (〈Γγui
,ui ,Γγuj

,uj 〉H)Mi,j=1 may

be computed through a double integral.

Each kernel function, K̃(·, ci), in H̃ satisfies M∗µK̃(·, ci) =
Kci,µ(ci). As only the action of the control Liouville op-
erator on the occupation kernels is known, computation
of A∗f,gM

∗
µK̃(·, ci) requires the result to be projected onto

the control occupation kernel basis. Hence, the finite rank
representation of Mµ with domain basis α and range basis
β is given as,[
M∗µ
]β
α

=G−12

(∫ T

0

Kci,µ(ci)(γuj
(t))

(
1

uj(t)

)
dt

)i=Ñ,j=M
i=1,j=1

.

Similarly, the operation of A∗f,g on the basis β will be
projected onto α. The resulting finite rank representation
of A∗f,g is then given as[
A∗f,g

]α
β

= G−11

(
K̃(cj , γui

(T ))− K̃(cj , γui
(0))

)i=M,j=Ñ

i=1,j=1
.

Hence, the matrix representation of the product of Mµ and
Af,g is given as

[MµAf,g]
α
α ≈ ([A∗f,g]

α
β [M∗µ]βα)T

and is a product of four explicit matrices.

7.2 A data-centric basis

The disadvantage of the kernel basis is that the centers
are selected independently of the data. A large number of
centers may be selected, however, the rank of the resultant
representation is bottlenecked by the control occupation
kernels representing the trajectories and controllers. A
data-centric selection of basis functions can be made by

collecting the (scalar valued) occupation kernels represent-

ing the trajectories in H̃, δ := {Γγui
}Mi=1 ⊂ H̃.

To compute the projection of a function h̃ ∈ H̃ with
respect to the δ basis, the following system may be solved 〈Γγu1

,Γγu1
〉H̃ · · · 〈Γγu1

,ΓγuM
〉H̃

...
. . .

...
〈ΓγuM

,Γγu1
〉H̃ · · · 〈ΓγuM

,ΓγuM
〉H̃


 w̃1

...
w̃Ñ



=



∫ T

0

h̃(γu1
(t))dt

...∫ T

0

h̃(γuM
(t))dt

 ,

where the Gram matrix for the δ basis is given as G̃1 =
(〈Γγui

,Γγuj
〉H̃)Mi,j=1.

Further leveraging the established mappings for the mul-
tiplication operator, the action of M∗µ on the δ basis can
be expressed in terms of the β basis as[
M∗µ
]β
δ
=G−12

(∫ T

0

Γγui
,µ(γui

(·))(γuj
(t))

(
1

uj(t)

)
dt

)M
i,j=1

.

The mapping of Af,g from the β basis to the projection
onto the δ basis is given as[
A∗
f,g

]δ
β

=G̃−1
1

(∫ T

0

K(γuj (t),γui (T ))−K(γuj (t),γui (0))dt

)M
i,j=1

.

In this case, the finite rank representation of MµAf,g is
given as

[MµAf,g]
δ
δ ≈ ([A∗f,g]

δ
β [M∗µ]βδ )T

and has the advantage of avoiding the user selection of
centers for kernel functions as in Section 7.1.

8. DISCUSSION

The accuracy of the estimation of the action of MµAf,g
on the selected basis functions, whether the kernel basis,
the occupation kernel basis, or another collection of basis
functions, depends directly on the expressiveness of the
collection control occupation kernels corresponding to the
controlled trajectories. It can be seen through the invo-
cation of G−12 in the finite rank representations of the
previous section that the rank of the representation is
bottlenecked by the control occupation kernels. The rank
of G2 and expressiveness of the collection of kernels can
be increased through the segmentation of the trajectories.

The condition number of G2 depends not only on the
trajectories but also of the selected kernel functions. For
example, the Gaussian Radial Basis Functions (RBFs),

given as K̃(x, y) = exp(− 1
µ‖x − y‖

2
2) for µ > 0, are more

poorly conditioned for large µ than for µ small. However,
large µ values correspond to faster convergence of inter-
polation problems within the native space of the kernel
(cf. [32]). Data-richness conditions similar to the persis-
tence of excitation (PE) condition in adaptive control that
relate the trajectories and the kernels can potentially be
formulated to ensure a well-conditioned G2, however, such
formulation is out of the scope of this paper.



The finite rank representation utilizes trajectories of a
system, observed under the controllers uj , to predict its
behavior in response to any arbitrary feedback controller
µ. Since the control Liouville operator is described only
through its action on the control occupation kernels,
implicit in the computation is a projection of the feedback
µ(x) onto the span of the control occupation kernels. As a
result, knowledge of the behavior of the system in response
to different control inputs near a state is required to
resolve the action of the feedback controller at that state.
Formulation of explicit excitation conditions that relate µ
and the control occupation kernels is out of the scope of
this paper.
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