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ABSTRACT
Functional electrical stimulation (FES) is an effective reha-

bilitation tool for gait retraining for individuals suffering from
various neurological disorders. Traditionally, FES is only de-
livered to activate ankle dorsiflexor muscles during the swing
phase of the gait to correct “foot drop”. Recent research indicates
that improved functional ambulation can be achieved by deliver-
ing FES to both the plantarflexor and dorsiflexor muscles during
gait. Closed-loop electrical stimulation has the potential to yield
positive rehabilitative outcomes by enabling accurate and precise
limb motions during gait retraining. Naturally, the motion of an-
kle during gait is an event-driven system combining continuous
evolution of the angle between the foot and shank, alternate mov-
ing segments of the foot and shank, and alternate activation of the
plantarflexor and dorsiflexor muscles. A switched sliding mode
based controller is developed to ensure that the ankle tracks a
designed or recorded normal trajectory during gait which can be
used for gait retraining. Semi-global asymptotic tracking of the
hybrid controller is analyzed using multiple Lyapunov functions
and the performance is illustrated through simulations.

1 Introduction
Of the 730,000 individuals who survive a stroke each year,

73% have residual disability [1]. Stroke has significant impact
on walking ability resulting in characteristic post stroke gait. For
example, inadequate dorsiflexion during swing phase and de-
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creased plantarflexion force generation during the stance phase
are both common impairments of post stroke gait causing foot
dragging and slapping, larger metabolic cost on walking, slow
walking speed, and gait asymmetry. By delivering pulsed electri-
cal current into affected muscles or nerves, desired muscle con-
tractions can be obtained, which is referred to as neuromuscu-
lar electrical stimulation (NMES), and when used for perform-
ing functional tasks, it is known as functional electrical stimu-
lation (FES). FES is commonly used as an effective rehabilita-
tion tool to enable muscle training and gait correction to improve
post stoke recovery and achieve daily life independence. Tradi-
tionally with the help of foot switches or employing tilt sensors,
FES can be delivered to activate ankle dorsiflexor muscles dur-
ing the swing phase of the gait to correct “foot drop”, a common
symptom caused by stroke, spinal cord injury and other neuro-
logical diseases. However, stimulating ankle dorsiflexor mus-
cles only during the swing phase does not prevent foot slap, de-
creased swing phase knee flexion, or slow walking speed. Re-
sent research [2, 3] has shown that delivering FES to both the
plantarflexor and dorsiflexor muscles during gait can help to cor-
rect post stroke gait deficits at multiple joints (ankle and knee)
during both the swing and stance phases of gait resulting in im-
proved functional ambulation. These FES treatments are typi-
cally applied open-loop and have led to some promising results
including some commercial products. However, such approaches
offer limited precision and predictability without feedback, and
typically over stimulate the muscle potentially leading to a more
rapid onset of fatigue.

Closed-loop NMES has the potential to stimulate mus-
cle and enable the rehabilitative outcome by achieving accu-



rate/precise limb motions for gait retraining. Various closed-
loop controllers have been developed for NMES such as PID
(proportional–integral–derivative) –based controllers (cf. [4–6]),
neural networks-based controllers (cf. [7–11]), and robust con-
trollers such as sliding mode control [12] and RISE (robust inte-
gral of the sign of the error) -based controllers [13, 14].

The aforementioned controllers are developed (with asso-
ciate stability analysis) without considering the discrete nature
of a walking gait. As described in [15] (see also Section II ),
the ankle motion is continuous during normal gait, but the ac-
tuator alternates between plantarflexor and dorsiflexor muscles
and the moving segment is the foot during initial stance phase
and swing phase while the moving segment is the shank from
toe strike to toe off. The ankle movement is a continuous evolu-
tion of the angle between foot and shank, yet an isolated discrete
signal is needed to denote the transition between plantarflexion
and dorsiflexion. The transition is important to maintain a con-
tinuous ankle motion. The switching property of gait control
suggests the need to model and analyze the ankle motion control
system using hybrid systems control theory. Generally, coexis-
tence and interaction between continuous dynamics and discrete
events (such as switching) in a system result in unique properties
that are not inherited from individual subsystems. A well known
example can be found in [16] that shows switching between glob-
ally exponentially stable subsystems does not guarantee the sta-
bility of the hybrid dynamic system. The stability of switched
systems depends on the interplay of the dynamics of subsystems
and the properties of the switching signals. Common Lyapunov
functions, converse Lyapunov theorems and multiple Lyapunov
functions are commonly used tools for the stability analysis of
hybrid dynamic systems [16, 17].

In this paper, ankle motion control is modeled as a hybrid
system and a switched controller comprised of multiple sliding
mode based controllers is designed for the first time to enable
the ankle to track desired trajectories during gait. Semi-global
asymptotic tracking result of the switched controller during gait
is analyzed based on multiple Lyapunov functions and the per-
formance is illustrated though simulations.

2 Dynamic Model
The dynamics of a muscle-limb system can be segmented

into two subsystems: the muscle activation and contraction dy-
namics related to muscle force generation, and the body seg-
mental dynamics including passive muscle and joint mechani-
cal properties, inertial effects, and gravity effects of the system.
These dynamics can be modeled as [5, 14]

MI +Me +Mg +Mv + τds = τ. (1)

In (1), MI(q̈) ∈ R denotes the inertia of the limb about the joint,
Me(q)∈R denotes the elastic effects due to joint stiffness, Mg(q)
∈R denotes the gravitational component, Mv(q̇)∈R denotes the

viscous effects due to damping in the musculotendon complex,
τds(t) ∈ R is considered as an unknown bounded disturbance
which represents an unmodeled reflex activation of the muscle
(e.g., muscle spasticity) and other unknown unmodeled phenom-
ena, and τ(t)∈R denotes the muscle torque produced at the joint.
The angular position, velocity, and acceleration of the limb about
the joint is denoted by q(t), q̇(t), q̈(t) ∈ R, respectively. The
gravitational effects can be modeled as

Mg =−mglsin(q), (2)

where m ∈ R denotes the unknown mass of the shank or foot,
l ∈ R is the unknown distance between the ankle and the lumped
center of mass of the shank or foot, and g ∈ R denotes the grav-
itational acceleration. The elastic effects are modeled based on
empirical findings by Ferrarin and Pedotti in [18] as

Me =−k1(exp(−k2

(
q+

π

2

)
))(q+

π

2
− k3), (3)

where k1, k2, k3 ∈R are unknown positive coefficients. As shown
in [5], the viscous moment can be modeled as

Mv = B1tanh(−B2q̇)−B3q̇, (4)

where B1, B2, B3 ∈ R are unknown positive constants. Further,
the inertial component MI (q̈) ∈ R is defined as

MI = Jq̈, (5)

where J ∈ R denotes the unknown inertia of the shank or foot.
The relationship between generated muscle torque and the ap-
plied electrical stimulus, denoted by u(t) ∈ R, can be developed
as

τ = ζu, (6)

where ζ(q, q̇) ∈ R denotes the combined effect of the positive
moment arm and the positive nonlinear muscle contraction map-
ping function. For complete details of the dynamics develop-
ment, see [14].

Assumption 1. Based on the results in [14], ζ(q, q̇) is assumed
to be a continuously differentiable, positive, and monotonic func-
tion that can be upper and lower bounded by some known posi-
tive constants.

Assumption 2. The disturbance term τds(t) is assumed to be
bounded. This assumption is reasonable for typical disturbances
such as muscle spasticity and load changes during functional
tasks.



To facilitate the subsequent analysis, the expression in (1) is
rewritten as

Jζq̈ =−Mζ− τdζ +u, (7)

where Jζ (q, q̇) , Mζ (q, q̇) , τdζ (q, q̇, t) ∈ R are defined as

Jζ = Jζ
−1, Mζ = (Me +Mg +Mv)ζ

−1, τdζ = τdsζ
−1. (8)

Based on Assumptions 1 and 2, the following inequalities
can be developed

ξ0 ≤
∣∣Jζ

∣∣≤ ξ1,
∣∣τdζ

∣∣≤ ξ2, (9)

where ξ0, ξ1, ξ2 ∈ R are known positive constants.
While the arcs of ankle motion during walking are not large,

they are critical for progression and shock absorption during
stance [15]. During normal gait, the arcs of ankle motion contin-
uously plantarflex and then dorsiflex. During the stance phase,
the ankle plantarflexes, dorsiflexes and then plantarflexes again.
During the swing phase the ankle only dorsiflexes. The acti-
vated muscles switch between dorsiflexor and plantarflexor mus-
cles during each gait cycle.

Each gait cycle starts from heel strike, the beginning of the
stance phase. The ankle position starts at neutral. The dorsi-
flexor muscle (tibialis anterior) becomes active immediately af-
ter heel strike to toe strike to decelerate the rate of plantar flex-
ion, which contributes to shock absorption, body weight accep-
tance, and limb progression. Throughout heel strike to toe strike
phase, the moving segment is the foot and the leg remains rela-
tively stationary. After toe strike, the forefoot contacts the floor
and the foot becomes stationary. The moving segment is the
leg (shank). The plantarflexor (calf muscles) gradually increases
eccentric contraction to control ankle dorsiflexion and provide
critical stabilization that allows both the foot and tibia to move
forward and provide forward propulsion (push-off). By the end
of terminal stance, with the weight shifting to the other leg, the
stabilizing force in the foot goes away, and the foot is free to
plantarflex corresponding to the activation of plantarflexor mus-
cle (gastrosoleus) while the onset of dorsiflexor muscle (tibialis
anterior) activity decelerates the foot fall (this coactivation of
dorsiflexor and plantarflexor muscles is modeled as the activa-
tion of plantarflexor muscles only for simplicity). At toe-off,
the swing phase begins and the second arc of dorsiflexion starts.
Dorsiflexor muscles activate again to lift the foot clear of the
ground. At the end of the swing phase the ankle position returns
to neutral preparing for heel contact [15]. A summary of the gait
cycle is provided in Table1.

To capture the switching property of gait cycle, the ankle
dynamics can be modeled as

Jζσ
q̈ =−Mζσ

− τdζσ
+u

σ
, (10)

where σ : [0,∞)→ P , denotes a piecewise constant switching
signal which can be expressed as

σ = p, p ∈ P ,
{

1, 2, 3, 4
}

. (11)

For example, σ(t) could be the signal from foot switches indi-
cating the transition of gait phases.

3 Control Objective
The control objective is to ensure that the ankle follows de-

signed or recorded ankle trajectories during normal gait, which
is essential in rehabilitative exercises and function restoration.

To quantify the tracking objective, an angular position track-
ing error, denoted by e(t) ∈ R, is defined as

e , qd−q, (12)

where qd (t) ∈ R denotes the desired limb angular position. To
facilitate the subsequent control design and stability analysis, a
filtered tracking error, denoted by r (t) ∈ R, is defined as

r , ė+αe, (13)

where α ∈ R is a positive constant gain.

4 Controller Design
Controllers are designed for each subsystem individually,

which is indicated by a subscript p ∈ P ,
{

1, 2, 3, 4
}

. Taking
the derivative of (13), multiplying both sides by Jζp, and using
(10) and (12), yields

Jζpṙ = Jζp (q̈d +αė)+Mζp + τdζp−up. (14)

Based on (14) and the subsequent stability analysis, the control
law is defined as

up = kspr+ e+βpsgn(r)+ kc, (15)

where ksp , βp, kc ∈ R are adjustable gains, and y(t) ∈ R2 is de-
fined as

y =
[
e r
]
. (16)

After substituting (15) into (14) and performing some alge-
braic manipulation, the closed-loop error dynamics can be ex-
pressed as

Jζp ṙ = −1
2

J̇ζpr+ Ñp +NDp (17)

−kspr− e−βpsgn(r)− kc,



Gait Cycle

Stance Phase Swing Phase

Ankle Motion Planta- Dorsi- Planta- Dorsi-

Activated Muscle Group Dorsi- Planta- Planta- Dorsi-

Moving Part Foot Shank Shank Foot

Switching Signal 1 2 3 4

Table 1. Summary of ankle motions, activated muscle groups, and moving parts during gait cycle.

where the auxiliary functions Np (ė,r,q, q̇, q̈, q̈d) ,
NDp (qd , q̇d , q̈d , t) , Ñp (ė,r,q, q̇, q̈,qd , q̇d , q̈d , t) ∈ R are defined as

Np ,
1
2

J̇ζpr+ Jζp (q̈d +αė)+Mζp , (18)

Ñp , Np− Jζp (qd , q̇d) q̈d−Mζp (qd , q̇d) ,

NDp , Jζp (qd , q̇d) q̈d +Mζp (qd , q̇d)+ τdζp− kc.

The following inequality can be developed based on Assumption
1 and 2, ∣∣NDp

∣∣≤ ξ4p , (19)

where ξ4p ∈ R is a known positive constant. The control gain kc
can be adjusted to reduce ξ4p . The Mean Value Theorem can be
used to develop the following upper bound∣∣Ñp

∣∣≤ ρp(‖y‖)‖y‖ , (20)

where ρp(‖y‖) ∈ R is a positive, globally invertible function.

5 Stability Analysis
For each gait cycle, let t0 = 0 and t4 = T, where T ∈ R de-

notes the period of a gait cycle. The time interval between two
switches, denoted by Ti ∈ R, i = 1,2,3,4, is defined as

Ti = ti− ti−1, (21)

where ti denote the switching times. Define γ1p , γ2p ∈ R, p ∈ P
as

γ1p ,
1
2

min(1,ξ0p), (22)

γ2p ,
1
2

max(1,ξ1p), (23)

where ξ0p , ξ1p are introduced in (9).

Theorem 1. The control law u(t) = uσ(t)(t) ensures all closed-
loop signals are bounded and semi-global asymptotic tracking
in the sense that |e(t)| → 0 as t → ∞, provided the sufficient
conditions

βp > ξ4p , p ∈ P , (24)

4

∑
p=1

γ3p

γ2p

Tp >
4

∑
p=1

log
(

γ2p

γ1p

)
, (25)

are satisfied, where βp ∈ R is introduced in (15), ξ4p is intro-
duced in (19), γ1p , γ2p ∈ R, are introduced in (22) and (23), and
γ3p ∈R are positive constants determined by the initial condition
of the system and the control gains α and ksp .

Proof. For each phase indicated by σ(t), consider a continu-
ously differentiable, radially unbounded, positive definite func-
tion Vp (e,r, t) ∈ R, p ∈ P defined as

Vp =
1
2

e2 +
1
2

r2Jζp . (26)

Using (9) , Vp (e,r, t) can be upper and lower bounded as

γ1p ‖y‖
2 ≤Vp ≤ γ2p ‖y‖

2 , (27)

where γ1p , γ2p ∈R are defined in (22) and (23). After taking the
time derivative of (26) , and using (13) and (17), V̇p (e,r, t) can
be expressed as

V̇p =−αe2− kspr2−βp |r|+ Ñpr+NDpr.

Using (20) and (19), V̇p (t) can be upperbounded as

V̇p ≤ −αe2− kspr2 +ρp(‖y‖) |r|‖y‖
−βp |r|+ξ5p |r| ,



which can be further upperbounded as

V̇p ≤−

(
min(α,

3
4

ksp)−
ρ2

p(‖y‖)
ksp

)
‖y‖2 ≤−γ3p ‖y‖

2 , (28)

provided the sufficient conditions in (24) is satisfied, and where
γ3p ∈ R is a positive constant provided α and ksp are selected
sufficiently large based on the initial condition of the activated
subsystem. The region of attraction Dp is defined as

Dp ,

{
y(t)⊂R2 |‖y‖ ≤ ρ

−1
p

(√
min(α,

3
4

ksp)ksp

)
)

}
, (29)

That is, the region of attraction can be made arbitrarily large to
include any initial conditions by increasing the control gain α

and ksp (i.e., a semi-global type of stability result). Using (27)
and (28), and solving the resulting differential equation yields

Vp (t)≤Vp (0)e−λpt , (30)

where λp ∈ R is a constant defined as

λp ,
γ3p

γ2p

. (31)

Provided the condition in (24) is satisfied, the control input and
all the closed-loop signals are bounded during σ(t) = p in Dp .

Even though each controller is exponentially stable, addi-
tional development is required to examine the stability of the
composite system. To this end, (27) can be used to conclude

Vσ(ti) (ti)≤ µiVσ(ti−1) (ti) , (32)

where σ(ti) = i+ 1, and the constant µi ∈ R, i = 1,2,3,4 is de-
fined as

µi ,
γ2

σ(ti)

γ1
σ(ti−1)

. (33)

From (30) and (32),

Vσ(ti) (ti) ≤ µiVσ(ti−1) (ti) (34)

≤ µiVσ(ti−1) (ti−1)e
−λ

σ(ti−1)
Ti .

Iterating (34) for i = 1 to 4 yields

Vσ(t4) (t4) ≤ µ4Vσ(t3) (t4)≤ (35)

µ4Vσ(t3) (t3)e−λ4T4 ≤ µV
σ(t0)

(t0)e−λ,

where µ, λ ∈ R are defined as

µ , µ1µ2µ3µ4, (36)
λ , λ1T1 +λ2T2 +λ3T3 +λ4T4. (37)

Based on (27) and (35), the following inequality can be devel-
oped:

V1 (t4)−V1 (t0) ≤ −
(

1−µe−λ

)
V1 (t0) (38)

≤ −
(

1−µe−λ

)
γ11 ‖y(t0)‖

2 .

This result can be generalized as

Vσ(ti) (ti +T )−Vσ(ti) (ti)≤−
(

1−µe−λ

)
γ1

σ(ti)
‖y(ti)‖2 . (39)

Provided α, ks and βp are selected sufficient large, and

1−µe−λ > 0, (40)

(26), (27), (28), and (39) can be used to conclude asymptotic
tracking [16, 17]. The switched control law u(t) = uσ(t)(t) en-
sures all closed-loop signals are bounded, and |e(t)| → 0 as
t→ ∞ in D . The region of attraction D is defined as

D , D1∩D2∩D3∩D4. (41)

The region of attraction can be made arbitrarily large to include
any initial conditions by increasing the control gain α and ksp

(i.e., a semi-global type of stability result).

6 Simulation study
Simulations are performed using the muscle model given

in [19]. The controller computes a voltage as an input to the
simulated muscle model. The simulation results are shown in
Figs. 1−3. Desired trajectory is designed to simulate an average
trajectory (cf. the experimental data in [15]) which is given as

qd = 90+ p f +(ps− p f )(10(
tt
d
)3−15(

tt
d
)44+6(

tt
d
)5)), (42)

where

T = 2.5s,

Tt = [0 0.12T 0.48T 0.62T T ],

A = [0 −7 10 −20 ].
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Figure 1. Actual (solid line) and desired (dashed line) trajectories.

p f = A(i),

ps = A(i+1),
tt = t(modT )−Tt(i),

d = Tt(i+1)−Tt(i),

i =


1 0≤ t(modT )< 0.12T
2 0.12T ≤ t(modT )< 0.48T
3 0.48T ≤ t(modT )< 0.62T
4 0.62T ≤ t(modT )< T,

where T is the gait period; Tt is the time period for each phase; A
is the amplitude of each phase; and i is the phase indicator. The
gains of the controller are selected as

α = 2,
ks = [5 5 5 5 ],
kc = [22 22 22 22 ],
β = [0.2 1.2 0.4 0.3 ].

The tracking performance is shown in Fig. 1. Asymptotic de-
crease of tracking error is depicted in Fig. 2 The control input
is in the range of 19− 25V . The control input is within a typi-
cal range and the tracking error indicate the controller can yield
functional gaits.

7 Conclusion
Precise and accurate ankle movement control has the poten-

tial to improve the capabilities of rehabilitation effects for peo-
ple with certain neurological disorders. A switched sliding mode
based controller is developed to ensure that the ankle tracks a de-
signed or recorded trajectory during gait which can be used for
gait retraining. Semi-global asymptotic tracking is obtained for
the switched controller during gait, which is analyzed based on
multiple Lyapunov functions and the performance is illustrated
though simulations. Experimental testing is in progress.
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Figure 2. Tracking error.
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Figure 3. Computed voltage as control input.
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