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Abstract—Online approximation of the optimal path for a
control affine nonlinear autonomous agent subject to input
and state constraints (e.g., actuator saturation, obstacles, no-
enter zones) is considered. A model-based adaptive dynamic
programming technique is implemented to locally estimate the
unknown value function associated with the optimal path-
planning problem. By performing a local approximation, the
locations of the static obstacles do not need to be known
until the obstacles are within a defined approximation window.
The developed feedback policy guarantees ultimately bounded
convergence of the approximated path to the optimal path
without the requirement of persistence of excitation, typically
required for online adaptive dynamic programming. Simulation
results are presented to illustrate the performance of the
proposed method.

I. INTRODUCTION

Path-planning approaches can be divided into two types,
pregenerative and reactive [1]. Pregenerative methods com-
pute a path before a mission begins (c.f [1]–[4]), while
reactive methods determine a path as the agent progresses
through its environment. Planning optimal paths is of particu-
lar interest. Often pregenerative methods are used in planning
optimal paths, which in the event of a disturbance requires
the agent to take a non-optimal trajectory to return to the
original optimal path or continually execute the planner. In
contrast, an optimal reactive method (feedback motion plan-
ner) has the advantage of generating a policy that provides
optimal feedback if the agent is forced off its original path.

In developing an optimal path for autonomous agents, it is
often necessary to consider the agent’s dynamics. In general,
it is difficult to develop optimal path-planing strategies
for nonlinear dynamics. One method of dealing with the
challenges of path-planning under differential constraints is
to pose the problem as an of optimal control problem. The
corresponding Hamilton-Jacobi-Bellmen (HJB) equation can
be numerically approximated to produce feedback policies.
Dynamic programming with interpolation has been used as a
feedback motion planner to compute an approximate optimal
path through value iteration in results such as [5]. However,
similar to pregenerative graph search methods (e.g., A*,
Dijkstra), difficulties arise related to the state discretization
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as the order of the dynamics increase [6]. In results such
as [7] and [8], feedback-based path-planning is generated
offline by solving the HJB numerically. In the event of a
change in the environment, such results would be required
to recalculate a new optimal plan offline. In this result, we
consider adaptive dynamic programming (ADP), which has
been used to approximate the solution to HJB equation of
general nonlinear systems online using parametric function
approximation techniques (e.g., [9]–[13]).

Further complicating the task of optimal path-planning,
state constraints (e.g., obstacles, no-enter zones) are often
present en route to an objective. Autonomous agents are not
able to sense all obstacles a priori, e.g., obstacles may remain
undiscovered until they fall within a given sensing range. A
recent advance in ADP bases the parametric approximation
of the solution to the HJB on state-following (StaF) kernels
[14]. These StaF kernels yield a local approximation of the
HJB around the current state. By only utilizing information
near the current state to approximate the solution, StaF does
not require knowledge of obstacles outside an approximation
window.

In addition to state constraints, input constraints inherent
to the agent (e.g., maximum speed) are also important to
consider. Results such as [12], [13], [15] have considered
input constraints within the ADP framework. Utilizing a
generalized non-quadratic local cost [16], the results in [12],
[13], [15] yield a bounded approximate optimal controller.

Inspired by the advances in [12]–[15], an optimal
feedback-based path-planner is developed in this paper that
respects input and state constraints. The developed plan-
ner differs from optimal controllers in that it tackles the
challenges specific to obstacle avoidance within the path-
planning strategy. The local approximation in [14] enables
the handling of obstacles not known a priori, but also
introduces time-varying parameters in the parametric rep-
resentation of the solution to the HJB. The time-varying
parameters cause the estimation of the parameters to be in
a near constant transient state making it difficult to prove
that the generated feedback policy avoids the obstacles. This
technical challenge motivates the introduction of an auxil-
iary feedback term to assist in navigating an agent around
obstacles, and a scheduling function to switch between
the approximate optimal feedback plan and the auxiliary
feedback plan. Switching to the auxiliary feedback plan when
the agent risks hitting an obstacle ensures obstacle avoidance.
The proposed model-based ADP method approximates the
optimal path using a combination of on-policy and off-policy



data, eliminating the need for physical exploration of the state
space often associated with ADP. A Lyapunov-based stability
analysis is presented which guarantees ultimately bounded
convergence of the approximated path to the optimal path.
Simulation results validate the proposed method.

II. ONLINE APPROXIMATE OPTIMAL PATH-PLANNING

The objective of the proposed path-planner is to optimally
navigate to a setpoint while avoiding static obstacles and
adhering to the agent’s actuation constraints.

A. Problem Formulation

Consider a nonlinear control affine dynamical system of
the form

ζ̇ (t) = f (ζ (t)) + g (ζ (t))u (t) , (1)

t ∈ [t0,∞), where t0 denotes the initial time, ζ : [t0,∞)→
Rn denotes the system state, f : Rn → Rn denotes the drift
dynamics, g : Rn → Rn×m denotes the control effectiveness,
and u : [t0,∞)→ Rm denotes the control input.

The path-planning problem may be posed as a constrained
infinite-horizon nonlinear regulation problem, i.e., to design
a control signal u to minimize a subsequently defined cost
function subject to the dynamic constraint in (1), while
avoiding the obstacles and obeying supt (ui) ≤ usat ∀i =
1, . . . ,m, where u = [u1, · · · , um]

T and usat ∈ [0,∞) is
the control saturation constant.

Static obstacles represent hard constraints that must be
taken into account in the development of the approximate
optimal path-planner. To this end, an auxiliary controller
is subsequently developed to assist in navigating an agent
around obstacles. The auxiliary controller is denoted by
us : Rn → Rm, where us = [us1 , · · · , usm ]

T and
supt (usi) ≤ usat ∀i = 1, 2, . . . ,m. To facilitate the de-
velopment of us, obstacles are augmented with a perimeter
that extends from their borders denoting an unsafe region
as illustrated in Figure 1. A smooth scheduling function
s : Rn → [0, a], where a < 1, is used to transition between
the approximate optimal controller u : [t0,∞)→ Rm and the
auxiliary controller us without introducing discontinuities to
the system dynamics. The scheduling function and auxiliary
controller are designed such that they are functions of the
state and that they drive all state trajectories away from
obstacles. In Section IV, the auxiliary controller us and the
scheduling function s are designed for a specific system.

The control input u is defined as

u (ζ, t) , s (ζ)us (ζ) + (1− s (ζ))u (t) , (2)

where u is the subsequently designed approximate optimal
controller. Based on (2), the agent dynamics can be rewritten
as

ζ̇ (t) = f (ζ (t)) + g (ζ (t))u (t) , (3)

where f : Rn → Rn denotes the augmented drift dynamics
defined as

f (ζ) , f (ζ) + g (ζ) s (ζ)us (ζ)

unsafe region

obstacle

iobsr

ipenr

Figure 1. Obstacles are augmented with an unsafe region that extends from
it’s border.

and g : Rn → Rn×m denotes the augmented control
effectiveness defined as

g (ζ) , g (ζ) (1− s (ζ)) .

To account for actuator saturation and the unsafe regions,
the cost function is defined as

J (ζ, u) ,

∞̂

to

r (ζ (τ) , u (τ)) dτ, (4)

where r : Rn × Rm → [0,∞) is the local cost defined as

r (ζ, u) , ζTQζ + P (ζ) + U (u) , (5)

subject to the dynamic constraint in (3), where Q ∈ Rn×n is
a constant, user defined, symmetric positive definite weight-
ing matrix, P : Rn → R is a non-negative continuous
function penalizing trajectories that enter the unsafe region,
and U : Rm → R is a positive definite function penalizing
control effort. The matrix Q has the property q ‖ξq‖2 ≤
ξTq Qξq ≤ q ‖ξq‖2 , ∀ξq ∈ Rn where q and q are positive
constants.

The positive definite function U in (5) is defined as [12],
[17]

U (u) , 2

m∑
i=1

 uiˆ

0

(
usatri tanh−1

(
ξui

usat

))
dξui

 (6)

where ui is the ith element of u, ξui is an integration vari-
able, and R ∈ Rm×m is a diagonal positive definite, user de-
fined, weighting matrix given as R = diag ([r1, r2, · · · , rm]).

The infinite-time scalar value function V : Rn → [0,∞)
for the optimal solution is written as

V (ζ) = min
u

∞̂

t0

r (ζ (τ) , u (τ)) dτ. (7)



The objective of the optimal path-planner is to find the op-
timal policy u∗ : Rn → Rm that minimizes the performance
index (4) with the local cost (5) subject to the dynamic
constraint in (3).

The optimal value function is characterized by the HJB,
which is given as

∂V (ζ)

∂ζ
(f (ζ) + g (ζ)u∗ (ζ)) + r (ζ, u∗ (ζ)) = 0 (8)

with the boundary condition V (0) = 0. The optimal control
policy can be determined from (8) as

u∗ (ζ) = −usat tanh

(
1

2usat
R−1gT

(
∂V (ζ)

∂ζ

)T)
. (9)

The analytical expression for the optimal path in (9) re-
quires knowledge of the value function which is the solution
to the HJB equation in (8). The HJB equation is a partial
differential equation which is generally infeasible to solve
analytically; hence, an approximate solution is sought.

B. Local Approximation of the Value Function

The subsequent development is based on an approximation
of the value function and optimal policy. Differing from
previous ADP literature (e.g., [?], [10], [12], [13], [18])
that seeks a global policy, the following development seeks
only a local policy. Instead of generating an approximation
of the value function over the entire operating region, we
aim to approximate a small region about the current state.
With the region of approximation limited to a small range
about the current state, one only needs to assume that there
may exist an obstacle or obstacles outside the local approx-
imation. Once inside the local approximation window, the
optimal policy will adapt to avoid the obstacle. Despite the
uncertainty of distant obstacles, the following development
yields guaranteed stability of the state and convergence to
the optimal path.

Leveraging the results of [14], StaF kernels are employed
to approximate the local policy on some small compact set
Br (ζ), i.e., the approximation window, around the state ζ.
The StaF representation of the value function and optimal
policy are given as

V (ζ) = W (ζ)
T
σ (ζ, c (ζ)) + ε (ζ) ,

u∗ (ζ) = −usat tanh

(
R−1g (ζ)

T

2usat

(
σ′ (ζ, c (ζ))

T
W (ζ)

+ε′ (ζ))) , (10)

respectively, where W : Rn → Rl is the ideal weight vector,
σ : Rn → Rl is a continuously differentiable kernel function,
and ε : Rn → R is the continuously differentiable function
reconstruction error, and σ′ : Rn → Rl×n and ε′ : Rn →
Rn are the partial derivatives with respect to the state. Note
that the centers of the kernel function change as the system

state changes; therefore, the ideal weight vector W is a time-
varying function. The approximations of the value function
and the optimal policy are defined as

V̂
(
ζ, Ŵc

)
, ŴT

c σ (ζ, c (ζ)) , (11)

û
(
ζ, Ŵa

)
, −usat tanh

(
R−1g (ζ)

T

2usat
σ′ (ζ, c (ζ))

T
Ŵa

)
,

(12)
where c (ζ) ∈ Br (ζ) is the StaF kernel center, and Ŵc, Ŵa ∈
Rl are estimates of the ideal weight vector W .

Substituting the approximations from (11) and (12) into
(8), results in a residual error δ : Rn × Rl × Rl → R called
the Bellman error given by

δ
(
ζ, Ŵc, Ŵa

)
= r

(
ζ, û

(
ζ, Ŵa

))
+
∂V̂
(
ζ, Ŵc

)
∂ζ

(
f (ζ) + g (ζ) û

(
ζ, Ŵa

))
. (13)

C. Online Learning

At a given time instant t, the Bellman error δt : [0,∞)→
R is

δt (t) = δ
(
ζ (t) , Ŵc (t) , Ŵa (t)

)
,

where Ŵc (t) and Ŵa (t) denote the estimates of the ideal
weights at time t, and ζ (t) denotes the state of the system
in (1) at time t starting from initial time to and initial state
ζo under the influence of the state feedback controller

u (t) = û
(
ζ (t) , Ŵa (t)

)
.

The Bellman error is extrapolated to off-policy sampled
states {ζk (t) ∈ Br (ζ (t)) |k = 1, 2, . . . , N} that follow the
system state. The extrapolated Bellman error δk : [0,∞) →
R is given as

δk (t) = ŴT
c (t)wk (t) + r (ζk (t) , ûk (t)) ,

where

ûk (t) = −usat tanh

(
R−1g

2usat
(ζk (t))

T

σ′ (ζk (t) , c (ζ (t)))
T
Ŵa (t)

)
and

ωk (t) = σ′ (ζk (t) , c (ζ (t))) [f (ζk (t))

+g (ζk (t)) û
(
ζ (t) , Ŵa (t)

)]
.

The value function least squares update law based on the
minimization of the instantaneous and extrapolated Bellman
error is given by

˙̂
Wc (t) = −Γ (t)

(
kc1

∂δt (t)

∂Ŵc

δt (t)

ρ (t)

+
kc2
N

N∑
k=1

∂δk (t)

∂Ŵc

δk (t)

ρk (t)

)
, (14)



Γ̇ (t) =

{
βΓ (t)− kc1Γ (t) ω(t)ω(t)T

ρ(t) Γ (t) , ‖Γ (t)‖ ≤ Γ

0, otherwise
,

(15)
where kc1, kc2 ∈ R are positive adaptation gains, ‖Γ (t0)‖ =
‖Γ0‖ ≤ Γ̄ is the initial adaptation gain, Γ̄ ∈ R is a positive
saturation gain, β ∈ R is a positive forgetting factor,

ω (t) = σ′ (ζ (t) , c (ζ (t))) [f (ζ (t))

+g (ζ (t)) û
(
ζ (t) , Ŵa (t)

)]
is the instantaneous regressor matrix,

ρ (t) = 1 + kρω (t)
T
ω (t)

is the instantaneous normalization constant,

ρk (t) = 1 + kρωk (t)
T
ωk (t)

is the extrapolated normalization constant, and kρ ∈ R is a
positive gain.

The policy update law is given by

˙̂
Wa (t) = proj

{
−ka

(
Ŵa (t)− Ŵc (t)

)}
, (16)

where ka ∈ R is an positive gain, and proj {·} is a smooth
projection operator1 used to bound the weight estimates.
The weight estimation errors are then defined as W̃c (t) ,
W (ζ (t))− Ŵc (t) and W̃a (t) ,W (ζ (t))− Ŵa (t).

In Section III, Bellman error extrapolation is employed to
establish ultimately bounded convergence of the approximate
policy to the optimal policy without requiring persistence of
excitation provided the following assumption is satisfied.

Assumption 1. There exists a strictly positive constant c
such that

c = inf
t∈[t0,∞)

[
λmin

(
N∑
k=1

ωk (t)ωk (t)
T

ρk (t)
2

)]
.

In general, Assumption 1 cannot be guaranteed to hold a
priori; however, heuristically, the condition can be met by
sampling redundant data, i.e., N � l.

III. STABILITY ANALYSIS

For notational brevity, all function dependencies from
previous sections are henceforth suppressed. Let the notation
Fk denote the function F (ζ, ·) evaluated at the sampled state,
i.e., Fk (·) = F (ζk, ·). An unmeasurable form of the Bellman
error can be written as

δ = −W̃T
c ω +WTσ′g (û− u∗) + U (û)− U (u∗)

− ε′ (f + gu∗) . (17)

Similarly, the Bellman error at the extrapolated points can
be written as

δk = −W̃T
c ωk +WTσ′kgk (ûk − u∗k) + U (ûk)− U (u∗k)

− ε′k (fk + gku
∗
k) . (18)

1See Section 4.4 in [19] or Remark 3.6 in [20] for details of the projection
operator.

To facilitate the subsequent stability analysis, consider the
candidate Lyapunov function VL : Rn × Rl × Rl → [0,∞)
given as

VL (Z) = V +
1

2
W̃c

T
Γ−1W̃c +

1

2
W̃T
a W̃a,

where Z ,
[
ζT W̃T

c W̃T
a

]T ∈ χ×Rl ×Rl. Since the
value function V in (7) is positive definite [21] using Lemma
4.3 of [22], VL can be bounded by

υL (‖Z‖) ≤ VL (Z) ≤ υL (‖Z‖) , (19)

where υL, υL : [0,∞) → [0,∞) are class K functions.
Define the constant K ∈ R as

K ,

√
ι2c

α (2c− ka)
+

ι2a
αka

+
ι

α

where α , min
{
q

2 ,
( c

2 −
ka
4

)
, ka4

}
and ιc, ιa, ι are positive

constants.

Theorem 1. Provided Assumption 1 is satisfied along with
the sufficient conditions

c >
ka
2
, (20)

K < υL
−1 (υL (r)) , (21)

where r ∈ R is the radius of the compact set βL, then the
policy in (12) with the update laws in (14)-(16) guarantee
ultimately bounded regulation of the state ζ and of the
approximated policies û to the optimal policy u∗.

Proof: The time derivative of the candidate Lyapunov
function is

V̇L =
∂V

∂ζ
f +

∂V

∂ζ
gû− 1

2
W̃T
c Γ−1Γ̇Γ−1W̃c

− W̃T
c Γ−1

(
Ẇ − ˙̂

Wc

)
− W̃T

a

(
Ẇ − ˙̂

Wa

)
. (22)

Using Theorem 2 in [14], the time derivative of the ideal
weights can be expressed as

Ẇ = W ′ (f + gû) . (23)

Substituting (14)-(18) and (23) yields

V̇L =
∂V

∂ζ
f +

∂V

∂ζ
gû

− 1

2
W̃T
c Γ−1

[(
βΓ− kc1Γ

ωωT

ρ
Γ

)
1‖Γ‖≤Γ

]
Γ−1W̃c

+ W̃T
c

kc1ω
ρ
δ +

kc2
N

N∑
j=1

ωk
ρk
δk

− W̃T
c Γ−1W ′ (f + gû)

+ W̃T
a ka

(
Ŵa − Ŵc

)
− W̃T

a W
′ (f + gû) .



Using Young’s inequality, (12), (17), and (18) the Lyapunov
derivative can be upper bounded as

V̇L ≤ −q ‖ζ‖2 −
(
c− ka

2

)∥∥∥W̃c

∥∥∥2

− ka
2

∥∥∥W̃a

∥∥∥2

+ ιc

∥∥∥W̃c

∥∥∥+ ιa

∥∥∥W̃a

∥∥∥+ ι.

Completing the squares, the upper bound on the Lyapunov
derivative may be written as

V̇L ≤ −
q

2
‖ζ‖2 −

(
c

2
− ka

4

)∥∥∥W̃c

∥∥∥2

− ka
4

∥∥∥W̃a

∥∥∥2

+
ι2c

2c− ka
+

ι2a
2ka

+ ι,

which can be further upper bounded as

V̇L ≤ −α ‖Z‖ , ∀ ‖Z‖ ≥ K > 0. (24)

Using (19), (20), (21), and (24), Theorem 4.18 in [22] is
invoked to conclude that Z is ultimately bounded, in the
sense that lim supt→∞ ‖Z (t)‖ ≤ υL−1 (υL (K)).

Based on the definition of Z and the inequalities in (19)
and (24), ζ, W̃c, W̃a ∈ L∞. Since ζ ∈ L∞ and W is a
continuous function of ζ, W (ζ) ∈ L∞. Hence, Ŵc, Ŵa ∈
L∞, which implies û ∈ L∞. From the definitions of us and
s, u ∈ L∞.

IV. SIMULATION RESULTS

Simulation results are provided to demonstrate the per-
formance of the developed ADP-based path-planner. The
simulation is performed for the control affine system given
in (3), where f (ζ) = 0 and g (ζ) = I2×2.

For this particular example, the smooth scheduling func-
tion is defined as

s (ζ) ,
M∑
i=1


0.95, ‖ζ − cobsi‖ ≤ robsi
0.95T (ζ) , robsi < ‖ζ − cobsi‖ ≤ rpeni

0, otherwise

,

(25)
where

T (ζ),

(
1

2
+

1

2
cos

(
π

rpeni−robsi
(‖ζ − cobsi‖ − robsi)

))
,

M is the number of obstacles, robsi is a positive constant
indicating the radius of the ith obstacle, rpeni

is a positive
constant indicating the radius corresponding to the unsafe
region surrounding the ith obstacle, and cobsi ∈ Rn denotes
the center corresponding to the ith obstacle. With this
formulation of the smooth scheduling function, it is assumed
that the obstacles are selected such that unsafe regions do not
overlap2.

The continuous auxiliary controller us is defined as

us (ζ) ,
usat (ζ − cobsi)
‖ζ − cobsi‖

. (26)

2If a group of obstacles are close enough for the unsafe regions to overlap,
then the group may be considered as one large obstacle.
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Figure 2. The path generated by the developed method is shown, where
the dashed lines around the obstacles denote the boundary of the unsafe
region and the solid lines denote the boundary of the obstacle.

In Appendix A , the auxiliary controller in (26) is shown to
prevent the agent from entering the interior of an obstacle.

The unsafe region is where the penalty function P begins
to effect the agent’s cost. The non-negative function P is
given as

P (ζ) =

M∑
i=1


40 ‖ζ − cobsi‖ ≤ robsi
40T (ζ) , robsi < ‖ζ − cobsi‖ ≤ rpeni

0, otherwise

.

The initial state is selected as ζ0 =
[

0.8 1.2
]T

. The
StaF basis for the value function approximation is selected
as

σ =
[
ζT (ζ + d1) ζT (ζ + d2) ζT (ζ + d3)

]T
,

where the centers of the kernels are selected as d1 = 0.005 ·[
0 1

]T
, d2 = 0.005 ·

[
0.8660 −0.5

]T
, d3 = 0.005 ·[

−0.8660 −0.5
]T

. The Bellman error is extrapolated to
25 sampled data points that are selected on a uniform 5× 5
grid that spans a square of size 0.01, and is centered about
the current state. The weighting matrices are selected as
Q = I2×2 and R = I2×2. The learning gains are selected as
kc1 = 0.25, kc2 = 0.15, ka = 0.5, β = 0.3, and kρ = 0.05.
The least squares update law’s initial condition is selected
as Γ0 = 300 · I3×3. The policy and value function weight
estimates are arbitrarily initialized to

Ŵc (0) = Ŵa (0) =
[

0.4 0.4 0.4
]T
.

The generated path for both simulation trials are shown
in Figure 2. Note that the state trajectories in Figure 2
briefly enter the unsafe region, where the auxiliary controller
successfully escorts the agent away from the obstacle.



V. CONCLUSION

An online approximation of a robust optimal path-planning
strategy is developed. The solution to the HJB equation is
approximated using adaptive dynamic programming. Since
the unknown value function is approximated locally, the
locations of the static obstacles do not need to be known
until the obstacles are within an approximation window. The
developed feedback policy guarantees ultimately bounded
convergence of the approximated path to the optimal path
without the requirement of persistent excitation, typically
required for online adaptive dynamic programming. The
results are validated with simulations. Future work will
focus on comparisons with existing pregenerative literature
to evaluate the accuracy of the developed method.

APPENDIX A
AUXILIARY CONTROLLER ANALYSIS

Consider a change of coordinates, where ζ = ζ − cobsi . A
positive definite function Vobs : [0,∞)→ Rn is given as

Vobs = ζ
T
ζ. (27)

The time derivative of (27) is

V̇obs = 2ζ
T
ζ̇.

Substituting the dynamics (1) with the definitions of f and
g provided in Section IV, and the controller in (2) yields

V̇obs = 2ζ
T

(s (ζ)us + (1− s (ζ))u (t)) .

Substituting the auxiliary controller defined in (26) and the
fact that the norm of the optimal controller u is bounded by√

2usat, the derivative is lower bounded by

V̇obs ≥ 2usat ‖ζ‖

(
s (ζ)−

√
2

1 +
√

2

)
. (28)

Let Bobsi denote the local domain of the obstacle centered
at cobsi defined as Bobsi ,

{
ζ|ζ ≤ robsi

}
. By the definition

of the scheduling function in (25),

inf
ζ∈Bobsi

s (ζ) = 0.95. (29)

Consider the inequality in (28) on the local domain Bobsi ,
then (28) is further bounded by

V̇obs ≥ 2usat ‖ζ‖
(√

2− 1.05
)
.

Substituting the function Vobs, the derivative may be written
as

V̇obs ≥ 2usatV
1
2

obs

(√
2− 1.05

)
.

Solving the differential equation using separation of vari-
ables, yields

Vobs ≥
(√

2− 1.05
)2

u2
satt

2

Hence, the obstacle center cobsi is unstable in the local
domain Bobsi . Furthermore, a state trajectory starting outside
the local domain Bobsi will not enter the interior of Bobsi .
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